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INTRODUCTION

Neutron stars, being the objects of close attention and research interest of physicists
and astronomers, are the sources of strictly periodic pulsed radiation. Every neutron star
has its own unique characteristics; in particular, a frequency of pulses, radiation spectrum
and intensity, glitches and pauses, and all of this together raises many questions:

− what is the mechanism of such a behavior;
− what is the origine of such differences;
− what is the physics of these phenomena in general and what is the dynamics of the
processes in individual manifestations;
− what changes can emerge in the properties of matter under the extreme conditions that
are specific to neutron stars, etc.

The investigation of some of these issues is one of the objectives of this book, which
has the form of a collection of studies on the physics of neutron stars. Among them, some
researches are devoted to the influence of external fields on the properties of neutron stars,
and reactions and transformation of the matter in its envelopes and interior layers.

Neutron stars, as sources of periodic pulsed radiation, were discovered more than half
a century ago by Jocelyn Bell and Antony Hewish, and were first interpreted as signals of
extraterrestrial civilizations. Later they, as the majority of scientistsof that time− physicists
and astronomers, concluded that the pulses were a manifestation of the properties of stellar
matter in high extreme conditions.

Scientific studies on the physics of neutron stars have a rich and compelling history, and
prominent results achieved in this field facilitated the development of modern physics. The
success of the physics of neutron stars and its achievements stand on the shoulders of giants
of the physical science such as R. Feynman, W. Fowler, F. Hoyle, F. Zwicky, W. Baade, L.
Landau, V. Ginsburg and many outstanding scientists of the second half of the last century,
as well as the renowned scientists of our days.

A good number of books and monographs on the physics of neutron stars have been
published, and many of them are bestsellers and indispensable guides for the majority of
specialists and young scientists in this field of the physical science.
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As a matter of fact, the physics of neutron stars is in constant development, both in terms
of the continuous replenishment of observational data, and the discoveries of new exotic
astronomical objects. There are extensive specialized databases on pulsars, magnetars and
other objects of the class of neutron stars. Astronomical observations and scientific data
analysis are developing hand in hand with theoretical studies in this field of science.

Our book is devoted to the topical questions in the physics of neutron stars and provides
some original research results obtained by the authors. The main interest of the present
book is connected with the description of various processes and phenomena that take place
in neutron stars, and the elucidation of some of the questions raised above.

A concise historical review from the physics of heavy nuclei to the physics of neutron
stars, including the current state of art, is given in a self-consisted fashion by Rueda and
Ruffini in Chapter I of the present book.

The book is organized as follows:
Chapter 1. From Nuclei to Neutron Stars (Authors: Jorge A. Rueda and Remo Ruffini).
The approaches to derive the set of self-consistent ground-state equilibrium equations

of neutron stars, taking into account all fundamental interactions within the framework of
general relativity are reviewed. The Thomas-Fermi model of the atom is initially considered
in semi-classical physics, then modified in special relativity, and finally extended in general
relativity. The stability of the system is insured by the constancy of the thermodynamic
Klein potentials from the center to the surface of the neutron stars. The existence of globally
neutral neutron star configurations is demonstrated, in contrast to the traditional locally
neutral configurations. Eventually, the discussion about new gravito-electrodynamic effects
and their implications on the mass-radius relation and observational properties of neutron
stars are contemplated.

Chapter 2. Uniformly rotating neutron stars (Author: Kuantay Boshkayev).
The equilibrium configurations of uniformly rotating neutron stars in both local and

global neutrality cases are considered. The Keplerian mass-shedding limit and the axisym-
metric secular instability are accounted for to construct a new mass-radius relation. The
maximum mass and minimum rotation periods (maximum frequencies) of neutron stars
are calculated. All the results have been compared and contrasted for the global and local
charge neutrality cases.

Chapter 3. Quadrupolar metrics (Author: Hernando Quevedo).
A brief review about exact and approximate solutions of the Einstein field equations

that are used to describe the gravitational field around neutron stars is given. The deviations
from spherical symmetry which are expected to be due to rotation and to the natural defor-
mations of mass distributions are studied. The class of axisymmetric static and stationary
quadrupolar metrics which satisfy Einstein equations in empty space and in the presence
of matter represented by a perfect fluid is considered. As for interior solutions, it is argued
that it is necessary to apply alternative methods to obtain physically meaningful solutions,
and a method to generate interior perfect-fluid solutions is reviewed.

Chapter 4. Physics of the Neutron Star Envelopes (Authors: Nurgali Takibayev and
Artem Yermilov).

It is shown that in the neutron star envelopes, the phenomena of nonlinear interactions,
the specific nuclear reactions and the unique properties of nuclei in the overdense crystalline
structures lead to matter transformations in multiple ways, appearance of free neutrons with



Introduction ix

different energies, and emission of gamma rays and neutrino.
Chapter 5. Neutron Resonances in the Neutron Star Envelopes

(Author: Nurgali Takibayev).
The new resonances of the neutron scattering in subsystems of two and more nuclei

that take place in deep layers of the neutron star envelopes are considered. The main dis-
tinction of the new neutron resonances in a few-body system is related to the dependence
of resonance parameters on the distances between the nuclei in this system. The new type
of few-body resonances in neutron star physics and their possible detections in terrestrial
laboratory experiments are discussed.

Chapter 6. Nuclear Cluster Dynamics in Nucleo-Synthesis in Neutron Stars. (Authors:
Kiyoshi Kat ō, Viktor S. Vasilevsky and Nurgali Takibayev).

This Chapter is devoted to the development of powerful tools for investigating the pro-
cesses in nuclear cluster in association with stellar environment, including neutron stars. It
is demonstrated that new developments of cluster models may describe of nuclear processes
more adequate and more precise. It is shown that the polarizability of interacting clusters
changes significantly the cross sections of nuclear reactions within the energy range, which
is dominant in the stellar environment. Much attention is paid to the role of virtual and
resonance states in the synthesis of light atomic nuclei in the triple collision of two alpha
particles and a neutron.

Chapter 7. Strange Dibaryonic and Tribaryonic Clusters.
(Author: Roman Ya. Kezerashvili.)

The theoretical and experimental features of quasi-bound states are reviewed in the
three- and four-body K-nuclear system: K−NN and K−NNN. The status of experimental
investigations for bound kaonic clusters with two or three baryons is described. A summary
of theoretical studies for the K−NN and K−NNN systems within a variety of approaches
such as variational methods, the method of Faddeev and Faddeev-Yakubovsky equations,
and the method of hyperspherical harmonics are rendered. Results of calculations for the
quasibound states for the K−NN and K−NNN are discussed.

The main purpose of this book is to review some processes, phenomena and reactions,
which emerge in neutron stars interiors, to highlight some interesting states of matter and
nonlinear inter-dependencies using gravito-electrodynamic effects, quantum mechanics of
few-body systems and other relevant methods in the physics of overdense matter.
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Chapter 1

FROM NUCLEI TO NEUTRON STARS

Jorge A. Rueda and Remo Ruffini∗

ICRANet, Pescara, Italy

ICRANet-Rio, Centro Brasileiro de Pesquisas Físicas,

Rio de Janeiro, Brazil

Dipartimento di Fisica and ICRA,

Sapienza Università di Roma, Rome, Italy

Abstract

In this chapter we review the steps to formulate the set of self-consistent ground-

state equilibrium equations of neutron stars taking into account strong, weak, elec-

tromagnetic, and gravitational interactions within the framework of general relativity.

We start from the Thomas-Fermi model of the atom to the Newtonian gravitational

analog, to the special relativistic one, and finally to the general relativistic one. We

show that this generalization leads to the Einstein-Maxwell-Thomas-Fermi system of

equations for neutron stars. The solution of this set of equilibrium equations presents

new gravito-electrodynamic effects: neutron stars are globally but not locally neutral.

We elaborate on the physical and astrophysical implications of these novel properties

including the effects on the mass-radius relation of neutron stars.

PACS 05.45-a, 52.35.Mw, 96.50.Fm

Keywords: neutron stars, nuclear equation of state, Thomas-Fermi model

1. Introduction

The Thomas-Fermi model originates from the realm of atomic physics (Gombás, 1949;

Lieb, 1981). It was in 1973 that, as a theoretical interest, the Thomas-Fermi model was

proposed as a useful alternative derivation of self-gravitating equilibrium configurations

of fermions, within Newtonian gravity, applicable to the description of white dwarfs and

neutron stars (Ruffini, 1973). Such a description is complementary to the traditional deriva-

tion within a perfect fluid approximation (Ruffini and Bonazzola, 1969). The gravitational

∗E-mail address: jorge.rueda@icra.it; ruffini@icra.it
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treatment needed the generalization of the Thomas-Fermi model to special relativity. Such

a generalization is also needed to describe the physics of heavy nuclei (Ferreirinho et al.,

1980; Migdal et al., 1977, 1976; Ruffini and Stella, 1981). The Thomas-Fermi treatment

from the original realm of atomic physics started so to be applied in its special relativistic

extension to gravitational and nuclear physics.

In (Popov, 2010; Rotondo et al., 2011; Ruffini, 2008; Ruffini et al., 2007) all these

considerations were extended to an heuristic simplified Thomas-Fermi model of a neutron

star taking into account nuclear physics, Newtonian physics, and β-equilibrium. The ev-

idence for the possible existence of overcritical electric fields at the core of neutron stars

was there presented (Ruffini, 2008). At this stage a basic theoretical progress in the de-

scription of neutron stars with a fully relativistic Thomas-Fermi model with all interactions

became a necessity. Particularly important was the use of the concept of Wigner Seitz cell:

the relativistic Thomas-Fermi model for compressed atoms (Rotondo et al., 2011b), gener-

alizing the classical approach of Feynman, Metropolis and Teller (FMT) (Feynman et al.,

1949), was solved. This has given as a byproduct a new equation of state (EoS) and general

relativistic description of white dwarfs (Rotondo et al., 2011a). It was then proved the im-

possibility of imposing local charge neutrality and β-equilibrium among neutrons, protons,

and electrons, in the simplified case where strong interactions are neglected (Rotondo et al.,

2011c). In other words, it was there shown that the equations which describe nuclear matter

(i.e., the EoS) in a neutron star have to be coupled with the Einstein-Maxwell equations. The

extension of this framework to the case of strong interactions was achieved in (Rueda et al.,

2011). We shall here summarize the result of the above multiyear effort and discuss the rel-

evant equations for the description of neutron stars, i.e., relativistic mean-field theory and

the Einstein-Maxwell-Thomas-Fermi system of general relativistic equations, presenting

a self-consistent neutron star model including all fundamental interactions: strong, weak,

electromagnetic, and gravitational.

It is well-known that the classic work of Oppenheimer and Volkoff (Oppenheimer and

Volkoff, 1939) addressed the problem of neutron star equilibrium configurations composed

only of degenerate neutrons. They integrated the spherically symmetric Einstein equations

in the form written by Tolman (Tolman, 1939), then named Tolman-Oppenheimer-Volkoff

(TOV) equations. For the more general case when protons and electrons are also consid-

ered, in all of the scientific literature on neutron stars it is assumed that the condition of

local charge neutrality applies identically to all points of the equilibrium configuration (see

e.g., Haensel et al. (2007)). Consequently, the corresponding solutions in this more general

case of a non-rotating neutron star, are systematically obtained also on the base of the TOV

equations.

In general, the formulation of the equilibrium of systems composed by different particle

species must be established within the framework of statistical physics of multicomponent

systems (Evans, 1992). Thermodynamic equilibrium of these systems is guaranteed by de-

manding the constancy throughout the configuration of the generalized chemical potentials,

often called “electro-chemical” potentials, of each of the components of the system (Klein,

1949; Kodama and Yamada, 1972; Olson and Bailyn, 1975). These generalized potentials

include not only the contribution due to kinetic energy but also the contribution due to the

potential fields, e.g., gravitational, electromagnetic, strong potential energies per particle,

and in the case of rotating stars also the centrifugal potential. In presence of gravitational
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and Coulomb fields, global electric polarization effects at macroscopic scales necessar-

ily occur. For instance, the balance of the gravitational and electric forces acting on ions

and electrons in ideal electron-ion plasma leads to gravito-polarization as pointed out by

S. Rosseland (Rosseland, 1924).

If one turns to consider gravito-polarization effects in neutron stars, the corresponding

theoretical treatment acquires remarkable conceptual and theoretical complexity, since it

must be necessarily formulated consistently within the Einstein-Maxwell system of equa-

tions. O. Klein, in (Klein, 1949), first introduced the constancy of the general relativistic

chemical potential of particles, hereafter “Klein potentials”, in the study of the thermody-

namic equilibrium of a self-gravitating one-component fluid of neutral particles throughout

the configuration within the framework of general relativity. The extension of the Klein’s

work to the case of neutral multicomponent degenerate fluids can be found in (Kodama and

Yamada, 1972) and to the case of multicomponent degenerate fluid of charged particles in

(Olson and Bailyn, 1975). Using the concept of Klein potentials, it was proved in (Rotondo

et al., 2011c) the impossibility of imposing the condition of local charge neutrality in the

simplest case of a self-gravitating system of degenerate neutrons, protons and electrons in

β-equilibrium: the consistent treatment implies the solution of a general relativistic version

of the Thomas-Fermi equations, coupled with the Einstein-Maxwell ones, being the TOV

equations thus superseded.

The theory for a system of neutrons, protons and electrons fulfilling strong, electromag-

netic, weak and gravitational interactions (see Sec. 10.) was formulated in (Rueda et al.,

2011). The role of the Klein first integrals has been again evidenced and their theoretical

formulation in the Einstein-Maxwell background and in the most general case of finite tem-

perature has been there presented, generalizing the previous results for the “non-interacting”

case (Rotondo et al., 2011c). The nuclear interactions are there modeled by a relativistic

nuclear mean-field theory model which introduces σ, ω and ρ massive mesons to mediate

the strong force.

The equilibrium configurations of non-rotating neutron stars following this new ap-

proach (Rotondo et al., 2011c; Rueda et al., 2011) were first constructed in (Belvedere

et al., 2012). There, the properties of neutron star matter and neutron stars treated fully self-

consistently with strong, weak, electromagnetic, and gravitational interactions were com-

puted. The full set of the Einstein-Maxwell-Thomas-Fermi equations was solved numeri-

cally for zero temperatures and for selected nuclear model parametrization (see Sec. 11.).

We here present a brief review of all the above literature that led to what we can call a

general relativistic Thomas-Fermi theory of white dwarfs and neutron stars. We will here

focus only on neutron stars and refer the reader to (Rotondo et al., 2011a) for the case of

white dwarfs. We use CGS units throughout except in Secs. 10. and 11. where units with

~ = c = 1 are employed.

2. The Classic Thomas-Fermi Model

L. H. Thomas (Thomas, 1927) and E. Fermi (Fermi, 1927) published independently in the

1920s a simple and elegant approximation to the Schrödinger theory of a many electron

atom, after named the Thomas-Fermi model. Such a model is useful in providing quick

numerical estimates and a physical feeling of some atomic phenomena (Gombás, 1949).
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This model has been applied to the analysis both of ions and neutral atoms by many classical

papers from the Rome group and abroad while, FMT (Feynman et al., 1949), generalized

the applicability of the model to the study of compressed atoms. As we will show below,

these results are relevant in the analysis of the internal constitution of stars at the end point

of their thermonuclear evolution. This section is devoted to the semi-classical Thomas-

Fermi theory using the statistics for degenerate fermions. The Thomas-Fermi equation in

the non-relativistic formulation is obtained and discussed in order to describe free neutral

atoms, positive ions and compressed atoms.

The Thomas-Fermi model assumes that the electrons of an atom constitute a fully de-

generate gas of fermions confined in a spherical region by the Coulomb potential of a point-

like nucleus of charge +eNp, where Np is the number of protons inside the nucleus and e

is the fundamental charge. The condition of equilibrium of the electrons in the atom, in the

non-relativistic limit, is expressed by

EF
e =

(PF
e )2

2me

−eV = constant , (1)

where me is the electron mass, V is the electrostatic potential and PF
e and EF

e are the electron

Fermi momentum and energy.

The electrostatic potential fulfills, for r > 0, the Poisson equation

∇2V = 4πene , (2)

where the electron number density ne is related to the Fermi momentum PF
e by

ne =
(PF

e )3

3π2~3
. (3)

Introducing the potential φ(r) through

eV(r)+EF
e = e2Np

φ(r)

r
, (4)

and the dimensionless radial coordinate η as

r = bη , b =
(3π)2/3

27/3

1

N
1/3
p

~2

e2me

=
σ

N
1/3
p

rBohr , (5)

where σ = (3π)2/3/27/3 and rBohr = ~
2/(e2me) is the Bohr radius, we obtain the electron

number density

ne(η) =
Np

4πb3

[

φ(η)

η

]3/2

, (6)

and Eq. (2) can be rewritten in the form

d2φ(η)

dη2
=

φ(η)3/2

η1/2
. (7)

The Eq. (7) is called the classic Thomas-Fermi equation (Fermi, 1927) and it can be

solved once two boundary conditions are given. The Thomas-Fermi equation is independent
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Figure 1. Left panel: physically relevant solutions of the Thomas-Fermi differential equa-

tion (7) with the boundary conditions (8) and (9). The curve 1 refers to a neutral compressed

atom. The curve 2 refers to a neutral free atom. The curve 3 refers to a positive ion. The

dotted straight line is the tangent to the curve 1 at the point (η0,φ(η0)) corresponding to

overall charge neutrality (see Eq. (9)). Right panel: electron Fermi energy EF
e , in units of

e2N
4/3
p /(σrBohr) is plotted as a function of the atom radius R0, in units of σrBohrN

−1/3
p [see

Eqs. (10), (11)]. Points refer to the numerical integrations of the Thomas-Fermi equation

(7) performed originally by FMT (Feynman et al., 1949).

on the atomic number Np and therefore its solution can be used to describe any atom through

specific scaling laws.

A first boundary condition for Eq. (7) follows from the point-like structure of the nu-

cleus

φ(0) = 1 , (8)

and a second boundary condition comes from the number of electrons of the system

Ne =

Z R0

0
4πne(r)r2dr = Np[1−φ(η0)+η0φ′(η0)] , (9)

where R0 = bη0 is the radius of the atom, which constrains the value of the first derivative

of the Thomas-Fermi function at the origin φ′(0) depending on the kind of atom we con-

sider: ionized (Ne < Np, ne(R0) = 0, V(R0) > 0), free (Ne = Np, ne(R0) = 0, V(R0) = 0) or

compressed (Ne = Np, ne(R0) > 0, V(R0) = 0), as can be seen in Fig. 1. The electron Fermi

energy is, respectively, negative, zero or positive.

It is worth to mention that in the case of free neutral atoms η0 → ∞ and φ(η0) → 0

(see Fig. 1). For compressed atoms, using Eqs. (1) and (3), the Fermi energy of electrons

satisfies the universal relation

σrBohr

e2

EF
e

N
4/3
p

=
φ(η0)

η0

, (10)

while the atom radius R0 satisfies the universal relation

R0

σrBohrN
−1/3
p

= η0 . (11)
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An analogous Thomas-Fermi approach as the one summarized above in the case of

atoms can be used to describe a system of self-gravitating fermions. The relevance of a

gravitational Thomas-Fermi model for the understanding of the equilibrium configurations

of self-gravitating collapsed objects has been known for a long time (Ruffini and Bonazzola,

1969). We briefly review such a theory in the next section.

3. The Gravitational Non-Relativistic Thomas-Fermi Model

Let us assume a system of N degenerate fermions of mass m, so the particle number density

n is given by

n =
(PF)3

3π2~3
, (12)

where PF is the Fermi momentum of the fermions.

The equilibrium condition of the configuration in the non-relativistic case is given by

EF =
(PF)2

2m
−mΦ = −mΦ0 = constant , (13)

where Φ is the gravitational potential which fulfills in this case the Poisson equation

∇2Φ = −4πGmn , (14)

G the Newton’s gravitational constant, and Φ0 is the gravitational potential at the radius R

of the system, so

Φ0 =
GM

R
, (15)

being M the total mass of the configuration.

Introducing the potential χ(r) through

Φ−Φ0 = GmN
χ(r)

r
, (16)

and the dimensionless radial coordinate ξ as

r = bgξ , bg =
(3π)2/3

27/3

1

N1/3

~2

Gm3
, (17)

we obtain the electron number density

n(η) =
N

4πb3
g

[

χ(ξ)

ξ

]3/2

, (18)

and Eq. (14) can be rewritten in the form

d2χ(ξ)

dξ2
= −χ(ξ)3/2

ξ1/2
. (19)
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The Eq. (19) differs from Eq. (7) only in the minus sign on the right-hand side and

corresponds to the well-known Lane-Emden equation (Emden, 1907):

d2χ(ξ)

dξ2
= −χ(ξ)n

ξn−1
, (20)

for the specific case of polytropic index n = 3/2. This gravitational Thomas-Fermi equation

must be solved with the boundary conditions

χ(0) = χ(R) = 0 , (21)

as required from Eq. (16) and the first derivative of the Thomas-Fermi function at the origin

χ(0) is constrained in order to fulfill the normalization condition

N =
Z R

0
4πr2ndr = N

Z ξ0

0
χ3/2ξ1/2dξ , (22)

from which we obtain
Z ξ0

0
χ3/2ξ1/2dξ = −ξ0χ′(ξ0) = 1 , (23)

where ξ0 = R/bg and we have used Eqs. (20) and (21).

It is appropriate to discuss the homothetic property of the Lane-Emden equation (20)

with particular attention to the gravitational Thomas-Fermi equation (19). Introducing the

transformations

ξ̂ = Aξ , χ̂ = Bχ , (24)

Eq. (20) becomes

d2χ̂(ξ̂)

dξ̂2
= −An−3

Bn−1

χ̂(ξ̂)n

ξ̂n−1
, (25)

and thus we obtain from the invariance condition

B = A(n−3)/(n−1) , (26)

which in the specific case n = 3/2 of Eq. (19) reads

B =
1

A3
. (27)

These transformations are useful to obtain solutions of the gravitational Thomas-Fermi

equation (19) that satisfy the normalization condition (23). For given initial conditions χ̂(0)

and χ̂′(0) > 0 we can solve numerically Eq. (23) until the boundary χ̂(ξ̂0) = 0 (see Fig. 2).

The solution satisfies at the boundary ξ̂0

Z ξ̂0

0
χ̂3/2ξ̂1/2dξ̂ = −ξ̂0χ̂′(ξ̂0) = D , (28)

which by applying the homothetic transformation becomes

A3/2B3/2

Z ξ0

0
χ3/2ξ1/2dξ = D , (29)
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Figure 2. Generic solutions of the gravitational Thomas-Fermi differential equation (19)

with the boundary condition (21), but not the normalization (23). In order to satisfy the

normalization condition (23), these specific solutions must be rescaled using the trans-

formations (24) and the relations (27) and (31) with A = 0.968679, A = 0.901458 and

A = 0.783765 for the solid, dashed and dot-dashed curves, respectively.

or equivalently
Z ξ0

0
χ3/2ξ1/2dξ = DA3 , (30)

where we have used Eq. (27). Thus, in order to satisfy the normalization condition (23) we

find the condition

A =
1

D1/3
. (31)

3.1. Application to Neutron Stars and White Dwarfs

For the case of neutron stars we assume first, as a zeroth approximation, a neutron star

made only of free neutrons. It is clear that this configuration is unstable with respect to

the β-decay of neutrons and therefore in a realistic configuration both protons and electrons

must be necessarily present. In such a case the electromagnetic interactions between the

charged particles and the strong interactions between nucleons must be taken properly into

account. We shall discuss this general case later on.

In the simplified case of a self-gravitating system of non-relativistic degenerate neu-

trons, the configurations of equilibrium can be simply constructed using the gravitational

Thomas-Fermi model by changing m → mn where mn is the neutron mass. Instead, the

application of the above equations to the case of white dwarfs is less straightforward and it

must be done as follows.

Both Chandrasekhar (Chandrasekhar, 1931) and Landau (Landau, 1932) neglected the

electromagnetic interactions in the white dwarf interior. The contribution of the electrons

to the density and the one of the nuclei to the pressure are neglected as well, namely

ρ ≈ ρN , P ≈ Pe . (32)
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The Thomas-Fermi equilibrium condition in the gravitational case given by Eq. (13) can

be regarded as the condition for the thermodynamic equilibrium of the system. Neglecting

the contribution of the nuclei to the kinetic energy and the contribution of the electrons to

the mass, Eq. (13) becomes

EF =
(PF

e )2

2me

−µmNΦ = −µmNΦ0 = constant , (33)

where mN ≈mn is the nucleon mass, PF
e is the Fermi momentum of electrons and µ = A/Z ≈

2 is the average molecular weight of the nuclei.

We note here the hybrid character of Eq. (33) describing an effective one-component

electron-nucleon fluid approach where the kinetic pressure is given by electrons of mass

me and their gravitational contribution is given by an effective mass µMN attached to each

electron (see e.g., Landau and Lifshitz (1980) for details).

In this case the gravitational Poisson equation (14) becomes

∇2Φ = −4πGµmNne , (34)

where ne is the electron number density given by

ne =
(PF

e )3

3π2~3
. (35)

Introducing the potential χ(r) through

Φ−Φ0 = GµmNN
χ(r)

r
, (36)

and the dimensionless radial coordinate ξ as

r = bgξ , bg =
(3π)2/3

27/3

1

N1/3

~2

Gme

1

(µmN)2
, (37)

Eq. (34) can be rewritten in the form

d2χ(ξ)

dξ2
= −χ(ξ)3/2

ξ1/2
, (38)

which is the gravitational Thomas-Fermi equation that must be solved with the boundary

conditions (21) and (23).

We have so far assumed that the particles inside the stars are non-relativistic. However,

it can be seen that this approximation unsuitable for both white dwarf and neutron star

interiors. Neglecting the contribution of electrons to the density, the Fermi momentum of

the electrons in a white dwarf is approximately given by

PF
e =

(3π)1/3

(µmN)1/3
~ρ1/3 , (39)

where we have used Eq. (35). From this expression we can check that at densities

ρ ∼ 106 g cm−3, PF
e ∼ mec and thus the non-relativistic approximation breaks down. The

same situation occurs for the neutrons in neutron stars at densities ρ ∼ 1015 g cm−3. It is

therefore necessary to reformulate the gravitational Thomas-Fermi model in order to in-

clude the effects of special relativity.
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4. Gravitational Special Relativistic Thomas-Fermi Model

In analogy with the Thomas-Fermi atom, the equilibrium condition of this configuration in

the relativistic case can be expressed as

EF =
√

(cPF)2 +m2c4 −mc2 −mΦ = constant = −mΦ(R) , (40)

where Φ is the gravitational potential and R is the radius of the configuration at which the

Fermi momentum of the fermions vanishes, namely PF(R) = 0. The gravitational potential

satisfies the Poisson equation

∇2Φ = −4πGρ0 , (41)

where ρ0 = mn is the rest-mass density.

Introducing the dimensionless radial coordinate

r = bξ , b =
(3π)2/3

27/3

1

N1/3

~
2

Gm3
, (42)

and a new potential χ(r) defined by

Φ(r)−Φ(R) = GmN
χ(r)

r
, (43)

with N the total number of fermions in the system, Eq. (41) becomes

d2χ(ξ)

dξ2
= −χ(ξ)3/2

ξ1/2

[

1+

(

N

N∗

)4/3 χ(ξ)

ξ

]3/2

, (44)

where N∗ is given by

N∗ =

√
3π

2

(mPlanck

m

)3

, (45)

with mPlanck =
√

~c/G the Planck’s mass.

The relativistic Thomas-Fermi equation (44) must be solved subjected to the boundary

conditions

χ(0) = χ(ξ0) = 0 ,

(

dχ

dξ

)

ξ=0

> 0 , (46)

where ξ0 = R/b.

The first derivative of χ at the origin is, at the same time, subjected to the condition

that at the radius of the configuration the total number of particles must be equal to N.

Mathematically, such a condition can be written as

Z ξ0

0
χ3/2ξ1/2dξ = −ξ0

(

dχ

dξ

)

ξ=ξ0

= 1 . (47)

In the extreme relativistic approximation PF � mc, the equilibrium condition (40) be-

comes

EF = cPF −mΦ = constant = −mΦ(R) , (48)
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and the relativistic Thomas-Fermi equation (44) reads simply

d2χ(ξ)

dξ2
= −

(

N

N∗

)2
χ(ξ)3

ξ2
, (49)

with the boundary conditions

χ(0) = 0, χ(ξ0) = 0, 1 = −ξ0

(

dχ

dξ

)

ξ=ξ0

. (50)

Considering now the transformation χ = Aχ̂, x = Bx̂ with A2(N/N∗)2 = 1, Eq. (49)

becomes

d2χ̂

dx̂2
= − χ̂3

x̂2
, (51)

that is the Lane-Emden polytropic equation of polytropic index n = 3. The boundary con-

ditions are

χ̂(0) = 0, χ̂(x̂0) = 0,
N

N∗ = −x̂0

(

dχ̂

dx̂

)

x̂=x̂0

. (52)

As we have seen, the Eq. (51) is obtained for any value of the factor B, and therefore

it is invariant under the scaling x̂ = ax̃ with a any constant. Thus, from a given solution a

whole class of solutions can be derived by a simple change of the scale. Consequently the

quantity x̂0

(

dχ̂
dx̂

)

x̂=x̂0

is a constant. This constant has the value 2.015 Emden (1907) and

gives the following upper limit for the mass of the configuration

Mcrit = mN = 2.015N∗ = 2.015

√
3π

2

m3
Planck

m2
. (53)

4.1. Application to White Dwarfs and Neutron Stars

Considering that in a white dwarf the electrons of mass me are mostly responsible for the

pressure (kinetic energy) while the nuclei of molecular weight µ = A/Z provide the density

of the system (gravitational energy), the equilibrium condition (40) can be written as

c

√

(cPF
e )2 +m2

ec2 −mec2 −µmNΦ = −µmNΦ(R), (54)

where PF
e is the electron Fermi momentum and mN is the nucleon rest-mass. We note there-

fore that all the above gravitational Thomas-Fermi model can be applied to white dwarfs by

assuming

b =
(3π)2/3

27/3

1

N1/3

~2

Gme

1

(µmN)2
(55)

and

N∗ =

√
3π

2

(

mPlanck

µmN

)3

. (56)
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The critical mass given by Eq. (53) can be then written for white dwarfs as

Mcrit = mn N = 2.015N∗ =

√
3π

2

m3
Planck

µ2m2
N

≈ 1.44M�. (57)

where for simplicity we have set the average molecular weight µ = 2.

It is interesting at this point to compare this result with the pioneering work of

E. C. Stoner (Stoner, 1929) who introduced the effect of special relativity into the concept

of degenerate stars first introduced by R. H. Fowler (Fowler, 1926) in the non-relativistic

case. Stoner was indeed the first to discover a critical mass for white dwarfs

MStoner
crit =

15

16

√
5π

m3
Planck

µ2m2
N

, (58)

assuming a white dwarf of constant density.

Following the Stoner’s work, Chandrasekhar (Chandrasekhar, 1931) pointed out the rel-

evance of describing white dwarfs by using an approach, initiated by E. A. Milne(Milne,

1930), of using the mathematical method of the solutions of the Lane-Emden polytropic

equations (Emden, 1907). The same idea of using the Lane-Emden equations taking into

account the special relativistic effects to the equilibrium of stellar matter for a degenerate

system of fermions, came independently to L. D. Landau (Landau, 1932). Both the Chan-

drasekhar and Landau treatments were explicit in pointing out the existence of the critical

mass given by the above Eq. (57), which is quantitatively smaller than the one obtained first

by Stoner due to the inhomogeneity of the density distribution.

For neutron stars, it is enough to change m → mn where mn is the neutron mass. In such

a case, the critical mass is given by

Mcrit = mN = 2.015N∗ =

√
3π

2

m3
Planck

m2
n

≈ 5.76M� . (59)

It is well-known however that special relativistic effects in the determination of the den-

sity of the system are important for neutron stars as well as the effects of general relativity.

As a result of these additional effects, the critical mass given by Eq. (59) is lowered to the

a value ∼ 0.7 M� for a self-gravitating non-interacting degenerate neutron gas in general

relativity (see (Oppenheimer and Volkoff, 1939) and Sec. 5. below for details).

In Fig. 3 we show the mass of the equilibrium configurations of both white dwarfs and

neutron stars as a function of the central density in the non-relativistic and relativistic cases.

5. The TOV Equilibrium Equations of Neutron Stars

The importance of special relativity in the description of matter in a compact star such as

white dwarfs and neutron stars has been shown in the previous results to lead to the concept

of critical mass of a self-gravitating object. On the other-hand, the relative importance of

general relativistic effects can be estimated from the ratio GM/(c2R) which gives us the

strength of the gravitational field in units of c2. A roughly estimate of the radii of white
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Figure 3. Mass versus central density of white dwarfs with average molecular weight µ = 2

and of neutron stars in the relativistic case.

dwarfs and neutron stars gives ∼ (mPlanck/mn)(~/(mec)) and ∼ (mPlanck/mn)(~/(mπc)) re-

spectively, where mπ is the pion mass. We have here assumed a neutron star with an average

density of the order of the nuclear one ∼ (~/(mπc))−3. Thus, we have

GM

c2R
∼
{

mπ
mn

∼ 0.15 , for neutron stars
me

mn
∼ 5×10−4 , for white dwarfs

. (60)

We can thus expect the effects of general relativity to be much more important in the

description of neutron stars that in the one of white dwarfs. It is worth to mention that,

however, also in white dwarfs general relativistic effects play an important role (Rotondo

et al., 2011a).

The earliest general relativistic description of a neutron star date back to 1939 with the

seminal work of Oppenheimer & Volkoff (Oppenheimer and Volkoff, 1939). The matter

inside a neutron star was there considered to be composed only of a gas of degenerate

neutrons and the equations of equilibrium are derived for non-rotating neutron stars, i.e., in

the spherically symmetric case.

The spacetime metric is given by

ds2 = eν(r)c2dt2 −eλ(r)dr2 − r2dθ2− r2 sin2 θdϕ2 , (61)

and the Einstein equations can be reduced to the hydrostatic equilibrium equation (hereafter

TOV equation) (Oppenheimer and Volkoff, 1939)

dP(r)

dr
= −G[ρ(r)+P(r)/c2][4πr3P(r)/c2 +M(r)]

r2[1−2GM(r)/(c2r)]
, (62)

and the equation for the mass function M(r)

dM(r)

dr
= 4πr2ρ(r) , (63)
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Figure 4. Left panel: Mass-Radius relation of neutron stars as given by the gravita-

tional non-relativistic Thomas-Fermi treatment (see Sec. 9.), by the gravitational relativistic

Thomas-Fermi treatment (see Sec. 13.) and by the general relativistic treatment of Oppen-

heimer & Volkoff (Oppenheimer and Volkoff, 1939). In the right panel it is shown in more

detail the Oppenheimer & Volkoff solution.

where ρ(r) = E (r)/c2 is the mass-density and the mass M(r) is related to the metric func-

tion eλ thorough e−λ(r) = 1−2GM(r)/(c2r).

In Fig. 4 we show the mass-radius relation of neutron stars obtained by Oppenheimer &

Volkoff (Oppenheimer and Volkoff, 1939) and compare it with the results obtained by the

non-relativistic Thomas-Fermi theory of Sec. 9..

We will show below that this classic gravitational Thomas-Fermi theory can be duly

generalized to the general relativistic regime and being applied to the case of neutron stars

(see Sec. 8.). At the same time, the TOV approach needs as well a proper generalization

to account for the strong and electromagnetic interactions between the nuclear constituents

(see Sec. 10. and 11. for details).

6. The Relativistic Thomas-Fermi Atom

We proceed now to discuss the generalization of the atomic Thomas-Fermi model to rela-

tivistic and ultrarelativistic regimes which, as we will show in the following sections, are

important for the self-consistent construction of a neutron star model. In the relativistic

generalization of the Thomas-Fermi equation the point-like approximation of the nucleus

must be abandoned (Ferreirinho et al., 1980; Ruffini and Stella, 1981) since the relativistic

Thomas-Fermi equilibrium condition

EF
e =

√

(PF
e c)2 +m2

ec4 −mec2 −eV (r) , (64)

leads to a non-integrable expression for the electron density near the origin. Consequently

we adopt an extended nucleus. Traditionally the radius of an extended nucleus is given by

the phenomenological relation Rc = r0A1/3 where A is the number of nucleons and r0 =
1.2×10−13 cm. Further it is possible to show from the extremization of the semi-empirical
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Weizsacker mass-formula that the relation between A and Np is given by

Np ≈
[

2

A
+

2aC

aA

1

A1/3

]−1

≈
[

2

A
+

3

200

1

A1/3

]−1

, (65)

where aC ≈ 0.71 MeV, aA ≈ 93.15 MeV are the Coulomb and the asymmetry coefficients

respectively. In the limit of small A Eq. (65) gives

Np ≈
A

2
. (66)

In (Rotondo et al., 2011) it was relaxed the condition Np ≈ A/2 adopted e.g., in Migdal

et al. (1977, 1976), as well as the condition Np ≈ [2/A + 3/(200A1/3)]−1, adopted e.g., in

(Ferreirinho et al., 1980; Ruffini and Stella, 1981), by imposing explicitly the β-decay equi-

librium between neutrons, protons and electrons.

It was assumed a constant distribution of protons confined in a radius Rc defined by

Rc = ∆
~

mπc
N

1/3
p , (67)

where mπ is the pion mass and ∆ is a parameter such that ∆ ≈ 1 (∆ < 1) corresponds to

nuclear (supranuclear) densities when applied to ordinary nuclei. Consequently, the proton

density can be written as

np(r) =
Np

4
3 πR3

c

θ(Rc− r) =
3

4π

m3
πc3

~3

1

∆3
θ(Rc− r), (68)

where θ(x) is the Heaviside function which by definition is given by

θ(x) =

{

0, x < 0,
1, x > 0.

(69)

The electron density is given by

ne(r) =
(PF

e )3

3π2~3
=

1

3π2~3c3

[

e2V 2(r)+2mec
2eV (r)

]3/2
, (70)

where V is the Coulomb potential.

The overall Coulomb potential satisfies the Poisson equation

∇2V(r) = −4πe [np(r)−ne(r)], (71)

with the boundary conditions V (∞) = 0 (due to global charge neutrality) and finiteness of

V(0).

Using Eqs. (4), (5) and replacing the particle densities (68) and (70) into the Poisson

equation (71) we obtain the relativistic Thomas-Fermi equation

d2φ(η)

dη2
= −3η

η3
c

θ(ηc −η)+
φ3/2

η1/2



1+

(

Np

Ncrit
p

)4/3
φ

η





3/2

,

(72)
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where φ(0) = 0, φ(∞) = 0 and ηc = Rc/b. The critical number of protons Ncrit
p is defined

by

Ncrit
p =

√

3π

4
α−3/2, (73)

where, as usual, α = e2/(~c) is the fine structure constant.

It is interesting that by introducing

x =
r

λπ
=

b

λπ
η, χ = αNpφ, (74)

where λπ = ~/(mπc), Eq. (72) assumes a canonical form, the master relativistic Thomas-

Fermi equation (Ruffini, 2008)

1

3x

d2χ(x)

dx2
= − α

∆3
θ(xc −x)+

4α

9π

[

χ2(x)

x2
+2

me

mπ

χ

x

]3/2

,

(75)

where xc = Rc/λπ with the boundary conditions χ(0) = 0, χ(∞) = 0. The neutron density

nn(r), related to the neutron Fermi momentum PF
n = (3π2~3nn)

1/3, is determined, as in the

previous case(Rotondo et al., 2011), by imposing the condition of β-equilibrium

EF
n =

√

(PF
n c)2 +m2

nc4 −mnc2

=
√

(PF
p c)2 +m2

pc4 −mpc2 +eV (r), (76)

which in turn is related to the proton density np and the electron density by Eqs. (70),

(71). Integrating numerically these equations we have obtained a new generalized relation

between A and Np for any value of A. In the limit of small A this result agrees with the

phenomenological relations given by Eqs. (65, 66), as is clearly shown in Fig. 5.

7. Nuclear Matter Cores of Stellar Dimensions

The FMT treatment of compressed atoms was generalized to the relativistic regime in (Ro-

tondo et al., 2011b). The application of this approach to general relativistic white dwarfs

was presented in (Rotondo et al., 2011a). Thanks to the existence of scaling laws of the ul-

trarelativistic Thomas-Fermi equation (Popov, 2010; Rotondo et al., 2011b; Ruffini, 2008),

this treatment can be extrapolated to what can be called compressed nuclear matter cores of

stellar dimensions: objects with mass numbers A ' (mPlanck/mn)
3 ∼ 1057 or Mcore ∼ M�.

As we will show below, such configurations fulfill global but not local charge neutrality

and have electric fields on their core surfaces reaching values much larger than the critical

value Ec = m2
ec3/(e~). A constant distribution of protons at nuclear densities is assumed to

simulate the confinement due to the strong interactions in the case of nuclei and heavy nu-

clei and due to both the gravitational field and the strong interactions in the case of nuclear

matter cores of stellar sizes.

In the ultrarelativistic limit, the relativistic Thomas-Fermi equation admits an analytic

solution. Introducing the new function φ defined by φ = 41/3

(9π)1/3 ∆ χ
x

and the new variables
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Figure 5. The A-Np relation at nuclear density (solid line) obtained from first principles

compared with the phenomenological expressions given by Np ≈ A/2 (dashed line) and

Eq. (65) (dotted line). The asymptotic value, for A → (mPlanck/mn)
3, is Np ≈ 0.0046A.

x̂ = (12/π)1/6√α∆−1x, ξ = x̂− x̂c, where x̂c = (12/π)1/6√α∆−1xc, it reads (Rotondo et al.,

2011b):

d2φ̂(ξ)

dξ2
= −θ(−ξ)+ φ̂(ξ)3 , (77)

where φ̂(ξ) = φ(ξ+ x̂c). The boundary conditions on φ̂ are: φ̂(ξ) → 1 as ξ →−x̂c � 0 (at

the massive nuclear density core center) and φ̂(ξ)→ 0 as ξ → ∞. The function φ̂ and its first

derivative φ̂′ must be continuous at the surface ξ = 0 of the massive nuclear density core.

Equation (77) admits an exact solution

φ̂(ξ) =











1−3
[

1+2−1/2 sinh(a−
√

3ξ)
]−1

, ξ < 0,√
2

(ξ+b)
, ξ > 0 ,

(78)

where the integration constants a and b have the values a = arcsinh(11
√

2) ≈ 3.439, b =
(4/3)

√
2 ≈ 1.886. Next we evaluate the Coulomb potential energy and the electric field

(see Fig. 6)

eV(ξ) =

(

9π

4

)1/3
1

∆
mπc2φ̂(ξ) , (79)

E(ξ) = −
(

35π

4

)1/6 √
α

∆2

m2
πc3

e~
φ̂′(ξ) . (80)

We now estimate three crucial quantities: 1) the Coulomb potential at the center of

the configuration,

eV(0)≈
(

9π

4

)1/3
1

∆
mπc2 , (81)
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Figure 6. Left panel: electron Coulomb potential energy −eV , in units of pion mass rest-

energy mπc2 is plotted as a function of the radial coordinate ξ = x̂− x̂c, for selected values

of the density parameter ∆. Right panel: electric field is plotted in units of the critical field

Ec as a function of the radial coordinate ξ for ∆=2, showing a sharp peak at the core radius.

2) the electric field at the surface of the core

Emax ≈ 0.95
√

α
1

∆2

m2
πc3

e~
= 0.95

√
α

∆2

(

mπ

me

)2

Ec . (82)

3) the Coulomb electrostatic energy of the core

Eem =

Z

E2

8π
d3r ≈ 0.15

3~c(3π)1/2

4∆
√

α
A2/3 mπc

~

(

Np

A

)2/3

. (83)

These three quantities are functions only of the pion mass mπ, the density parameter

∆ and of the fine structure constant α. Their formulas apply over the entire range from

superheavy nuclei with Np ∼ 103 all the way up to massive cores with Np ≈ (mPlanck/mn)
3.

Starting from the analytic solutions of the previous section we obtain the following new

results:

a) Using the solution (78), we have obtained a new generalized relation between A

and Np for any value of A. In the limit of small A this result agrees well with the phe-

nomenological relations given by Eqs. (65) and (66). It seems that the explicit evaluation

of the β-equilibrium, in contrast with the previously adopted equations, leads to an effect

comparable in magnitude and qualitatively similar to the asymmetry energy in the phe-

nomenological liquid drop model.

b) The charge-to-mass ratio of the effective charge Q at the core surface to the core

mass M is given by

Q√
GM

≈ EmaxR2
c√

GmnA
≈ mPlanck

mn

(

1

Np

)1/3
Np

A
. (84)

For superheavy nuclei with Np ≈ 103 , the charge-to-mass ratio for the nucleus is

Q√
GM

>
1

20

mPlanck

mn

∼ 1018. (85)
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Gravitation obviously plays no role in the stabilization of these nuclei. Instead, for massive

nuclear density cores where Np ≈ (mPlanck/mn)
3, the ratio Q/

√
GM given by Eq. (84) is

simply

Q√
GM

≈ Np

A
, (86)

which is approximatively 0.0046. It is well-known that the charge-to-mass-ratio (86)

smaller than unity evidences the equilibrium of self-gravitating mass-charge system both

in Newtonian gravity and general relativity.

c) For a massive core at nuclear density the criterion of stability against fission (Eem <

2Es) is satisfied:

Eem

2Es

≈ 0.15
3

8

√

3π

α

1

∆

(

Np

A

)2/3
mπc2

17.5MeV
∼ 0.1 < 1. (87)

7.1. Estimates of Gravitational Effects in a Newtonian Approximation

In order to investigate the possible effects of gravitation on these massive nuclear density

cores we proceed to some qualitative and quantitative estimates based on the Newtonian

approximation.

a) The maximum Coulomb energy per proton is given by Eq. (81) where the potential

is evaluated at the center of the core. The Newtonian gravitational potential energy per

proton (of mass mp) in the field of a massive nuclear density core with A ≈ (mPlanck/mn)
3

is given by

Eg = −G
Mmp

Rc

= − 1

∆

mPlanck

mn

mπc2

N
1/3
p

'−mπc2

∆

(

A

Np

)1/3

.

(88)

Since A/Np ∼ 0.0046 for any value of ∆, the gravitational energy is larger in magnitude

than and opposite in sign to the Coulomb potential energy per proton of Eq. (81) so the

system should be gravitationally stable.

b) There is yet a more accurate derivation of the gravitational stability based on the

analytic solution of the Thomas-Fermi equation Eq. (77). The Coulomb energy Eem given

by (83) is mainly distributed within a thin shell of width δRc ≈ ~∆/(
√

αmπc) and proton

number δNp = np4πR2
cδRc at the surface. To ensure the stability of the system, the attractive

gravitational energy of the thin proton shell

Egr ≈ −3
G

∆

A4/3

√
α

(

Np

A

)1/3

m2
n

mπc

~
(89)

has to be larger than the repulsive Coulomb energy (83). For small A, the gravitational

energy is always negligible. However, since the gravitational energy increases proportion-

ally to A4/3 while the Coulomb energy only increases proportionally to A2/3, the two must

eventually cross, which occurs at

AR = 0.039

(

Np

A

)1/2(
mPlanck

mn

)3

. (90)
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This establishes a lower limit for the mass number AR necessary for the existence of an

island of stability for massive nuclear density cores. The upper limit of the island of stability

will be determined by general relativistic effects.

c) Having established the role of gravity in stabilizing the Coulomb interaction of

the massive nuclear density core, we outline the importance of the strong interactions in

determining its surface. We find for the neutron pressure at the surface:

Pn =
9

40

(

3

2π

)1/3(
mπ

mn

)

mπc2

(~/mπc)3

(

A

Np

)5/3
1

∆5
,

(91)

and for the surface tension, as extrapolated from nuclear scattering experiments,

Ps = −
(

0.13

4π

)

mπc2

(~/mπc)3

(

A

Np

)2/3
1

∆2
. (92)

We then obtain

|Ps|
Pn

= 0.39 ·∆3

(

Np

A

)

= 0.24 · ρnucl

ρsurf

, (93)

where ρnucl = 3mnA/4πR3
c. The relative importance of the nuclear pressure and nuclear

tension is a very sensitive function of the density ρsurf at the surface.

It is important to emphasize a major difference between nuclei and the massive nuclear

density cores treated here: the gravitational binding energy in these massive nuclear density

cores is instead Egr ≈ GM�mn/Rc ≈ 0.1mnc2 ≈ 93.8 MeV. Namely, it is much bigger than

the nuclear energy in ordinary nuclei Enuclear ≈ ~
2/mnr2

0 ≈ 28.8 MeV.

7.2. Compressed Nuclear Matter Cores of Stellar Dimensions

Following the above treatment, we use the existence of scaling laws and proceed to the

ultrarelativistic limit of the above equations for positive values of the electron Fermi energy

EF
e . We then introduce the new function φ = 41/3(9π)−1/3χ∆/x and the new variable x̂ = kx

where k = (12/π)1/6√α∆−1, as well as the variable ξ = x̂− x̂c in order to describe better

the region around the core radius.

We recall the ultrarelativistic Thomas-Fermi equation (77), i.e.,

d2φ̂(ξ)

dξ2
= −θ(−ξ)+ φ̂(ξ)3 , (94)

where φ̂(ξ) = φ(ξ+ x̂c) and the curvature term 2φ̂′(ξ)/(ξ+ x̂c) has been neglected.

The Coulomb potential energy is given by

eV(ξ) =

(

9π

4

)1/3
1

∆
mπc2φ̂(ξ)−EF

e , (95)

corresponding to the electric field

E(ξ) = −
(

35π

4

)1/6 √
α

∆2

m2
πc3

e~
φ̂′(ξ), (96)



From Nuclei to Neutron Stars 21

and the electron number-density

ne(ξ) =
1

3π2~3c3

(

9π

4

)

1

∆3
(mπc2)3φ̂3(ξ). (97)

In the core center we must have ne = np. From Eqs. (68) and (97) we than have that, for

ξ = −x̂c, φ̂(−x̂c) = 1.

In order to consider a compressed nuclear density core of stellar dimensions, we then

introduce a Wigner-Seitz cell determining the outer boundary of the electron distribution

which, in the new radial coordinate ξ is characterized by ξW S. In view of the global

charge neutrality of the system the electric field goes to zero at ξ = ξW S. This implies,

from Eq. (96), φ̂′(ξW S) = 0.

We turn now to the determination of the Fermi energy of the electrons in this com-

pressed core. The function φ̂ and its first derivative φ̂′ must be continuous at the surface

ξ = 0 of the nuclear density core.

This boundary-value problem can be solved analytically and indeed Eq. (94) has the

first integral,

2[φ̂′(ξ)]2 =

{

φ̂4(ξ)−4φ̂(ξ)+3, ξ < 0,

φ̂4(ξ)−φ4(ξW S), ξ > 0,
(98)

with boundary conditions at ξ = 0:

φ̂(0) =
φ̂4(ξW S)+3

4
,

φ̂′(0) = −

√

φ̂4(0)− φ̂4(ξW S)

2
. (99)

Having fulfilled the continuity condition we integrate Eq. (98) obtaining for ξ ≤ 0

φ̂(ξ) = 1−3
[

1+2−1/2 sinh(a−
√

3ξ)
]−1

, (100)

where the integration constant a has the value

sinh(a) =
√

2

(

11+ φ̂4(ξW S)

1− φ̂4(ξW S)

)

. (101)

In the interval 0 ≤ ξ ≤ ξW S, the field φ̂(ξ) is implicitly given by

F

(

arccos
φ̂(ξW S)

φ̂(ξ)
,

1√
2

)

= φ̂(ξW S)(ξ−ξW S), (102)

where F(ϕ,k) is the elliptic function of the first kind, and F(0,k)≡ 0. For F(ϕ,k) = u, the

inverse function ϕ = F−1(u,k) = am(u,k) is the well known Jacobi amplitude. In terms of

it, we can express the solution (102) for ξ > 0 as,

φ̂(ξ) = φ̂(ξW S)

{

cos

[

am

(

φ̂(ξW S)(ξ−ξW S),
1√
2

)]}−1

. (103)
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Figure 7. Left panel: electron Coulomb potential energies in units of the pion rest energy in

a nuclear matter core of stellar dimensions with A ' 1057 or Mcore ∼ M� and Rc ≈ 106 cm,

are plotted as a function of the dimensionless variable ξ, for different values of the electron

Fermi energy also in units of the pion rest energy. The solid line corresponds to the case of

null electron Fermi energy. By increasing the value of the electron Fermi energy the electron

Coulomb potential energy depth is reduced. Right panel: solutions of the ultrarelativistic

Thomas-Fermi equation (94) for different values of the Wigner-Seitz cell radius RW S and

correspondingly of the electron Fermi energy in units of the pion rest energy as in Fig. 7,

near the core surface. The solid line corresponds to the case of null electron Fermi energy.
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Figure 8. Left panel: electric field in units of the critical field for vacuum polarization

Ec = m2
ec3/(e~) is plotted as a function of the coordinate ξ, for different values of the

electron Fermi energy in units of the pion rest energy. The solid line corresponds to the case

of null electron Fermi energy. To an increase of the value of the electron Fermi energy it is

found a reduction of the peak of the electric field. Right panel: Fermi energy of electrons

in units of the pion rest energy is plotted for different Wigner-Seitz cell dimensions (i.e for

different compressions) ξW S in the ultrarelativistic approximation . In the limit ξW S → 0 the

electron Fermi energy approaches asymptotically the value (EF
e )max given by Eq. (112)

In the present case of EF
e > 0 the ultrarelativistic approximation is indeed always valid

up to ξ = ξW S for high compression factors, i.e., for RW S 'Rc. In the case EF
e = 0, ξW S →∞,

there is a breakdown of the ultrarelativistic approximation when ξ → ξW S. Details are given

in Figs. 7 and 8.



From Nuclei to Neutron Stars 23

We can now estimate two crucial quantities of the solutions: the Coulomb potential at

the center of the configuration and the electric field at the surface of the core

eV(0)'
(

9π

4

)1/3
1

∆
mπc2 −EF

e , (104)

Emax ' 2.4

√
α

∆2

(

mπ

me

)2

Ec|φ̂′(0)| , (105)

where Ec = m2
ec3/(e~) is the critical electric field for vacuum polarization. These functions

depend on the value φ̂(ξW S) via Eqs. (98)–(102). At the boundary ξ = ξW S, due to the global

charge neutrality, both the electric field E(ξW S) and the Coulomb potential eV(ξW S) vanish.

From Eq. (95), we determine the value of φ̂(ξ) at ξ = ξW S

φ̂(ξW S) = ∆

(

4

9π

)1/3
EF

e

mπc2
, (106)

as a function of the electron Fermi energies EF
e . From the above Eq. (106), one can see that

there exists a solution, characterized by the value of electron Fermi energy

(EF
e )max

mπc2
=

1

∆

(

9π

4

)1/3

, (107)

such that φ̂(ξW S) = 1. From Eq. (102) and ξ = 0, we also have

ξW S(φ̂(ξW S)) =

{

1

φ̂(0)
F

[

arccos

(

4− 3

φ̂(0)

)

,
1√
2

]}

. (108)

For φ̂(ξW S) = 1, from Eq. (99) follows φ̂(0) = 1 hence Eq. (108) becomes

ξW S(φ̂(0)) = F

[

0,
1√
2

]

. (109)

It is well known that if the inverse Jacobi amplitude F[0,1/
√

2] is zero, then

ξW S(φ̂(ξW S) = φ̂(0) = 1) = 0. (110)

Indeed from φ̂(ξW S) = 1 follows φ̂(0) = 1 and ξW S = 0. When ξW S = 0 from Eq. (99)

follows φ̂′(0) = 0 and, using Eq. (105), Emax = 0. In other words for the value of EF
e

fulfilling Eq. (106) no electric field exists on the boundary of the core and from Eq. (97)

and Eqs. (67, 68) it follows that indeed this is the solution fulfilling both global Ne = Np

and local ne = np charge neutrality. In this special case we obtain

(EF
e )

3/2
max =

9π
4

(~c)3 A
R3

c
− (EF

e )3
max

23/2

[

(

9π
4 (~c)3 A

R3
c
− (EF

e )3
max

)2/3

+m2
nc4

]3/4
. (111)
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In the ultra-relativistic approximation (EF
e )3

max/
9π
4 (~c)3 A

R3
c

<< 1 so Eq. (111) can be ap-

proximated to

(EF
e )max = 21/3 mn

mπ
γ

[

−1+

√

1+
β

2γ3

]2/3

mπc2, (112)

where A = Np +Nn and

β =
9π

4

(

~

mnc

)3
A

R3
c

, γ =

√

1+β2/3. (113)

The corresponding limiting value to the Np/A ratio is

Np

A
=

2γ3

β

[

−1+

√

1+
β

2γ3

]2

. (114)

The Np-independence in the limiting case of maximum electron Fermi energy attained

when RW S = Rc, in which the ultra-relativistic treatment approaches the uniform one, and

the Np-dependence for smaller compressions RWS > Rc can be understood as follows. Let

see the solution to the ultra-relativistic equation (94) for small ξ > 0. Analogously to the

FMT approach to the non-relativistic Thomas-Fermi equation, we solve the ultra-relativistic

equation (94) for small ξ. Expanding φ̂(ξ) about ξ = 0 in a semi convergent power series,

φ̂(ξ)

φ̂(0)
= 1+

∞

∑
n=2

anξn/2 (115)

and substituting it into the ultra-relativistic equation (94), we have

∞

∑
k=3

ak
k(k−2)

4
ξ(k−4)/2 = φ2(0)exp

[

3ln(1+
∞

∑
n=2

anξn/2)

]

. (116)

This leads to a recursive determination of the coefficients:

a3 = 0, a4 = φ2(0)/2, a5 = 0, a6 = φ2(0)a2/2, a7 = 0, a8 = φ2(0)(1−a2
2)/8, · · ·,(117)

with a2 = φ̂′(0)/φ̂(0) determined by the initial slope, namely, the boundary condition φ̂′(0)

and φ̂(0) in Eq. (99):

φ̂(0) =
φ̂4(ξW S)+3

4
, φ̂′(0) = −

√

φ̂4(0)− φ̂4(ξW S)

2
(118)

Thus the series solution (115) is uniquely determined by the boundary value φ̂(ξW S) at

the Wigner-Seitz cell radius. We now consider the solution to the leading orders

φ̂(ξ) = φ̂(0)+ φ̂′(0)ξ+
1

2
φ̂3(0)ξ2 +

1

2
φ̂3(0)a2ξ3 +

1

8
φ̂3(0)(1−a2

2)ξ4 + · · ·. (119)
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Using Eq. (119), the electron Fermi energy (106) becomes

EF
e = (EF

e )max

[

1+a2ξW S +
1

2
φ̂2(0)(ξWS)2 +

1

2
φ̂2(0)a2(ξW S)3

+
1

8
φ̂2(0)(1−a2

2)(ξW S)4 + · · ·
]

φ̂(0), (120)

where (EF
e )max = (9π/4)1/3∆−1 is the maximum Fermi energy which is attained when the

Wigner-Seitz cell radius equals the nucleus radius Rc (see Eq. 107). For φ̂(ξW S) < 1, we ap-

proximately have φ̂(0) = 3/4, φ̂′(0) = −(3/4)2/
√

2 and the initial slope a2 = φ̂′(0)/φ̂(0) =

−(3/4)/
√

2. Therefore Eq. (120) becomes

EF
e ≈ (EF

e )max

[

1− 3

4
√

2
ξW S +

1

2

(

3

4

)2

(ξW S)2 − 1

23/2

(

3

4

)3

(ξW S)3

+
1

8

(

3

4

)2(
41

32

)

(ξW S)4 + · · ·
]

. (121)

By the definition of the coordinate ξ, we know all terms except the first term in the

square bracket depend on the values of Np. In the limit of maximum compression when

the electron Fermi energy acquires its maximum value, namely when ξW S = 0, the electron

Fermi energy (121) is the same as the one obtained from the uniform approximation which

is independent of Np. For smaller compressions, namely for ξW S > 0 the electron Fermi

energy deviates from the one given by the uniform approximation becoming Np-dependent.

In Fig. 8 (right panel) we plot the Fermi energy of electrons, in units of the pion rest

energy, as a function of the dimensionless parameter ξW S and, as ξW S → 0, the limiting

value given by Eq. (112) is clearly displayed.

In (Alcock et al., 1986), Alcock, Farhi and Olinto solved the ultra-relativistic Thomas-

Fermi equation to study the electrodynamical properties of strange stars, both bare and with

a crust (see e.g., curves (a) and (b) in Fig. 6 of (Alcock et al., 1986)). In Fig. 6 of (Alcock

et al., 1986) it was plotted what they called the Coulomb potential energy, which we will

denote as VAlcock. The potential VAlcock was plotted for different values of the electron Fermi

momentum at the edge of the crust. Actually, such potential VAlcock is not the Coulomb

potential eV but it coincides with our function eV̂ = eV +EF
e . Namely, the potential VAlcock

corresponds to the Coulomb potential shifted by the the Fermi energy of the electrons. We

then have from Eq. (95)

eV̂(ξ) =

(

9π

4

)1/3
1

∆
mπc2φ̂(ξ) = VAlcock. (122)

This explains why in (Alcock et al., 1986), for different values of the Fermi momen-

tum at the crust the depth of the potential VAlcock remains unchanged. Instead, the correct

behavior of the Coulomb potential is quite different and, indeed, its depth decreases with

increasing of compression as can be seen in Fig. 7.
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7.2.1. Compressional energy of nuclear matter cores of stellar dimensions

We turn now to the compressional energy of these family of compressed nuclear matter

cores of stellar dimensions each characterized by a different Fermi energy of the electrons.

The kinematic energy-spectra of complete degenerate electrons, protons and neutrons are

εi(p) =
√

(pc)2 +m2
i c4, p ≤ PF

i , i = e, p,n. (123)

So the compressional energy of the system is given by

E = EB +Ee +Eem , EB = Ep +En , (124)

Ei = 2

Z

i

d3rd3 p

(2π~)3
εi(p) , i = e, p,n , Eem =

Z

E2

8π
d3r . (125)

Using the analytic solution (103) we calculate the energy difference between two sys-

tems, I and II,

∆E = E (EF
e (II))−E (EF

e (I)), (126)

with EF
e (II) > EF

e (I) ≥ 0, at fixed A and Rc.

We first consider the infinitesimal variation of the total energy δEtot with respect to the

infinitesimal variation of the electron Fermi energy δEF
e

δE =

[

∂E

∂Np

]

V W S

[

∂Np

∂EF
e

]

δEF
e +

[

∂E

∂VW S

]

Np

[

∂VW S

∂EF
e

]

δEF
e . (127)

For the first term of this relation we have
[

∂E

∂Np

]

V W S

=

[

∂Ep

∂Np

+
∂En

∂Np

+
∂Ee

∂Np

+
∂Eem

∂Np

]

V WS

'
[

EF
p −EF

n +EF
e +

∂Eem

∂Np

]

VW S

,(128)

where the general definition of chemical potential ∂εi/∂ni = ∂Ei/∂Ni is used (i = e, p, n)

neglecting the mass defect mn −mp −me. Further using the condition of the β-equilibrium

between neutrons, protons, and electrons we have

[

∂E

∂Np

]

V W S

=

[

∂Eem

∂Np

]

V WS

. (129)

For the second term of the Eq. (127) we have

[

∂E

∂VW S

]

Np

=

[

∂Ep

∂VW S
+

∂En

∂VW S
+

∂Ee

∂VW S
+

∂Eem

∂VW S

]

Np

=

[

∂Ee

∂VW S

]

Np

+

[

∂Eem

∂VW S

]

Np

,(130)

since in the process of increasing the electron Fermi energy namely, by decreasing the radius

of the Wigner-Seitz cell, the system by definition maintains the same number of baryons A

and the same core radius Rc.

Now δE reads

δE =

{

[

∂Ee

∂VW S

]

Np

∂VW S

∂EF
e

+

[

∂Eem

∂VW S

]

Np

∂VW S

∂EF
e

+

[

∂Eem

∂Np

]

V W S

∂Np

∂EF
e

}

δEF
e , (131)
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so only the electromagnetic energy and the electron energy give non-null contributions.

From this equation it follows that

∆E = ∆Eem +∆Ee, (132)

where ∆Eem = Eem(EF
e (II))−Eem(EF

e (I)) and ∆Ee = Ee(EF
e (II))−Ee(EF

e (I)).

In the particular case in which EF
e (II) = (EF

e )max and EF
e (I) = 0 we obtain

∆E ' 0.75
35/3

2

(π

4

)1/3 1

∆
√

α

( π

12

)1/6

N
2/3
p mπc2, (133)

which is positive.

The compressional energy of a nuclear matter core of stellar dimensions, as expected,

increases with its electron Fermi energy.

8. Self-gravitating Degenerate Gas of Neutrons, Protons and

Electrons

In the earliest description of neutron stars in the work of Oppenheimer & Volkoff in 1939

(Oppenheimer and Volkoff, 1939) only a gas of neutrons was considered and the equation

of equilibrium was written in the Schwarzschild metric (see Sec. 5. for details). They con-

sidered the model of a degenerate gas of neutrons to hold from the center to the border, with

the density monotonically decreasing away from the center. In the intervening years a more

realistic model has been presented challenging the original considerations in (Oppenheimer

and Volkoff, 1939; Tolman, 1939). Their TOV equations considered the existence of neu-

trons all the way to the surface of the star. The presence of neutrons, protons and electrons

in β-equilibrium were instead introduced in (Harrison et al., 1965). Still more important the

neutron stars have been shown to be composed of two sharply different components: the

core at nuclear and/or supra-nuclear density consisting of neutrons, protons and electrons

and a crust of white dwarf like material, namely of degenerate electrons in a nuclei lattice

(Baym et al., 1971; Harrison et al., 1965). The pressure and the density of the core are

mainly due to the baryons while the pressure of the crust is mainly due to the electrons

with the density due to the nuclei and possibly with some free neutrons due to neutron drip

(see e.g., Baym et al. (1971)). Further works describing the nuclear interactions where later

introduced (see e.g., Haensel et al. (2007)). Clearly all these considerations departed pro-

foundly from the TOV approximation. The matching between the core component and the

crust is the major unsolved problem. To this issue the model studied here introduce some

preliminary results in a simplified way which has the advantage to present explicit analytic

solutions.

In nearly all the scientific literature on neutron stars, in order to close the system of

equations, the condition of local charge neutrality ne = np was adopted without a proof.

The considerations of massive neutron density cores presented before offer an alternative to

the local charge neutrality condition. In a specific example which can be solved also ana-

lytically such condition is substituted by the Thomas-Fermi relativistic equations implying

ne 6= np and an overall charge neutral system, Ne = Np. The condition of global charge
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neutrality as opposed to the local one, leads to the existence of overcritical electric fields at

the core surface which may be relevant in the description of neutron stars.

Both the relativistic extension of the FMT treatment and its application to general rel-

ativistic white dwarfs and to nuclear matter cores of stellar sizes open the way to a new

general relativistic theory of neutron stars. The first steps towards such a theory have been

accomplished in (Rotondo et al., 2011c). The previous considerations for nuclear matter

cores have been made for an isolated massive core at constant proton density whose bound-

ary has been sharply defined by a step function. Both the free case and the compressed one

have been duly considered. In (Rotondo et al., 2011c), the effects of the gravitational field

have been considered explicitly in the most simplified nontrivial but rigorous treatment of a

general relativistic system of degenerate neutrons, protons and electrons in β-equilibrium.

8.1. The Impossibility of a Solution with Local Charge Neutrality

We consider the equilibrium configurations of a degenerate gas of neutrons, protons and

electrons with total matter energy density and total matter pressure

E = ∑
i=n,p,e

2

(2π~)3

Z PF
i

0
εi(p)4πp2dp , (134)

P = ∑
i=n,p,e

1

3

2

(2π~)3

Z PF
i

0

p2

εi(p)
4πp2dp , (135)

where εi(p) =
√

c2 p2 +m2
i c4 is the relativistic single particle energy. In addition, we re-

quire the condition of β-equilibrium between neutrons, protons and electrons

µn = µp +µe , (136)

where PF
i denotes the Fermi momentum and µi = ∂E/∂ni =

√

c2(PF
i )2 +m2

i c4 is the free-

chemical potential of particle-species with number density ni = (PF
i )3/(3π2

~
3). We now

introduce the extension to general relativity of the Thomas-Fermi equilibrium condition on

the generalized Fermi energy EF
e of the electron component

EF
e = eν/2µe −mec2 −eV = constant , (137)

where e is the fundamental charge, V is the Coulomb potential of the configuration and

we have introduced the metric given by (61) for a spherically symmetric non-rotating

neutron star. The metric function λ is related to the mass M(r) and the electric field

E(r) = −e−(ν+λ)/2V ′ (a prime stands for radial derivative) through

e−λ = 1− 2GM(r)

c2r
+

G

c4
r2E2(r) . (138)
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Thus the equations for the neutron star equilibrium configuration consist of the following

Einstein-Maxwell equations and general relativistic Thomas-Fermi equation

M′ = 4πr2 E

c2
− 4πr3

c2
e−ν/2V̂ ′(np −ne), (139)

ν′ =
2G

c2

4πr3P/c2 +M− r3E2/c2

r2
(

1− 2GM
c2r

+ Gr2

c4 E2
) , (140)

P′+
ν′

2
(E +P) = −(Pem)′− 4Pem

r
, (141)

V̂ ′′ +V̂ ′
[

2

r
− (ν′+λ′)

2

]

= −4πα~ceν/2eλ

{

np

− [V̂ 2 +2mec2V̂ −m2
ec4(eν −1)]3/2

3π2e3ν/2

}

, (142)

where α denotes the fine structure constant, V̂ = EF
e + eV , Pem = −E2/(8π) and we have

used Eq. (137) to obtain Eq. (142).

It can be demonstrated that the assumption of the equilibrium condition (137) together

with the β-equilibrium condition (136) and the hydrostatic equilibrium (141) is enough to

guarantee the constancy of the generalized Fermi energy

EF
i = eν/2µi −mic

2 +qiV , i = n, p,e , (143)

for all particle species separately. Here qi denotes the particle unit charge of the i-species.

Indeed, as shown by Olson and Bailyn (Olson and Bailyn, 1975), when the fermion nature

of the constituents and their degeneracy is taken into account, in the configuration of min-

imum energy the generalized Fermi energies EF
i defined by (143) must be constant over

the entire configuration. These minimum energy conditions generalize the equilibrium con-

ditions of Klein (Klein, 1949) and of Kodama and Yamada (Kodama and Yamada, 1972)

to the case of degenerate multicomponent fluids with particle species with non-zero unit

charge.

If one were to assume, as often done in literature, the local charge neutrality condition

ne(r)= np(r) instead of assuming the equilibrium condition (137), this would lead to V = 0

identically (since there will be no electric fields generated by the neutral matter distribution)

implying via Eqs. (136) and (141)

EF
e +EF

p = eν/2(µe +µp)− (me +mp)c2

= EF
n +(mn −me −mp)c2 = constant . (144)

Thus the neutron Fermi energy would be constant throughout the configuration as well as

the sum of the proton and electron Fermi energies but not the individual Fermi energies

of each component. In Fig. 9 we show the results of the Einstein equations for a selected

value of the central density of a system of degenerate neutrons, protons, and electrons in

β-equilibrium under the constraint of local charge neutrality. In particular, we have plotted

the Fermi energy of the particle species in units of the pion rest-energy. It can be seen

that indeed the Fermi energies of the protons and electrons are not constant throughout the
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Figure 9. Fermi energies for neutrons, protons and electrons in units of the pion rest-

energy for a locally neutral configuration with central density ρ(0)= 3.94ρnuc, where ρnuc =
2.7×1014 g cm−3 denotes the nuclear density.

configuration which would lead to microscopic instability. This proves the impossibility

of having a self-consistent configuration fulfilling the condition of local charge neutrality

for our system. This result is complementary to the conclusion of Eq. (4.6) in (Olson and

Bailyn, 1975) who found that, at zero temperature, only a dust solution with zero particle

kinetic energy can satisfy the condition of local charge neutrality and such a configuration

is clearly unacceptable for an equilibrium state of a self-gravitating system.

8.2. The Solution with Global Charge Neutrality

We turn now to describe the equilibrium configurations fulfilling only global charge neutral-

ity. We solve self-consistently Eqs. (139) and (140) for the metric, Eq. (141) for the hydro-

static equilibrium of the three degenerate fermions and, in addition, we impose Eq. (136)

for the β-equilibrium. The crucial equation relating the proton and the electron distribu-

tions is then given by the general relativistic Thomas-Fermi equation (142). The boundary

conditions are: for Eq. (139) the regularity at the origin: M(0) = 0, for Eq. (141) a given

value of the central density, and for Eq. (142) the regularity at the origin ne(0) = np(0),

and a second condition at infinity which results in an eigenvalue problem determined by

imposing the global charge neutrality conditions

V̂(Re) = EF
e , V̂ ′(Re) = 0 , (145)

at the radius Re of the electron distribution defined by

PF
e (Re) = 0 , (146)

from which follows

EF
e = mec2eν(Re)/2−mec2 = mec

2

√

1− 2GM(Re)

c2Re

−mec2 . (147)
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Figure 10. Left panel: particle number density of neutrons, protons, and electrons ap-

proaching the boundary of the configuration in units of the nuclear density nnuc ' 1.6×1038

cm−3. Right panel: proton and electron Coulomb potentials in units of the pion rest-energy

eV/(mπc2) and −eV/(mπc2) respectively and the proton gravitational potential in units of

the pion mass mpΦ/mπ where Φ = (eν/2 −1).

Then the eigenvalue problem consists in determining the gravitational potential and the

Coulomb potential at the center of the configuration that satisfy the conditions (145)–(147)

at the boundary.

8.3. Numerical Integration of the Equilibrium Equations

The solution for the particle densities, the gravitational potential, the Coulomb poten-

tial and the electric field are shown in Fig. (10) for a configuration with central density

ρ(0) = 3.94ρnuc. In order to compare our results with those obtained in the case of nuclear

matter cores of stellar dimensions (Rotondo et al., 2011b) as well as to analyze the gravito-

electrodynamical stability of the configuration we have plotted the electric potential in units

of the pion rest-energy and the gravitational potential in units of the pion-to-proton mass

ratio. One particular interesting new feature is the approach to the boundary of the configu-

ration: three different radii are present corresponding to distinct radii at which the individual

particle Fermi pressure vanishes. The radius Re for the electron component corresponding

to PF
e (Re) = 0, the radius Rp for the proton component corresponding to PF

p (Rp) = 0 and

the radius Rn for the neutron component corresponding to PF
n (Rn) = 0.

The smallest radius Rn is due to the threshold energy for β-decay which occurs at a

density ∼ 107 g cm−3. The radius Rp is larger than Rn because the proton mass is slightly

smaller than the neutron mass. Instead, Re > Rp due to a combined effect of the differ-

ence between the proton and electron masses and the implementation of the global charge

neutrality condition through the Thomas-Fermi equilibrium conditions.

For the configuration of Fig. 10 we found Rn ' 12.735 km, Rp ' 12.863 km and

Re ' Rp + 103λe where λe = ~/(mec) denotes the electron Compton wavelength. We find

that the electron component follows closely the proton component up to the radius Rp and

neutralizes the configuration at Re without having a net charge.
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Figure 11. Left panel: electron number density for r ≥ Rp normalized to its value at r = Rp.

Right panel: electric field for r ≥ Rp normalized to its value at r = Rp. We have shown also

the behavior of the solution of the general relativistic Thomas-Fermi equation (142) for two

different eigenvalues close to the one which gives the globally neutral configuration.

It can be seen from Fig. 10 that the negative proton gravitational potential energy is

indeed always larger than the positive proton electric potential energy. Therefore the con-

figuration is stable against Coulomb repulsion. This confirms the results in the simplified

case analyzed in (Rotondo et al., 2011b).

From Eq. (143) and the relation between Fermi momentum and the particle density

PF
i = (3π2~3ni)

1/3, we obtain the proton-to-electron and proton-to-neutron ratio for any

value of the radial coordinate

np(r)

ne(r)
=

[

f 2(r)µ2
e(r)−m2

pc4

µ2
e(r)−m2

ec4

]3/2

,
np(r)

nn(r)
=

[

g2(r)µ2
n(r)−m2

pc4

µ2
n(r)−m2

nc4

]3/2

, (148)

where f (r) = (EF
p +mpc2−eV )/(EF

e +mec2 +eV ), g(r) = (EF
p +mpc2−eV )/(EF

n +mnc2)

and the constant values of the generalized Fermi energies are given by

EF
n = mnc2eν(Rn)/2−mnc2 , (149)

EF
p = mpc2eν(Rp)/2 −mpc2 +eV (Rp) , (150)

EF
e = mec2eν(Re)/2−mec2 . (151)
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A novel situation occurs: the determination of the quantities given in Eqs. (148) and

(149) necessarily require the prior knowledge of the global electrodynamical and gravita-

tional potential from the center of the configuration all the way out to the boundary defined

by the radii Re, Rp and Rn. This necessity is an outcome of the solution for the eigenfunction

of the general relativistic Thomas-Fermi equation (142).

From the regularity condition at the center of the star ne(0) = np(0) together with

Eq. (148) we obtain the Coulomb potential at the center of the configuration

eV(0) =
(mp −me)c2

2

[

1+
EF

p −EF
e

(mp −me)c2
− (mp +me)c2

EF
n +mnc2

eν(0)

]

, (152)

which after some algebraic manipulation and defining the central density in units of the

nuclear density η = ρ(0)/ρnuc can be estimated as

eV(0) ' 1

2

[

mpc2eν(Rp)/2−mec2eν(Re)/2− mnc2eν(Rn)/2

1+[PF
n (0)/(mnc)]2

]

' 1

2

[

(3π2η/2)2/3mp

(3π2η/2)2/3mπ +m2
n/mπ

]

mπc2 , (153)

where we have approximated the gravitational potential at the boundary as eν(Re)/2 '
eν(Rp)/2 ' eν(Rn)/2 ' 1. Then for configurations with central densities larger than the nu-

clear density we necessarily have eV(0) & 0.35mπc2. In particular, for the configuration

we have exemplified with η = 3.94 in Fig. 10, from the above expression (153) we obtain

eV(0) ' 0.85mπc2. This value of the central potential agrees with the one obtained in the

simplified case of nuclear matter cores with constant proton density (Rotondo et al., 2011b).

It can be seen from Fig. 10 that the depth of the Coulomb potential is of the order of

. mπc2. In Fig. 12 we have plotted the Coulomb potential and the corresponding elec-

tric field of the configuration studied here. A Coulomb potential ∼ mπc2/e decreasing

in a typical macroscopic neutron star radius R ∼ λπ(mPlanck/mp) creates an electric field

∼ (mp/mPlanck)(mπ/me)
2Ec ∼ 10−14Ec, being Ec = m2

ec3/(e~) the critical electric field for

vacuum polarization.

9. Newtonian Limit

Despite the fact that the strong gravitational field of neutron stars requires a general rela-

tivistic treatment, it is interesting to explore the Newtonian limit of all the above consider-

ations. This can help to elucidate if the gravito-electromagnetic effects we have found are

of general relativistic nature or to prove their validity in a Newtonian regime.

The Newtonian limit of the equilibrium equations can be obtained by the weak-field

non-relativistic limit. We expand the gravitational potential at first-order eν/2 ≈ 1 + Φ/c2,

where Φ is the Newtonian gravitational potential. In the non-relativistic mechanics limit

c → ∞, the particle chemical potential becomes µi → µ̃i + mic
2, where µ̃i = (PF

i )2/(2mi)

denotes the non-relativistic free-chemical potential. Applying these considerations, the



34 Jorge A. Rueda and Remo Ruffini

abcdefafbaga
agb
agc
agd
age
fga

hi
jk
lm
ln

abcdefafb
opqrs
tage
tagd
tagc
tagb

aga

uv
wmx
yz
{|
}

Figure 12. Electric field and electron Coulomb potential energy of the configuration of neu-

trons, protons, and electrons in β-equilibrium studied here and in (Rotondo et al., 2011c).

electron and proton equilibrium law (137) becomes

EF,Newt
p = µ̃p +mpΦ+eV = constant , (154)

EF,Newt
e = µ̃e +meΦ−eV = constant, (155)

which is the classical condition of thermodynamic equilibrium of a fluid of charged particles

in presence of external gravitational an electrostatic fields.

The condition of β-equilibrium is, in this case, given by

EF,Newt
n = EF,Newt

p +EF,Newt
e , (156)

which links the constants E
F,Newt
p and E

F,Newt
e to the constant neutron Fermi energy E

F,Newt
n .

From the constancy of the proton and electron Fermi energies it follows the relation

µ̃p − µ̃e +(mp −me)Φ+2eV = constant , (157)

which in the case of an ideal electron-ion gas becomes the Rosseland relation of equilibrium

(see Eq. 7 in (Rosseland, 1924)). It is interesting to obtain from the above equation an

estimate of the Coulomb potential well inside the configuration. Evaluating Eq. (157) at the

radius of the configuration where the particle free chemical potentials go to zero, we obtain

an estimate of the ratio of the Coulomb potential energy and the gravitational energy close

to the surface of the configuration

eV(R)

Φ(R)
∼ −mp −me

2
. (158)

Assuming that the system is at nuclear density, ρ ∼ mp/λ3
π where λπ = ~/(mπc) is the

pion Compton wavelength, the mass and the radius of the configuration are roughly given

by M ∼ m3
Planck/m2

p and R∼ λπ(mPlanck/mp) and therefore the gravitational potential will be

Φ(R) = −GM/R ∼ (mπ/mp)c2. Consequently, the Coulomb potential energy close to the
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border is approximately eV(R)∼ mπc2/2. Assuming a constant charge density approxima-

tion, the Coulomb potential energy at the center of the configuration is 3/2 times its value

at the surface, thus we obtain approximately

eV(0)∼ 3

4
mπc2 , (159)

which is in full agreement with both with the numerical results and with the general rel-

ativistic formulas given by Eqs. (21) and (22) of (Rotondo et al., 2011c). This numerical

value is also in line with the Coulomb potential well obtained from the idealized treatment

presented in (Popov, 2010; Rotondo et al., 2011b,?).

In the weak-field non-relativistic limit, the Einstein-Maxwell equations (139)–(142) be-

come

M′ = 4πr2ρ(r) , (160)

Φ′ =
GM

r2
, (161)

P′ = −GM

r2
ρ−
[

np −
(2me)

3/2

3π2~3
(V̂ −meΦ)3/2

]

V̂ ′ , (162)

V̂ ′′ +
2

r
V̂ ′ = −4πe2

[

np −
(2me)

3/2

3π2~3
(V̂ −meΦ)3/2

]

, (163)

where ρ in this case is the rest-mass density

ρ = ∑
i=n,p,e

mini . (164)

The solution of Eqs. (154), (160)–(163) together with the β-equilibrium condition (156)

leads to qualitatively similar electrodynamical properties as the one obtained in the general

relativistic case. In Fig. 13 we show the electric field in the region r < Rn (RNewt
n < RGR

n )

both for the Newtonian as well as for the General Relativistic configuration for the given

central density ρ(0) = 3.94ρnuc. From the quantitative point of view, the electric field

of the Newtonian configuration is larger than the electric field of the general relativistic

configuration.

10. Introducing the Strong Interactions

It is clear now that if one considers a fluid of only neutrons, protons, and electrons in β
equilibrium neglecting the effects of strong interactions and the presence of a crust, then

the electromagnetic structure is the one shown in Figs. 12 and 13. The effect of having

different radii Rn, Rp, and Re needs to be also studied in the more general case when strong

interactions and the presence of the crust of the neutron star are included. The complete

study of such a problem must to be necessarily done within a fully relativistic approach

taking into account the strong, weak, electromagnetic, and gravitational interactions. In-

deed, an essential step forward in this direction has been given in (Rueda et al., 2011) by

formulating such a treatment.
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Figure 13. Electric field (multiplied by 1014) in units of the critical field Ec = m2
ec3/(e~)∼

1016 Volt/cm in the region r < Rn both for the Newtonian and the general relativistic con-

figurations. The central density of both systems is ρ(0) = 3.94ρnuc where ρnuc = 2.7×1014

g cm−3 is the nuclear density.

Since neutron stars cores might reach densities of order ∼ 1016–1017 g/cm3, much larger

than the nuclear density ρnuc ∼ 2.7×1014 g/cm3, approaches for nuclear interactions based

on phenomenological potentials and non-relativistic many-body theories become inappli-

cable (Bowers et al., 1973a,b). Duerr (Duerr, 1956) and later on Miller and Green (Miller

and Green, 1972) formulated the basis of what is now known as Relativistic Mean Field

Theory of nuclear matter. They constructed the simplest relativistic model that accounts for

the binding of symmetric nuclear matter at saturation density by introducing the interaction

of one scalar field and one vector field with nucleons through Yukawa couplings. A nuclear

model with only the scalar field with a self-interacting potential up to quartic order based

on the sigma-model was considered in (Lee and Margulies, 1975; Lee and Wick, 1974).

The repulsive contribution of nuclear force was there introduced by hand through a hard-

sphere model that artificially increases the nucleon Fermi momentum emulating the effect

of a massive vector field coupled to nucleons. The relevance of such interactions as well

as relativistic effects in the determination of the equation of state and in the nuclear matter

properties such as compressibility and the nucleon effective mass was clearly pointed out

in (Boguta and Bodmer, 1977; Boguta and Rafelski, 1977; Miller and Green, 1972). The

importance of allowing scalar meson self-interactions (cubic and quartic terms in the scalar

field potential) as adjustable parameters to reproduce physical nuclear properties and not

due to renormalization (see e.g., Walecka (1974)) was stressed in (Boguta, 1989; Boguta

and Bodmer, 1977; Boguta and Moszkowski, 1983; Boguta and Stocker, 1983). The neces-

sity of introducing additional isovector fields to match the empirical symmetry energy of

nuclear matter at saturation density was recognized in (Boguta and Bodmer, 1977).

Assuming that the nucleons interact with σ, ω and ρ meson fields through Yukawa-like

couplings and assuming flat spacetime the equation of state of nuclear matter can be deter-

mined. However, it has been clearly stated in (Rotondo et al., 2011c; Rueda et al., 2011)

that, when we turn into a neutron star configuration at nuclear and supranuclear densities,
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the global description of the Einstein-Maxwell-Thomas-Fermi equations is mandatory. As-

sociated to this system of equations there is a sophisticated eigenvalue problem, especially

the one for the general relativistic Thomas-Fermi equation is necessary in order to fulfill

the global charge neutrality of the system and to consistently describe the confinement of

the ultrarelativistic electrons.

We here adopt the phenomenological relativistic mean field nuclear model of Boguta

and Bodmer (Boguta and Bodmer, 1977) by assuming nucleons interacting in minimal cou-

pling approximation with a σ isoscalar meson field that provides the attractive long-range

part of the nuclear force and a massive vector field ω that models the repulsive short range.

The self-interacting scalar field potential U(σ) is assumed as a quartic polynom with ad-

justable coefficients. In addition, a massive isovector field ρ is introduced to accounts for

surface as well as isospin effects of nuclei.

The total Lagrangian density of the system is given by

L = Lg +L f +Lσ +Lω +Lρ +Lγ +Lint, (165)

where the Lagrangian densities for the free-fields are

Lg = − R

16πG
, (166)

Lγ = − 1

16π
FµνFµν, (167)

Lσ =
1

2
∇µσ∇µσ−U(σ), (168)

Lω = −1

4
ΩµνΩµν +

1

2
m2

ωωµωµ, (169)

Lρ = −1

4
RµνR µν +

1

2
m2

ρρµρµ, (170)

where Ωµν ≡ ∂µων − ∂νωµ, Rµν ≡ ∂µρν − ∂νρµ, Fµν ≡ ∂µAν − ∂νAµ are the field strength

tensors for the ωµ, ρ and Aµ fields respectively, ∇µ stands for covariant derivative and R is

the Ricci scalar. We adopt the Lorenz gauge for the fields Aµ, ωµ, and ρµ.

The Lagrangian density for the three fermion species is

L f = ∑
i=e,N

ψ̄i (iγµDµ −mi)ψi, (171)

where ψN is the nucleon isospin doublet, ψe is the electronic singlet, mi states for the mass

of each particle-specie and Dµ = ∂µ +Γµ, being Γµ the Dirac spin connections.

The interacting part of the Lagrangian density is, in the minimal coupling assumption,

given by

Lint = −gσσψ̄NψN −gωωµJ
µ
ω −gρρµJ

µ
ρ +eAµJ

µ
γ,e −eAµJ

µ
γ,N , (172)

where the conserved currents are

J
µ
ω = ψ̄NγµψN , (173)

J
µ
ρ = ψ̄Nτ3γµψN , (174)

J
µ
γ,e = ψ̄eγµψe, (175)

J
µ
γ,N = ψ̄N

(

1+τ3

2

)

γµψN . (176)
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The coupling constants of the σ, ω and ρ-fields are gσ, gω and gρ, and e is the fun-

damental electric charge. The Dirac matrices γµ and the isospin Pauli matrices satisfy the

Dirac algebra in curved spacetime (see e.g., Lee and Pang (1987); Ruffini and Bonazzola

(1969) for details)

{γµ,γν} = 2gµν, (177)
{

γµ,γν

}

= 2gµν, (178)

{γµ,γν} = 2δ
µ
ν, (179)

[τi,τ j] = 2ıεi jkτk. (180)

The equations of the motion of the above Lagrangians lead to the Einstein-Maxwell-

Dirac system of equations

Gµν +8πGTµν = 0, (181)

∇µFµν−eJν
ch = 0, (182)

∇µΩµν +m2
ωων −gωJν

ω = 0, (183)

∇µR µν +m2
ρρν −gρJν

ρ = 0, (184)

∇µ∇µσ+∂σU(σ)+gsns = 0, (185)
[

γµ

(

iDµ−V
µ
N

)

− m̃N

]

ψN = 0, (186)

[γµ (iDµ +eAµ)−me]ψe = 0, (187)

where the scalar density ns = ψ̄NψN , the nucleon effective mass m̃N ≡ mN +gσσ, and

V
µ
N ≡ gωωµ +gρτρµ +e

(

1+τ3

2

)

Aµ, (188)

is the effective four potential of nucleons. The energy-momentum tensor of free-fields and

free-fermions T µν of the system (167)–(170) is

T µν = T
µν
f +T

µν
γ +T

µν
σ +T

µν
ω +T

µν
ρ , (189)

where

T
µν

γ = F
µ
αFαν +

1

4
gµνFαβFαβ, (190)

T
µν

σ = ∇µσ∇νσ−gµν

[

1

2
∇σσ∇σσ−U(σ)

]

, (191)

T
µν

ω = Ω
µ

αΩαν +
1

4
gµνΩαβΩαβ +m2

ω

(

ωµων − 1

2
gµνωαωα

)

, (192)

T
µν

ρ = R
µ
αR αν +

1

4
gµνRαβR αβ +m2

ρ

(

R µR ν− 1

2
gµνRαR α

)

, (193)

are the contribution of free-fields and T
µν
f is the contribution of free-fermions which we

discuss below.



From Nuclei to Neutron Stars 39

10.1. The Thermodynamic Laws and the Field Equations in the Spherically

Symmetric Case

We first introduce the non-rotating spherically symmetric spacetime metric

ds2 = eν(r)dt2−eλ(r)dr2 − r2dθ2− r2 sin2 θdϕ2, (194)

where the ν(r) and λ(r) are only functions of the radial coordinate r.

For very large number of fermions, we can adopt the mean-field approximation in which

fermion-field operators are replaced by their expectation values (see e.g., Ruffini and Bonaz-

zola (1969) for details).

We write the nucleon doublet and the electronic spinor as ψi = ψi(k)e−ikµxµ

in the phase-

space. Suppose that neutrons, protons and electrons, and the corresponding antiparticles,

are in thermodynamic equilibrium with a finite temperature T . The occupation fermion-

number operators of the “k”-state, Ni(k) = ψ†
i (k)ψi(k) with i = e, p,n, are replaced by their

Fermi-distributions

f±i (k) = 〈ψ±
i (k)†ψ±

i (k)〉=

[

exp

(

εi(k)∓µi

kBT

)

+1

]−1

, (195)

where kB is the Boltzmann constant, µi and εi(k) =
√

k2 + m̃2
i denote the single-particle

chemical potential and energy-spectrum (we recall that for electrons m̃e = me). The sign

‘+’ correspond to particles and ‘−’ to antiparticles. We do not consider “real” bosons to be

present in the system; the only distribution functions involved in the computation are due

to fermions and antifermions and therefore phenomena as Bose-Einstein condensation does

not occur within this theory (see e.g., Bowers et al. (1973b) for details).

It is worth to recall that all the thermodynamic quantities, e.g., k, ε, T ..., are written

here in the local frame which is related to the coordinate frame by the Lorentz “boost”

Λ
(a)
α = (uα,χα,Θα,Φα), (196)

where uα = eν/2δ0
α, χα = eλ/2δ1

α, Θα = rδ2
α, and Φα = r sinθδ3

α, being δα
β the usual Kro-

necker delta symbol.

The number-density ni of the i-specie, taking into account the antiparticle contribution

is, within the mean-field approximation, given by

ni =
2

(2π)3

Z

d3k[ f +
i (k)− f−i (k)]. (197)

The contribution of free-fermions and antifermions to the energy-momentum tensor can be

then written in the perfect fluid form (see e.g., Ruffini and Bonazzola (1969))

T
µν
f = (E +P )uµuν−P gµν, (198)

where uµ is the four-velocity of the fluid which satisfies uµuµ = 1, and the energy-density E

and the pressure P are given by

E = ∑
i=n,p,e

Ei, P = ∑
i=n,p,e

Pi, (199)
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being Ei and Pi the single fermion-antifermion fluid contributions

Ei =
2

(2π)3

Z

d3kεi(k)[ f +
i (k)+ f−i (k)], (200)

Pi =
1

3

2

(2π)3

Z

d3k
k2

εi(k)
[ f +

i (k)+ f−i (k)]. (201)

The equation of state (199)–(201) satisfies the thermodynamic law

E +P −T S = ∑
i=n,p,e

niµi, (202)

where S = S/V is the entropy per unit volume (entropy density) and µi = ∂E/∂ni is the

free-chemical potential of the i-specie. At zero-temperature T = 0, µi =
√

(PF
i )2 + m̃2

i and

ni = (PF
i )3/(3π2), where PF

i denotes the Fermi momentum of the i-specie.

The scalar density ns, within the mean-field approximation, is given by the following

expectation value

ns = 〈ψ̄NψN〉 =
2

(2π)3 ∑
i=n,p

Z

d3k
m̃N

εi(k)
[ f +

i (k)+ f−i (k)]. (203)

In the static case, only the temporal components of the covariant currents survive, i.e.,

〈ψ̄(x)γiψ(x)〉 = 0. Thus, by taking the expectation values of Eqs. (173)–(176), we obtain

the non-vanishing components of the currents

Jch
0 = nchu0 = (np −ne)u0, (204)

Jω
0 = nbu0 = (nn +np)u0, (205)

J
ρ
0 = n3u0 = (np−nn)u0, (206)

where nb, np, nn and ne are the baryon, proton, neutron and electron number densities which

are functions only of the spatial coordinates, and u0 =
√

g00 = eν/2.

Making a variation of Eq. (202) and using Eqs. (199)–(201) and (203), we obtain the

generalized Gibbs-Duhem relation

dP = ∑
i=n,p,e

nidµi −gσnsdσ+SdT, (207)

which can be rewritten as

dP = ∑
i=n,p,e

nidµi −gσnsdσ+

(

E +P − ∑
i=n,p,e

niµi

)

dT

T
, (208)

where we have used Eq. (202) to eliminate S , and we have used the relation between the

scalar density and the fluid energy-density

ns = 〈ψ̄NψN〉 =
2

(2π)3 ∑
i=n,p

Z

d3k
m̃N

εi(p)
=

∂E

∂m̃N

, (209)

which follows from Eqs. (199)–(201) and (203).
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Therefore, the Einstein-Maxwell equations (181)–(185), within the mean-field approx-

imation, become

e−λ(r)

(

1

r2
− λ′

r

)

− 1

r2
= −8πGT0

0 , (210)

e−λ(r)

(

1

r2
+

1

r

dν

dr

)

− 1

r2
= −8πGT 1

1 , (211)

e−λ(r)

[

1

2

(

dν

dr
− dλ

dr

)(

1

r
+

1

2

dν

dr

)

+
1

2

d2ν

dr2

]

= −8πGT 3
3 , (212)

d2V

dr2
+

dV

dr

[

2

r
− 1

2

(

dν

dr
+

dλ

dr

)]

= −eλeJch
0 , (213)

d2σ

dr2
+

dσ

dr

[

2

r
+

1

2

(

dν

dr
− dλ

dr

)]

= eλ [∂σU(σ)+gsns] , (214)

d2ω

dr2
+

dω

dr

[

2

r
− 1

2

(

dν

dr
+

dλ

dr

)]

= −eλ
[

gωJω
0 −m2

ωω
]

, (215)

d2ρ

dr2
+

dρ

dr

[

2

r
− 1

2

(

dν

dr
+

dλ

dr

)]

= −eλ
[

gρJ
ρ
0 −m2

ρρ
]

, (216)

where we have introduced the notation ω0 = ω, ρ0 = ρ, and A0 = V . The metric function λ
is related to the mass M(r) and the electric field E(r) = −e−(ν+λ)/2V ′ through

e−λ(r) = 1− 2GM(r)

r
+Gr2E2(r) = 1− 2GM(r)

r
+

GQ2(r)

r2
, (217)

where we have introduced also the conserved charge Q(r) = r2E(r).

An important equation, although not independent of the Einstein-Maxwell equations

(210)–(216), is given the energy-momentum conservation law

∇µT µν = gωJω
µ Ωµν +gρJρ

µ R µν +eJch
µ Fµν, (218)

from which we have

dP

dr
= −(E +P )

2

dν

dr
−gσns

dσ

dr
−gωJ0

ω

dω

dr
−gρJ0

ρ

dρ

dr
−eJ0

ch

dV

dr
, (219)

where we have used the energy-momentum tensor T µν given by Eq. (189).

10.2. Constancy of the Klein Potentials

Introducing the nucleon doublet and the electronic spinor in the wave-form ψi =
ψi(k)e−ikµxµ

in phase-space, the Dirac equations (187) become

(γµK
µ

i − m̃i)ψi(k) = 0, (220)

where

K
µ

i ≡ kµ −V
µ
i , V µ

e = −eAµ. (221)
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In the mean-field approximation, making the quadrature of Dirac operators in Eq. (220)

and averaging over all states “k”, we obtain the generalized chemical potentials or, for short

Klein potentials for electrons Ee, neutrons En and protons Ep

Ee =
√

g00µe −eV = eν/2µe −eV, (222)

Ep =
√

g00µp +gωω+gρρ+eV = eν/2µp +gωω+gρρ+eV, (223)

En =
√

g00µn +gωω−gρρ = eν/2µn +gωω−gρρ, (224)

where we have used Eqs. (177)–(180) and Eqs. (195), (197), (199)–(201). In the zero-

temperature case, they are generalized Fermi energies for electrons Ee = EF
e , neutrons En =

EF
n and protons Ep = EF

p .

Using the equations of motion for the fields ρ, ω and σ, and using the generalized

Gibbs-Duhem relation (208), the energy-momentum conservation equation (219) can be

rewritten as

eν/2 ∑
i=n,p,e

ni

(

dµi −
dT

T
µi

)

+ (E +P )eν/2

(

dT

T
+

1

2
dν

)

+ gωnbdω+gρn3dρ+enchdV = 0. (225)

The isothermal Tolman condition (Tolman, 1930) (see also (Klein, 1949)) demands the

constancy of the gravitationally red-shifted temperature

dT

T
+

1

2
dν = 0, or eν/2T = constant. (226)

Such a condition can be used into Eq. (225) to obtain

∑
i=n,p,e

nid(eν/2µi)+gωnbdω+gρn3dρ+enchdV = 0. (227)

Moreover, using the expressions (222)–(223) of the generalized chemical potentials,

Eq. (227) can be rewritten as

∑
i=n,p,e

nidEi = 0, (228)

which leads for independent and non-zero particle number densities ni 6= 0 to the constancy

of the Klein potentials (222)–(224) for each particle-species, i.e.,

Ee = eν/2µe −eV = constant, (229)

Ep = eν/2µp +Vp = constant, (230)

En = eν/2µn +Vn = constant, (231)

where

Vp = gωω+gρρ+eV, (232)

Vn = gωω−gρρ. (233)

In the case of nuclear matter in β-equilibrium (assuming not trapped neutrinos), the val-

ues of the constant Klein potentials (229)–(231) are linked by the condition (see e.g., Boguta

(1981))

En = Ep +Ee. (234)
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We have presented the self-consistent equations of equilibrium at finite temperatures

for a system of neutrons, protons and electrons in β-equilibrium within the framework of

general relativity including quantum statistics, electro-weak, and strong interactions. In the

mean-field approximation, we obtained the generalized particle chemical potentials from

the Dirac equations for nucleons and electrons.

From the Einstein-Maxwell equations, the thermodynamic laws and energy-momentum

conservation, we obtain the constancy of the Klein potential of each particle-specie and

of the gravitationally red-shifted temperature throughout the configuration, i.e., the first

Klein integrals and the Tolman isothermal condition respectively. In the non-interacting

degenerate case, following a minimization energy procedure, it was demonstrated that the

thermodynamic equilibrium condition of constancy of the generalized particle Fermi energy

of all particle species holds (see E. Olson and M. Bailyn (Olson and Bailyn, 1975)). Such a

procedure can be straightforwardly applied to the present case, being the final result given

by the equilibrium conditions (229) and (230).

The precise values of such constants are linked, in the case of nuclear matter in β-

equilibrium, by Eq. (234), and their full determination needs the inclusion of additional

constraints to the system, e.g., global charge neutrality (see e.g., Rotondo et al. (2011c)).

The correct implementation of such generalized Thomas-Fermi equilibrium conditions

needs the self-consistent solution of the global problem of equilibrium of the configuration

following from the solution of the Einstein-Maxwell equations (210), (211), (213)–(217),

the general relativistic thermodynamic equilibrium conditions (226), (229) and (230), to-

gether with the constraints, e.g., β-equilibrium and global charge neutrality.

Thus, the full system of Einstein-Maxwell-Thomas-Fermi equations can be rewritten in

the form

e−λ(r)

(

1

r2
− 1

r

dλ

dr

)

− 1

r2
= −8πGT 0

0 , (235)

e−λ(r)

(

1

r2
+

1

r

dν

dr

)

− 1

r2
= −8πGT 1

1 , (236)

d2V

dr2
+

dV

dr

[

2

r
− 1

2

(

dν

dr
+

dλ

dr

)]

= −eeν/2eλ(np −ne), (237)

d2σ

dr2
+

dσ

dr

[

2

r
+

1

2

(

dν

dr
− dλ

dr

)]

= eλ [∂σU(σ)+gsns] , (238)

d2ω

dr2
+

dω

dr

[

2

r
− 1

2

(

dν

dr
+

dλ

dr

)]

= −eλ
[

gωJω
0 −m2

ωω
]

, (239)

d2ρ

dr2
+

dρ

dr

[

2

r
− 1

2

(

dν

dr
+

dλ

dr

)]

= −eλ
[

gρJ
ρ
0 −m2

ρρ
]

, (240)

Ee = eν/2µe−eV = constant, (241)

Ep = eν/2µp +Vp = constant, (242)

En = eν/2µn +Vn = constant, (243)

eν/2T = constant, (244)
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where the constants En, Ep and Ee are linked by Eq. (234) and Vp,n is given by Eq. (232).

In particular, in the degenerate case T = 0, Eq. (237) becomes

d2V̂

dr2
+

dV̂

dr

[

2

r
− 1

2

(

dν

dr
+

dλ

dr

)]

= −4παeν/2eλ

{

np

− e−3ν/2

3π2
[V̂ 2 +2meV̂ −m2

e(eν−1)]3/2

}

, (245)

where V̂ ≡ eV + Ee and we have used Eq. (241) into Eq. (237). This equation is the gen-

eral relativistic extension of the relativistic Thomas-Fermi equation recently introduced in

(Rotondo et al., 2011b) for the study of compressed atoms. In addition, Eq. (245) has been

recently used to obtain the globally neutral configurations in the simpler case of degenerate

neutrons, protons and electrons in β-equilibrium (see (Rotondo et al., 2011c) and Sec. 8.

for details).

11. Self-Consistent Neutron Star Model

We have formulated the theory of a system of neutrons, protons and electrons fulfill-

ing strong, electromagnetic, weak and gravitational interactions (Rueda et al., 2011) (see

Sec. 10.). The role of the Klein first integrals (Klein potentials) has been evidenced and

their theoretical formulation in the Einstein-Maxwell background and in the most general

case of finite temperatures has been presented. Such a treatment generalizes the previous

results for the “non-interacting” case (Rotondo et al., 2011c) (see Sec. 8.). In this section

we construct for the first time the equilibrium configurations of non-rotating neutron stars

following the new approach (Rotondo et al., 2011c; Rueda et al., 2011), including the pres-

ence of a crust at subnuclear densities. The full set of the Einstein-Maxwell-Thomas-Fermi

equations is solved numerically for zero temperatures and for selected parameterizations of

the nuclear model.

11.1. The Constitutive Relativistic Equations

11.1.1. Core Equations

The parameters of the nuclear model, namely the coupling constants gs, gω and gρ, and the

meson masses mσ, mω and mρ are usually fixed by fitting experimental properties of nuclei

such as saturation density, binding energy per nucleon (or experimental masses), symmetry

energy, surface energy, and nuclear incompressibility. In Table 1 we present selected fits of

the nuclear parameters: NL3 (Lalazissis et al., 1997), NL-SH (Sharma et al., 1993), TM1

(Sugahara and Toki, 1994), and TM2 (Hirata et al., 1995).

The constants g2 and g3 are the third and fourth order constants of the self-scalar inter-

action as given by the scalar self-interaction potential

U(σ) =
1

2
m2

σσ2 +
1

3
g2σ3 +

1

4
g3σ4 . (246)

The non-zero constant c3 that appears in the TM1 and TM2 models corresponds to the self-

coupling constant of the non-linear vector self-coupling 1
4
c3(ωµωµ)2. We have not include
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Table 1. Selected nuclear parameter sets of the σ-ω-ρ model. References: NL3

(Lalazissis et al., 1997), NL-SH (Sharma et al., 1993), TM1(Sugahara and Toki, 1994),

and TM2 (Hirata et al., 1995)
NL3 NL-SH TM1 TM2

mσ (MeV) 508.194 526.059 511.198 526.443

mω (MeV) 782.501 783.000 783.000 783.000

mρ (MeV) 763.000 763.000 770.000 770.000

gs 10.2170 10.4440 10.0289 11.4694

gω 12.8680 12.9450 12.6139 14.6377

gρ 4.4740 4.3830 4.6322 4.6783

g2 (fm−1) -10.4310 -6.9099 -7.2325 -4.4440

g3 -28.8850 -15.8337 0.6183 4.6076

c3 0.0000 0.0000 71.3075 84.5318

such a self-coupling vector interaction in the general formulation presented in Sec. 10..

However, we will also show the results of the integration when such a self-interaction is

taken into account and we refer to (Hirata et al., 1995; Sugahara and Toki, 1994) for details

about the motivations of including such a coupling.

Inside the core of the star we can safely apply the mean-field approximation by replac-

ing the massive meson fields by their expectation values and considering them as micro-

scopically homogeneous. In such a case, the Eqs. (235)-(243) reduce to

e−λ(r)

(

1

r2
− 1

r

dλ

dr

)

− 1

r2
= −8πGT 0

0 , (247)

e−λ(r)

(

1

r2
+

1

r

dν

dr

)

− 1

r2
= −8πGT 1

1 , (248)

d2V

dr2
+

dV

dr

[

2

r
− 1

2

(

dν

dr
+

dλ

dr

)]

= −eeν/2eλ(np −ne), (249)

∂σU(σ)+gsns = 0, (250)

gωJω
0 −m2

ωω = 0, (251)

gρJ
ρ
0 −m2

ρρ = 0, (252)

Ee = eν/2µe−eV = constant, (253)

Ep = eν/2µp +Vp = constant, (254)

En = eν/2µn +Vn = constant. (255)

The numerical integration of the core equations can be started given a central density

and the regularity conditions at the origin. At nuclear density the phase-transition to the

“solid” crust takes place. Thus, the radius of the core Rcore is given by E (r = Rcore)/c2 =
ρnuc ∼ 2.7× 1014 g/cm3. These equations must be solved with the boundary conditions

given by the fulfillment of the condition of global charge neutrality and the continuity of

the Klein potentials of particles between the core and the crust.
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11.2. Core-crust Transition Layer Equations

In the core-crust interface, the mean-field approximation for the meson-fields is not valid

any longer and thus a full numerical integration of the meson-field equations of motion, tak-

ing into account all gradient terms, must be performed. We expect the core-crust transition

boundary-layer to be a region with characteristic length scale of the order of the electron

Compton wavelength ∼ λe = ~/(mec) ∼ 100 fm corresponding to the electron screening

scale. Then, in the core-crust transition layer, the system of equations is reduced to

d2V

dr2
+

2

r

dV

dr
= −eλcore eJch

0 , (256)

d2σ

dr2
+

2

r

dσ

dr
= eλcore [∂σU(σ)+gsns] , (257)

d2ω

dr2
+

2

r

dω

dr
= −eλcore

[

gωJω
0 −m2

ωω
]

, (258)

d2ρ

dr2
+

2

r

dρ

dr
= −eλcore

[

gρJ
ρ
0 −m2

ρρ
]

, (259)

Ee = eνcore/2µe −eV = constant, (260)

Ep = eνcore/2µp +eV +gωω+gρρ = constant , (261)

En = Ep +Ee , (262)

where we have used the fact that the metric functions are with high level of accuracy con-

stant throughout the core-crust transition layer and thus we can take their values at the core

radius eνcore ≡ eν(Rcore ) and eλcore ≡ eλ(Rcore ).

The system of equations of the transition layer has a stiff nature due to the existence

of two different scale lengths. The first one is associated with the nuclear interactions

∼ λπ = ~/(mπc) ∼ 1.5 fm and the second one is due to the aforementioned screening

length ∼ λe = ~/(mec) ∼ 100 fm. Thus, the numerical integration of Eqs. (256)–(262)

has been performed subdividing the core-crust transition layer in the following three re-

gions: (I) a mean-field-like region where all the fields vary slowly with length scale ∼ λe,

(II) a strongly interacting region of scale ∼ λπ where the surface tension due to nuclear

interactions dominate producing a sudden decrease of the proton and the neutron densities

and, (III) a Thomas-Fermi-like region of scale ∼ λe where only a layer of opposite charge

made of electrons is present producing the total screening of the positively charged core.

The results of the numerical integration of the equilibrium equations are shown in Fig. 14

for the NL3-model.

We have integrated numerically Eqs. (247)–(255) for the models listed in Table 1.

The boundary conditions for the numerical integration are fixed through the following

procedure. We start assuming a value for the central baryon number density nb(0) =
nn(0) + np(0). From the regularity conditions at the origin we have e−λ(0) = 1 and

ne(0) = np(0).

The metric function ν at the origin can be chosen arbitrarily, e.g., ν(0) = 0, due to the

fact that the system of equations remain invariant under the shift ν→ ν+ constant. The right

value of ν is obtained once the end of the integration of the core has been accomplished and

duly matched to the crust, by fulfilling the following identity at the surface of the neutron
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star,

eν(R) = e−λ(R) = 1− 2GM(R)

c2R
, (263)

being M(R) and R the total mass and radius of the star. Then, taking into account the above

conditions, we solve the system (250)–(255) at the origin for the other unknowns σ(0),

ω(0), ρ(0), nn(0), np(0), ne(0).

The initial conditions for the numerical integration of the core-crust transition layer

equations are determined by the final values given by the numerical integration of the core

equations, i.e., we take the values of all the variables at the core-radius Rcore.

In the region I the effect of the Coulomb interaction is clear: on the proton-profile we

can see a bump due to Coulomb repulsion while the electron-profile decreases as expected.

Such a Coulomb effect is indirectly felt also by the neutrons due to the coupled nature of the

system of equations. However, the neutron-bump is much smaller than the one of protons

and it is not appreciable in Fig. 14 due to the plot-scale. In the region II we see clearly the

effect of the surface tension due to nuclear interaction which produces a sharp decrease of

the neutron and proton profiles in a characteristic scale ∼ λπ. In addition, it can be seen a

neutron skin effect, analogous to the one observed in heavy nuclei, which makes the scale

of the neutron density falloff slightly larger with respect to the proton one, in close analogy

to the neutron skin effect observed in neutron rich nuclei. The region III is characterized by

a smooth decreasing of the electron density which resembles the behavior of the electrons

surrounding a nucleus in the Thomas-Fermi model.
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Figure 14. Upper panel: electric field in the core-crust transition layer in units of the critical

field Ec. Lower panel: particle density profiles in the core-crust boundary interface in units

of cm−3. Here we use the NL3-model of Table 1 and λσ = ~/(mσc) ∼ 0.4 fm denotes the

sigma-meson Compton wavelength. The density at the edge of the crust in this example is

ρcrust = ρdrip = 4.3×1011 g/cm3. In the figure on the right-hand side we have set gρ = 0 in

order to see the effects of the ρ-meson with respect to the case gρ 6= 0.

The matching to the crust must be done at a radius Rcore +δR where full charge neutral-

ity of the core is reached. Different thicknesses δR correspond to different electron Fermi

energies EF
e . The thickness of the core-crust transition boundary layer δR as well as the

value of the electron density at the edge of the crust, ncrust
e = ne(Rcore +δR), depend on the

nuclear parameters, especially on the nuclear surface tension.
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Figure 15. Distribution of electrons in the core-crust boundary interface for different densi-

ties at the edge of the crust, ρcrust. The larger the ρcrust, the smaller the electric field E and

the smaller the thickness of the interface δR.

The equilibrium conditions given by the constancy of the Klein potentials (253)–(255)

throughout the configuration, impose in the transition layer the following continuity condi-

tion

EF
e = eνcore/2µcore

e −eV core = eνcrust/2µcrust
e , (264)

where µcore
e = µe(Rcore), eV core = eV(Rcore), and µcrust

e = µe(Rcore +δR), and eνcrust ' eνcore .

In the boundary interface, the electron chemical potential and the density decrease:

µcrust
e < µcore

e and ρcrust < ρcore. For each central density, an entire family of core-crust inter-

face boundaries exist each one with a specific value of δR: the larger the ρcrust, the smaller

the δR. Correspondingly, an entire family of crusts with different mass and thickness, ex-

ist. From the continuity of the electron Klein potential in the boundary interface given

by Eq. (264), it follows that different values of ρcrust ≥ 0 correspond to different values

of the electron Fermi energy EF
e ≥ 0. In close analogy to the compressed atoms stud-

ied in (Rotondo et al., 2011b), the case EF
e = 0 corresponds to the “free” (uncompressed)

configuration, where δR → ∞ and ρcrust = 0, i.e., a bare core. In this configuration the

electric field reaches its maximum value. The case EF
e > 0 is analogous to the one of the

compressed atom (Rotondo et al., 2011b). In Fig. 15 we have plotted the electron distri-

bution in the core-crust boundary interface for selected densities at the edge of the crust

ρcrust = [ρdrip,1010,109] g/cm3, where ρdrip ∼ 4.3×1011 g/cm3 is the neutron drip density.

The configuration with ρcrust = ρdrip separates neutron stars with and without inner crust.

In the so-called inner crust, the neutrons dripped from the nuclei in the crust form a fluid that

coexist with the nuclei lattice and the degenerate electrons (Baym et al., 1971). We present

in this chapter the results for configurations ρcrust ≤ ρdrip, i.e., for neutron stars possessing

only outer crust. The construction of configurations with ρcrust > ρdrip will be discussed

elsewhere.

In Fig. 14 we show the core-crust transition layer for the NL3 model of Table 1 with and

without the presence of the ρ-meson respectively. The presence of the ρ-meson is respon-
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sible for the nuclear asymmetry within this nuclear model. The relevance of the nuclear

symmetry energy on the structure of nuclei and neutron stars is continuously stressed in

literature; see e.g., Hebeler et al. (2010); Kubis (2007); Loan et al. (2011); Müther et al.

(1987); Sharma and Pal (2009). The precise value of the nuclear symmetry energy plays

here a crucial in determining the precise value of the ρ-meson coupling which, in the present

case, is essential in the determination of the intensity of the electric field in the core-crust

boundary interface; as can be seen from the comparison of Fig 14.

11.3. Crust Equations

Turning now to the crust, it is clear from our recent treatment of white dwarfs (Rotondo

et al., 2011a) that also this problem can be solved by the adoption of Wigner-Seitz cells

and from the relativistic FMT approach (Rotondo et al., 2011b) it follows that the crust is

clearly neutral. Thus, the structure equations to be integrated are the TOV equations

dP

dr
= −G(E +P )(M +4πr3P )

r2(1− 2GM
r

)
, (265)

dM

dr
= 4πr2E , (266)

where M = M(r) is the mass enclosed at the radius r.

The effects of the Coulomb interaction in “solid”-like electron-ion systems appears only

at the microscopic level e.g., Debye-Hueckel screening in classical systems (Debye and

Hueckerl, 1923) and Thomas-Fermi screening in the degenerate case (Mott, 1936). In order

to analyze the effects of the microscopic screening on the structure of the configuration

we will consider two equations of state for the crust: the locally neutral case or uniform

approximation (see e.g., Chandrasekhar (1931)) and, for simplicity, instead of using the

RFMT EoS (Rotondo et al., 2011b), we use as second EoS the one due to Baym, Pethick

and Sutherland (BPS) (Baym et al., 1971), which is by far the most used equation of state

in literature for the description of the neutron star crust (see e.g., Haensel et al. (2007)).

In the uniform approximation, both the degenerate electrons and the nucleons distribu-

tion are considered constant inside each cell of volume Vws. This kind of configuration can

be obtained only imposing microscopically the condition of local charge neutrality

ne =
Z

Vws

. (267)

The total pressure of the system is assumed to be entirely due to the electrons, i.e.,

P = Pe =
2

3(2π~)3

Z PF
e

0

c2 p24πp2

√

c2 p2 +m2
ec4

dp, (268)

while the total energy-density of the system is due to the nuclei, i.e., E=(A/Z)mNne, where

mN is the nucleon mass.

We turn now to the BPS equation of state. The first correction to the uniform model,

corresponds to abandon the assumption of the electron-nucleon fluid through the so-called

“lattice” model which introduces the concept of Wigner-Seitz cell: each cell of radius Rws
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contains a point-like nucleus of charge +Ze with A nucleons surrounded by a uniformly

distributed cloud of Z fully-degenerate electrons.

The sequence of the equilibrium nuclides present at each density in the BPS equation

of state is obtained by looking for the nuclear composition that minimizes the energy per

nucleon for each fixed nuclear composition (Z,A) (see Table 2 and (Baym et al., 1971) for

details). The pressure P and the energy-density E of the system are, within this model,

given by

P = Pe +
1

3
WLnN , (269)

E

nb

=
WN +WL

A
+

Ee(nbZ/A)

nb

, (270)

where the electron energy-density is given by

Ee =
2

(2π)3

Z PF
e

0

√

p2 +m2
e4πp2dp, (271)

and WN(A,Z) is the total energy of an isolated nucleus given by the semi-empirical formula

WN = mnc2(A−Z)+mpc2Z −bA, (272)

with b being the Myers and Swiatecki binding energy per nucleon (Myers, 1966). The

lattice energy per nucleus WL is given by

WL = −1.819620Z2e2

a
, (273)

where the lattice constant a is related to the nucleon density nN by nNa3 = 2.

12. Neutron Star Structure

In the traditional TOV treatment the density and the pressure are a priori assumed to be

continuous as well as the local charge neutrality of the system. The distinguishing feature

of our new solution is that the Klein potentials are constant throughout the three regions;

the core, the crust and the transition interface boundary. An overcritical electric field is

formed and consequently a discontinuity in density is found with a continuous total pressure

including the surface tension of the boundary. In Fig. 16, we compare and contrast the

density profiles of configurations obtained from the traditional TOV treatment and with the

treatment presented here.

In Figs. 17–18 we show the results of the numerical integration of the system of the

general relativistic constitutive equations of the configuration from the center all the way

up to the surface with the appropriate boundary conditions between the involved phases.

In particular, we have plotted the mass-radius relation as well as the compactness of the

neutron stars obtained with the models listed in Table 1.

It is worth to note that the inclusion of the Coulomb interaction and in particular the

presence of the negative lattice energy WL results in a decreasing of the pressure of the
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Figure 16. Upper panel: particle density profiles in the core-crust boundary interface, in

units of cm−3. Middle panel: electric field in the core-crust transition layer, in units of

the critical field Ec. Lower panel: density profile inside a neutron star with central density

ρ(0) ∼ 5ρnuc. We compare and contrast the structural differences between the solution

obtained from the traditional TOV equations (locally neutral case) and the globally neutral

solution presented here. We use here the NL3 nuclear parametrization of Table 1 and λσ =

~/(mσc)∼ 0.4 fm, denotes the sigma-meson Compton wavelength. The density at the edge

of the crust is ρcrust = ρdrip = 4.3×1011 g/cm3 (left-hand side plot) and ρcrust = 1010 g/cm3

(right-hand side plot).
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Figure 17. Mass-Radius relation for the neutron stars obtained with the nuclear models

listed in Table 1. In the crust we have used the BPS equation of state. The mass is given in

solar masses and the radius in km.

cells. Such an effect, as shown in Fig. 19–18, leads to a decreasing of the mass and the

thickness of the crust with respect to the uniform-approximation case where no Coulomb

interactions are taken into account.

Comparing the mass and the thickness of the crust obtained with these two different
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Figure 18. Compactness of the star GM/(c2R) as a function of the star mass M (left panel)

and the radius (right panel). In the crust we have used the BPS equation of state and the

nuclear models are in Table 1.
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Figure 19. Left panel: mass of the crust as a function of the total mass of the star for the

crust EoS without Coulomb interactions. Right panel: crust-thickness as a function of the

total mass of the star.
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Figure 20. Same as Fig. 19 but for the BPS EoS.
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EoS, we obtain systematically crusts with smaller mass and larger thickness when Coulomb

interactions are taken into account. This results are in line with the recent results in (Ro-

tondo et al., 2011a), where the mass-radius relation of white-dwarfs has been calculated

using an EoS based on the relativistic FMT model for compressed atoms (Rotondo et al.,

2011b).

In the case of the BPS EoS, the average nuclear composition in the outer crust, namely

the average charge to mass ratio of nuclei Z/A, is obtained by calculating the contribution

of each nuclear composition present to the mass of the crust. We exemplified the analysis

for two different cores: Mcore = 2.56M�, Rcore = 12.79 km; Mcore = 1.35M�, Rcore = 11.76

km. The relative abundance of each nuclide within the crust of the star can be obtained as

R.A. =
1

MBPS
crust

Z

∆r
4πr2Edr , (274)

where the integration is carried out in the layer of thickness ∆r where the particular nuclide

is present; see 2 and Fig. 21. Our results are in agreement with the analysis on the neutron

star crust composition obtained in (Goriely et al., 2011; Pearson et al., 2011). In both

cases we obtain as average nuclear composition 105
35 Br. The corresponding crusts with fixed

nuclear composition 105
35 Br for the two chosen cores are calculated neglecting Coulomb

interactions (i.e., using the first EoS). The mass and the thickness of these crusts with fixed
105
35 Br are different with respect to the ones obtained using the full BPS EoS, leading to such

average nuclear composition. For the two selected examples we obtain that the mass and the

thickness of the crust with average 105
35 Br are, respectively, 18% larger and 5% smaller with

respect to the ones obtained with the corresponding BPS EoS. This result shows how small

microscopic effects due to the Coulomb interaction in the crust of the neutron star leads to

quantitative not negligible effects on the macroscopic structure of the configuration.

Table 2. Equilibrium nuclei below neutron drip. ρmax is the maximum density at

which the nuclide is present; ∆ R1, ∆ R2 and R.A.1(%), R.A.2(%) are, respectively, the

thickness of the layer where a given nuclide is present and their relative abundances

in the outer crust for two different cases: Mcore = 2.56M�, Rcore = 12.79 km; Mcore =

1.35M�, Rcore = 11.76 km

Nucleus Z ρmax(g cm−3) ∆ R1 (km) R.A.1(%) ∆ R2 (km) R.A.2(%)
56Fe 26 8.1×106 0.0165 7.56652×10−7 0.0064 6.96927×10−7

62Ni 28 2.7×108 0.0310 0.00010 0.0121 0.00009
64Ni 28 1.2×109 0.0364 0.00057 0.0141 0.00054
84Se 34 8.2×109 0.0046 0.00722 0.0017 0.00683
82Ge 32 2.2×1010 0.0100 0.02071 0.0039 0.01983
80Zn 38 4.8×1010 0.1085 0.04521 0.0416 0.04384
78Ni 28 1.6×1011 0.0531 0.25635 0.0203 0.25305
76Fe 26 1.8×1011 0.0569 0.04193 0.0215 0.04183

124Mo 42 1.9×1011 0.0715 0.02078 0.0268 0.02076
122Zr 40 2.7×1011 0.0341 0.20730 0.0127 0.20811
120Sr 38 3.7×1011 0.0389 0.23898 0.0145 0.24167
118Kr 36 4.3×1011 0.0101 0.16081 0.0038 0.16344
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Figure 21. Relative abundances of chemical elements in the crust for the two cores analyzed

in Table 2

13. Observational Constraints on the Mass-Radius Relation

It has been recently pointed out that the most up-to-date stringent constraints to the mass-

radius relation of neutron stars are provided by the largest mass, the largest radius, the high-

est rotational frequency, and the maximum surface gravity, observed for pulsars (Trümper,

2011).

So far, the highest neutron star mass measured with a high level of experimental con-

fidence is the mass of the 3.15 millisecond pulsar PSR J1614-2230, M = 1.97±0.04M�,

obtained from the Shapiro time delay and the Keplerian orbital parameters of the binary sys-

tem (Demorest et al., 2010). The fitting of the thermonuclear burst oscillation light curves

from the accreting millisecond pulsar XTE J1814-338 weakly constrain the mass-radius re-

lation imposing an upper limit to the surface gravity of the neutron star, GM/(c2R) < 0.24

(Bhattacharyya et al., 2005). A lower limit of the radius of RX J1856-3754, as seen by

an observer at infinity R∞ = R[1− 2GM/(c2R)]−1/2 > 16.8 km, has been obtained from

the fit of the optical and X-ray spectra of the source (Trümper et al., 2004); it gives the

constraint 2GM/c2 > R− R3/(Rmin
∞ )2, being Rmin

∞ = 16.8 km. Assuming a neutron star

of M = 1.4M� to fit the Chandra data of the low-mass X-ray binary X7, it turns out that

the radius of the star satisfies R = 14.5+1.8
−1.6 km, at 90% confidence level, corresponding to

R∞ = [15.64,18.86] km, respectively (see (Heinke et al., 2006) for details). The maximum

rotation rate of a neutron star taking into account both the effects of general relativity and

deformations has been found to be νmax = 1045(M/M�)1/2(10km/R)3/2 Hz, largely in-

dependent of the EoS (Lattimer and Prakash, 2004). The fastest observed pulsar is PSR

J1748-2246ad with a rotation frequency of 716 Hz (Hessels et al., 2006), which results in

the constraint M ≥ 0.47(R/10km)3M�. In Fig. 22 we show all these constraints and the

mass-radius relation discussed in this chapter.

As discussed by J. E. Trümper in (Trümper, 2011), the above constraints strongly favor

stiff equations of state which provide high maximum masses for neutron stars. In addition,

putting all of them together, the radius of a canonical neutron star of mass M = 1.4M�
is highly constrained to the range R & 12 km disfavoring, at the same time, the strange

quark hypothesis for these specific objects. It is clear from Fig. 22 that the mass-radius

relation presented here is consistent with all the observation constraints, for all the nuclear

parametrizations of Table 1. We present in Table 3, the radii predicted by our mass-radius

relation for a canonical neutron star of M = 1.4M� as well as for the millisecond pulsar
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Figure 22. Constraints on the mass-radius relation given by J. E. Trümper in (Trümper,

2011) and the theoretical mass-radius relation in Fig. 17. The solid line is the upper limit

of the surface gravity of XTE J1814-338, the dotted-dashed curve corresponds to the lower

limit to the radius of RX J1856-3754, the dashed line is the constraint imposed by the

fastest spinning pulsar PSR J1748-2246ad, and the dotted curves are the 90% confidence

level contours of constant R∞ of the neutron star in the low-mass X-ray binary X7. Any

mass-radius relation should pass through the area delimited by the solid, the dashed and the

dotted lines and, in addition, it must have a maximum mass larger than the mass of PSR

J1614-2230, M = 1.97±0.04M�.

PSR J1614-2230, M = 1.97±0.04M�.

14. Comparison with the Traditional TOV Treatment

In the traditional TOV treatment local charge neutrality as well as the continuity of the pres-

sure and the density in the core-crust transition are assumed. This leads to explicit violation

of the constancy of the Klein potentials throughout the configuration (see e.g., Rotondo et al.

(2011c)). In such a case there is a smooth transition from the core to the crust without any

density discontinuity and therefore the density at the edge of the crust is ∼ ρnuc ∼ 2.7×1014

g/cm3. The so-called inner crust in those configurations extends in the range of densities

ρdrip . ρ . ρnuc while, at densities ρ . ρdrip, there is the so-called outer crust.

In Fig. 23 we compare and contrast the mass and the thickness of the crust as obtained

from the traditional TOV treatment with the new configurations presented here in the case

ρcrust = ρdrip.

The markedly differences both in mass and thickness of the crusts (see Fig. 23) obtained

from the traditional Tolman-Oppenheimer-Volkoff approach and the new equilibrium con-

figurations presented here, leads to a very different mass-radius relations which we compare

and contrast in Fig. 24.
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Table 3. Radii for a canonical neutron star of M = 1.4M� and PSR J1614-2230. Radii

are in km; for a canonical neutron star M = 1.4M� and for the millisecond pulsar PSR

J1614-2230 M = 1.97±0.04M�. We have used the nuclear parametrizations NL3, NL-

Sh, TM1 and TM2 of Table 1

M(M�) RNL3 RNL−SH RTM1 RTM2

1.40 12.31 12.47 12.53 12.93

1.93 12.96 13.14 13.13 13.73

2.01 13.02 13.20 13.17 13.82
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Figure 23. Mass (left panel) and thickness (right panel) of the crust given by the traditional

locally neutral Tolman-Oppenheimer-Volkoff treatment and by the new globally neutral

equilibrium configurations discussed in this chapter. We use here the NL3 nuclear model,

see Table 1.
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Figure 24. Mass-Radius relation obtained with the traditional locally neutral TOV treatment

and with the new globally neutral equilibrium configurations presented here. We use here

the NL3 nuclear model, see Table 1.
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We have formulated the equations of equilibrium of neutron stars based on our recent

works (Rotondo et al., 2011a,b,c; Rueda et al., 2011). The strong, weak, electromagnetic,

and gravitational interactions are taken into due account within the framework of general

relativity. In particular, the strong interactions between nucleons is described by the ex-

change of the σ, ω, and ρ mesons. The equilibrium conditions are given by the set of

Einstein-Maxwell-Thomas-Fermi equations and by the constancy of the general relativistic

Fermi energies of particles, the Klein potentials, throughout the configuration.

We have solved these equilibrium equations numerically, in the case of zero tempera-

tures, for the nuclear parameter sets NL3 (Lalazissis et al., 1997), NL-SH (Sharma et al.,

1993), TM1 (Sugahara and Toki, 1994), and TM2 (Hirata et al., 1995) (see Table 1). A

new structure of the star is found: the positively charged core at supranuclear densities is

surrounded by an electronic distribution of thickness & ~/(mec)∼ 102
~/(mπc) of opposite

charge and, at lower densities, a neutral ordinary crust.

In the core interior the Coulomb potential well is ∼ mπc2/e and correspondingly the

electric field is ∼ (mp/mPlanck)(mπ/me)
2Ec ∼ 10−14Ec. Due to the equilibrium condition

given by the constancy of the Klein potentials, there is a discontinuity in the density at

the transition from the core to the crust, and correspondingly an overcritical electric field

∼ (mπ/me)
2Ec develops in the boundary interface; see Fig. 14.

The continuity of the Klein potentials at the core-crust boundary interface leads to a

decreasing of the electron chemical potential and density, until values µcrust
e < µcore

e and

ρcrust < ρcore at the edge of the crust, where global charge neutrality is achieved. For each

central density, an entire family of core-crust interface boundaries and, correspondingly, an

entire family of crusts with different mass and thickness, exist. The larger ρcrust, the smaller

the thickness of the interface, the peak of the electric field, and the larger the mass and the

thickness of the crust. The configuration with ρcrust = ρdrip ∼ 4.3×1011 g/cm3 separates

neutron stars with and without inner crust. The neutron stars with ρcrust > ρdrip deserve a

further analysis in order to account for the reduction of the nuclear tension at the core-crust

transition due to the presence of dripped neutrons from the nuclei in the crust.

These novel features lead to a neutron star with a crust that can be very different with

respect to the one of a neutron star configuration obtained from the solution of the traditional

TOV equations. We have shown this difference in the specific case of neutron stars with

ρcrust = ρdrip: see Fig. 23 for details. The mass-radius relation obtained in this case have

been compared and contrasted with the one obtained from the locally neutral TOV approach

(see Fig. 24). We have shown in Fig. 22 that this mass-radius relation is in good agreement

with updated observational constraints (Trümper, 2011).

The electromagnetic structure of the neutron star presented here is of clear astrophysical

relevance. One important expectation is that the process of gravitational collapse of a core

endowed with electromagnetic structure might lead to signatures and energetics markedly

different from the ones of a core endowed uniquely of gravitational interactions (Ruffini

et al., 2010, 2003a,b; Ruffini and Xue, 2008). The self-consistent analysis of such a process

is a topic which deserve the appropriate attention.



58 Jorge A. Rueda and Remo Ruffini

References

Alcock, C., E. Farhi, and A. Olinto (1986, November). Strange stars. Astroph. J. 310,

261–272.

Baym, G., H. A. Bethe, and C. J. Pethick (1971, November). Neutron star matter. Nucl.

Phys. A 175, 225–271.

Belvedere, R., D. Pugliese, J. A. Rueda, R. Ruffini, and S.-S. Xue (2012, June). Neu-

tron star equilibrium configurations within a fully relativistic theory with strong, weak,

electromagnetic, and gravitational interactions. Nuclear Physics A 883, 1–24.

Bhattacharyya, S., T. E. Strohmayer, M. C. Miller, and C. B. Markwardt (2005, January).

Constraints on Neutron Star Parameters from Burst Oscillation Light Curves of the Ac-

creting Millisecond Pulsar XTE J1814-338. Astroph. J. 619, 483–491.

Boguta, J. (1981, November). Remarks on the beta stability in neutron stars. Physics Letters

B 106, 255–258.

Boguta, J. (1989, October). Chiral nuclear interactions. Nuclear Physics A 501, 637–652.

Boguta, J. and A. R. Bodmer (1977, December). Relativistic calculation of nuclear matter

and the nuclear surface. Nuclear Physics A 292, 413–428.

Boguta, J. and S. A. Moszkowski (1983, July). Nonlinear mean field theory for nuclear

matter and surface properties. Nuclear Physics A 403, 445–468.

Boguta, J. and J. Rafelski (1977, November). Thomas Fermi model of finite nuclei. Physics

Letters B 71, 22–26.

Boguta, J. and H. Stocker (1983, January). Systematics of nuclear matter properties in a

non-linear relativistic field theory. Physics Letters B 120, 289–293.

Bowers, R. L., J. A. Campbell, and R. L. Zimmerman (1973a, August). Relativistic Baryon

Effective Masses and Thresholds for Strongly Interacting Superdense Matter. Phys. Rev.

D 8, 1077–1087.

Bowers, R. L., J. A. Campbell, and R. L. Zimmerman (1973b, April). Relativistic Many-

Body Theory for Strongly Interacting Matter. Phys. Rev. D 7, 2278–2288.

Chandrasekhar, S. (1931, July). The Maximum Mass of Ideal White Dwarfs. Astroph. J. 74,

81–+.

Debye, P. and E. Hueckerl (1923). "The theory of electrolytes. I. Lowering of freezing

point and related phenomena". Phyz. Zeitschr. 24, 185.

Demorest, P. B., T. Pennucci, S. M. Ransom, M. S. E. Roberts, and J. W. T. Hessels (2010,

October). A two-solar-mass neutron star measured using Shapiro delay. Nature 467,

1081–1083.



From Nuclei to Neutron Stars 59

Duerr, H. (1956, July). Relativistic Effects in Nuclear Forces. Physical Review 103, 469–

480.

Emden, R. (1907). Gaskugeln Anwendungen der Mechanischen Wärmetheorie auf Kosmol-

ogische und Meteorologische Probleme. Leipzig: Teubner.

Evans, R. (1992). Fundamentals of inhomogeneous fluids. New York: Decker.

Fermi, E. (1927). Un Metodo Statistico per la Determinazione di alcune Prioprietà

dell’Atomo. Rend. Accad. Naz. Lincei 6, 602–+.

Ferreirinho, J., R. Ruffini, and L. Stella (1980, April). On the relativistic Thomas-Fermi

model. Phys. Lett. B 91, 314–316.

Feynman, R. P., N. Metropolis, and E. Teller (1949, May). Equations of State of Elements

Based on the Generalized Fermi-Thomas Theory. Phys. Rev. 75, 1561–1573.

Fowler, R. H. (1926, December). On dense matter. Mon. Not. R. Astron. Soc. 87, 114–122.

Gombás, P. (1949). Die Statistischie Theorie des Atoms und Ihre Anwendungen. Wien :

Springer-Verlag.

Goriely, S., N. Chamel, H.-T. Janka, and J. M. Pearson (2011, July). The decompression of

the outer neutron star crust and r-process nucleosynthesis. Astron. Astroph. 531, A78+.

Haensel, P., A. Y. Potekhin, and D. G. Yakovlev (Eds.) (2007). Neutron Stars 1 : Equation

of State and Structure, Volume 326 of Astrophysics and Space Science Library.

Harrison, B. K., K. S. Thorne, M. Wakano, and J. A. Wheeler (1965). Gravitation Theory

and Gravitational Collapse. Chicago: University of Chicago Press.

Hebeler, K., J. M. Lattimer, C. J. Pethick, and A. Schwenk (2010, October). Constraints on

Neutron Star Radii Based on Chiral Effective Field Theory Interactions. Physical Review

Letters 105(16), 161102.

Heinke, C. O., G. B. Rybicki, R. Narayan, and J. E. Grindlay (2006, June). A Hydrogen

Atmosphere Spectral Model Applied to the Neutron Star X7 in the Globular Cluster 47

Tucanae. Astroph. J. 644, 1090–1103.

Hessels, J. W. T., S. M. Ransom, I. H. Stairs, P. C. C. Freire, V. M. Kaspi, and F. Camilo

(2006, March). A Radio Pulsar Spinning at 716 Hz. Science 311, 1901–1904.

Hirata, D., H. Toki, and I. Tanihata (1995, February). Relativistic mean-field theory on the

xenon, cesium and barium isotopes. Nuclear Physics A 589, 239–248.

Klein, O. (1949, July). On the Thermodynamical Equilibrium of Fluids in Gravitational

Fields. Reviews of Modern Physics 21, 531–533.

Kodama, T. and M. Yamada (1972, February). Theory of Superdense Stars. Progress of

Theoretical Physics 47, 444–459.



60 Jorge A. Rueda and Remo Ruffini

Kubis, S. (2007, August). Nuclear symmetry energy and stability of matter in neutron stars.

Phys. Rev. C 76(2), 025801.

Lalazissis, G. A., J. König, and P. Ring (1997, January). New parametrization for the

Lagrangian density of relativistic mean field theory. Phys. Rev. C 55, 540–543.

Landau, L. D. (1932). On the theory of stars. Phys. Z. Sowjetunion 1, 285–288.

Landau, L. D. and E. M. Lifshitz (1980). Statistical physics. Part1. Oxford: Pergamon

Press.

Lattimer, J. M. and M. Prakash (2004, April). The Physics of Neutron Stars. Science 304,

536–542.

Lee, T. D. and M. Margulies (1975, March). Interaction of a dense fermion medium with a

scalar-meson field. Phys. Rev. D 11, 1591–1610.

Lee, T. D. and Y. Pang (1987, June). Fermion soliton stars and black holes. Phys. Rev.

D 35, 3678–3694.

Lee, T. D. and G. C. Wick (1974, April). Vacuum stability and vacuum excitation in a

spin-0 field theory. Phys. Rev. D 9, 2291–2316.

Lieb, E. H. (1981, October). Thomas-fermi and related theories of atoms and molecules.

Reviews of Modern Physics 53, 603–641.

Loan, D. T., N. H. Tan, D. T. Khoa, and J. Margueron (2011, June). Equation of state of

neutron star matter, and the nuclear symmetry energy. Phys. Rev. C 83(6), 065809.

Migdal, A. B., V. S. Popov, and D. N. Voskresenskiǐ (1977, March). The vacuum charge
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Abstract

In this chapter we review the recent results on the equilibrium configurations of

static and uniformly rotating neutron stars within the Hartle formalism. We start

from the Einstein-Maxwell-Thomas-Fermi equations formulated and extended by

Belvedere et al. (2012, 2014). We demonstrate how to conduct numerical integra-

tion of these equations for different central densities ρc and angular velocities Ω and

compute the static Mstat and rotating Mrot masses, polar Rp and equatorial Req radii,

eccentricity ε, moment of inertia I, angular momentum J, as well as the quadrupole

moment Q of the rotating configurations. In order to fulfill the stability criteria of ro-

tating neutron stars we take into considerations the Keplerian mass-shedding limit and

the axisymmetric secular instability. Furthermore, we construct the novel mass-radius

relations, calculate the maximum mass and minimum rotation periods (maximum fre-

quencies) of neutron stars. Finally, we compare and contrast our results for the neutron

star models in global and local neutrality cases.
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1. Introduction

Conventionally, in order to construct the equilibrium configurations of static neutron stars

the equations of hydrostatic equilibrium derived by Tolman-Oppenheimer-Volkoff (TOV)

[45, 32] are widely used. In connection with this, it has been recently revealed in Refs. [2,

34, 35] that the TOV equations are modified once all fundamental interactions are taken

into due account. It has been proposed that the Einstein-Maxwell system of equations

∗E-mail address: kuantay@mail.ru
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coupled with the general relativistic Thomas-Fermi equations of equilibrium have to be used

instead. This set of equations is termed as the Einstein-Maxwell-Thomas-Fermi (EMTF)

system of equations. Although in the TOV method the condition of local charge neutrality

(LCN), ne(r)= np(r) is imposed (see e.g. [20]), the EMTF method requires the less rigorous

condition of global charge neutrality (GCN) as follows
Z

ρchd3r =

Z

e[np(r)−ne(r)]d3r = 0, (1)

where ρch is the electric charge density, e is the fundamental electric charge, np(r) and ne(r)

are the proton and electron number densities, respectively. The integration is performed on

the entire volume of the system.

The Lagrangian density accounting for the strong, weak, electromagnetic and gravita-

tional interactions consists of the free-fields terms such as the gravitational Lg, the electro-

magnetic Lγ, and the three mesonic fields Lσ, Lω, Lρ, the three fermion species (electrons,

protons and neutrons) term L f and the interacting part in the minimal coupling assumption,

Lint given as in Refs. [35,2]:

L = Lg +L f +Lσ +Lω +Lρ +Lγ +Lint , (2)

where1

Lg = −
R

16π
, L f = ∑

i=e,N

ψ̄i (iγ
µDµ −mi)ψi,

Lσ =
∇µσ∇µσ

2
−U(σ), Lω = −

ΩµνΩµν

4
+

m2
ωωµωµ

2
,

Lρ = −
RµνR µν

4
+

m2
ρρµρµ

2
, Lγ = −

FµνFµν

16π
,

Lint = −gσσψ̄NψN −gωωµJ
µ
ω −gρρµJ

µ
ρ +eAµJ

µ
γ,e −eAµJ

µ
γ,N .

The inclusion of the strong interactions between the nucleons is made through the σ-ω-

ρ nuclear model following Ref. [9]. Consequently, Ωµν ≡ ∂µων−∂νωµ, Rµν ≡ ∂µρν−∂νρµ,

Fµν ≡ ∂µAν −∂νAµ are the field strength tensors for the ωµ, ρ and Aµ fields respectively, ∇µ

stands for covariant derivative and R is the Ricci scalar. The Lorentz gauge is adopted for the

fields Aµ, ωµ, and ρµ. The self-interaction scalar field potential is U(σ), ψN is the nucleon

isospin doublet, ψe is the electronic singlet, mi stands for the mass of each particle-species

and Dµ = ∂µ + Γµ, where Γµ are the Dirac spin connections. The conserved currents are

given as J
µ
ω = ψ̄NγµψN , J

µ
ρ = ψ̄Nτ3γµψN , J

µ
γ,e = ψ̄eγµψe, and J

µ
γ,N = ψ̄N(1/2)(1 + τ3)γµψN ,

where τ3 is the particle isospin.

In this chapter we adopt the NL3 parameter set [28] used in Ref. [2] with mσ = 508.194

MeV, mω = 782.501 MeV, mρ = 763.000 MeV, gσ = 10.2170, gω = 12.8680, gρ = 4.4740,

plus two constants that give the strength of the self-scalar interactions, g2 =−10.4310 fm−1

and g3 = −28.8850.

Thus, the system of the EMTF equations [35, 2, 4, 5] is derived from the equations of

motion of the above Lagrangian. The solution of the EMTF coupled differential equations

gives a novel structure of the neutron star, as shown in Fig 1.: a positively charged core at

1We use the spacetime metric signature (+,-,-,-) and geometric units G = c = 1 unless otherwise specified.
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Figure 1. The top and middle panels depict the neutron, proton, electron densities and the

electric field in units of the critical electric field Ec in the core-crust transition layer, whereas

the bottom panel shows a specific example of a density profile inside a neutron star. In this

plot we have used for the globally neutral case a density at the edge of the crust equal to the

neutron drip density, ρdrip ∼ 4.3×1011 g cm−3.
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Figure 2. Mass-radius relation of the static (non-rotating) neutron stars for both globally

and locally neutral configurations. In this plot for the globally neutral case a density at the

edge of the crust equal to the neutron drip density, ρdrip ∼ 4.3×1011 g cm−3 has been used.

GCN and LCN stand for global and local charge neutrality cases, respectively
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supranuclear densities, ρ > ρnuc ∼ 2.7×1014 g cm−3, surrounded by an electron distribution

of thickness & ~/(mec), which is negatively charged and a neutral ordinary crust at lower

densities ρ < ρnuc.

The condition of the thermodynamic equilibrium is given by the constancy of the parti-

cle Klein potentials [27] extended to account for electrostatic and strong fields [34,35,2,5]

1

ut
[µi +(qiAα +gωωα +gρτ3,iρα)uα] = constant, (3)

where the subscript i stands for each kind of particle, µi is the particle chemical potential, qi

is the particle electric charge, ut = (gtt)
−1/2 is the time component of the fluid four-velocity

which satisfies uαuα = 1 and gtt is the t–t component of the spherically symmetric metric.

For the static case we have only the time components of the vector fields, A0, ω0, ρ0.

ds2 = eνdt2 −eλdr2 −dr2 − r2(dθ2 + sin2 θdφ2) . (4)

The constancy of the Klein potentials (3) leads to a discontinuity in the density

at the core-crust transition and, respectively, this generates an overcritical electric field

∼ (mπ/me)
2Ec, where Ec = m2

ec3/(e~) ∼ 1.3× 1016 Volt cm−1, in the core-crust bound-

ary interface. The Klein condition (3) is necessary to satisfy the requirement of thermody-

namical equilibrium, together with the Tolman condition (constancy of the gravitationally

red-shifted temperature) [44, 27], if finite temperatures are included [35]. Particularly, the

continuity of the electron Klein potential leads to a decrease of the electron chemical po-

tential µe and density at the core-crust boundary interface. They attain values µcrust
e < µcore

e

and ρcrust < ρcore at the basis of the crust, where global charge neutrality is achieved.

As it has been shown in Refs. [2, 4], that the solution of the EMTF equations along

with the constancy of the Klein potentials yield a more compact neutron star with a less

massive and thiner crust. Correspondingly, this results in a new mass-radius relation which

prominently differs from the one given by the solution of the TOV equations with local

charge neutrality; see Fig. 2.

In this chapter the extension of the previous results obtained in Refs. [2, 4] are con-

sidered. To this end the Hartle formalism [21] is utilized to solve the Einstein equations

accurately up to second order terms in the angular velocity of the star, Ω (see section 2.).

For the rotating case, the Klein thermodynamic equilibrium condition has the same

form as Eq. (3), but the fluid inside the star now moves with a four-velocity of a uniformly

rotating body, uα = (ut,0,0,uφ), with (see [23], for details)

ut = (gtt +2Ωgtφ +Ω2 gφφ)
−1/2, uφ = Ωut , (5)

where φ is the azimuthal angular coordinate and the metric is axially symmetric independent

of φ. The components of the metric tensor gαβ are now given by Eq. (6) below. It is

then evident that in a frame comoving with the rotating star, ut = (gtt)
−1/2, and the Klein

thermodynamic equilibrium condition remains the same as Eq. (3), as expected.

This chapter is organized as follows: in section 2. we review the Hartle formalism and

consider both interior and exterior solutions. In section 3. the stability of uniformly rotating

neutron stars are explored taking into account the Keplerian mass-shedding limit and the

secular axisymmetric instability. In section 4. the structure of uniformly rotating neutron
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stars is investigated. We compute there the mass M, polar Rp and equatorial Req radii, and

angular momentum J, as a function of the central density and the angular velocity Ω of

stable neutron stars both in the globally and locally neutral cases. Based on the criteria of

equilibrium we calculate the maximum stable neutron star mass. In section 5. we construct

the new neutron star mass-radius relation. In section 6. we calculate the moment of inertia

as a function of the central density and total mass of the neutron star. The eccentricity ε,

the rotational to gravitational energy ratio T/W , and quadrupole moment Q are shown in

section 7.. The observational constraints on the mass-radius relation are discussed in section

8.. We finally summarize our results in section 9..

2. Hartle Slow Rotation Approximation

In his original article, Hartle (1967) [21] derived the equilibrium equations of slowly rotat-

ing relativistic stars. The solutions of the Einstein equations have been obtained through

a perturbation method, expanding the metric functions up to the second order terms in the

angular velocity Ω. Under this assumption the structure of compact objects can be approx-

imately described by the total mass M, angular momentum J and quadrupole moment Q.

The slow rotation regime implies that the perturbations owing to the rotation are relatively

small with respect to the known non-rotating geometry. The interior solution is derived by

solving numerically a system of ordinary differential equations for the perturbation func-

tions. The exterior solution for the vacuum surrounding the star, can be written analytically

in terms of M, J, and Q [21, 24]. The numerical values for all the physical quantities are

derived by matching the interior and the exterior solution on the surface of the star.

2.1. The Interior Hartle Solution

The spacetime metric for the rotating configuration up to the second order of Ω is given

by [21]

ds2 = eν (1+2h)dt2 −eλ

[

1+
2m

r−2M0

]

dr2

−r2 (1+2k)
[

dθ2 + sin2 θ (dφ−ωdt)2
]

+O(Ω3) , (6)

where ν = ν(r), λ = λ(r), and M0 = MJ=0(r) are the metric functions and mass profiles

of the corresponding seed static star with the same central density as the rotating one; see

Eq. (4). The functions h = h(r,θ), m = m(r,θ), k = k(r,θ) and the fluid angular velocity

in the local inertial frame, ω = ω(r), have to be calculated from the Einstein equations.

Expanding up to the second order the metric in spherical harmonics we have

h(r,θ) = h0(r)+h2(r)P2(cosθ) , (7)

m(r,θ) = m0(r)+m2(r)P2(cosθ) , (8)

k(r,θ) = k0(r)+k2(r)P2(cosθ) , (9)

where P2(cosθ) is the Legendre polynomial of second order. Because the metric does not

change under transformations of the type r → f (r), we can assume k0(r) = 0.
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The functions h = h(r,θ), m = m(r,θ), k = k(r,θ) have analytic form in the exterior

(vacuum) spacetime and they are shown in the following section. The mass, angular mo-

mentum, and quadrupole moment are computed from the matching condition between the

interior and exterior metrics.

For rotating configurations the angular momentum is the easiest quantity to compute.

To this end we consider only t,φ component of the Einstein equations. By introducing the

angular velocity of the fluid relative to the local inertial frame, ω̄(r) = Ω−ω(r) one can

show from the Einstein equations at first order in Ω that ω̄ satisfies the differential equation

1

r4

d

dr

(

r4 j
dω̄

dr

)

+
4

r

d j

dr
ω̄ = 0 , (10)

where j(r) = e−(ν+λ)/2 with ν and λ the metric functions of the seed non-rotating solution

(4).

From the matching conditions, the angular momentum of the star is given by

J =
1

6
R4

(

dω̄

dr

)

r=R

, (11)

so the angular velocity Ω is related to the angular momentum as

Ω = ω̄(R)+
2J

R3
. (12)

The total mass of the rotating star, M, is given by

M = M0 +δM , δM = m0(R)+J2/R3 , (13)

where δM is the contribution to the mass owing to rotation. The second order functions m0

(the mass perturbation function) and p∗0 (the pressure perturbation function) are computed

from the solution of the differential equation

dm0

dr
= 4πr2 dE

dP
(E +P)p∗0 +

1

12
j2r4

(

dω̄

dr

)2

−
1

3

d j2

dr
r3ω̄2 , (14)

dp∗0
dr

= −
m0(1+8πr2P)

(r−2M0)2
−

4πr2(E +P)

(r−2M0)
p∗0 +

1

12

j2r4

(r−2M0)

(

dω̄

dr

)2

+
1

3

d

dr

(

r3 j2ω̄2

r−2M0

)

, (15)

where E and P are the total energy-density and pressure.

Turning to the quadrupole moment of the neutron star, it is given by

Q =
J2

M0

+
8

5
K M3

0 , (16)
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where K is a constant of integration. This constant is fixed from the matching of the second

order function h2 obtained in the interior from

dk2

dr
= −

dh2

dr
−h2

dν

dr
+

(

1

r
+

1

2

dν

dr

)[

−
1

3
r3ω̄2 d j2

dr
+

1

6
r4 j2

(

dω̄

dr

)2 ]

, (17)

dh2

dr
= h2

{

−
dν

dr
+

r

r−2M0

(

dν

dr

)−1 [

8π(E +P)−
4M0

r3

]}

−
4(k2 +h2)

r(r−2M0)

(

dν

dr

)−1

+
1

6

[

r

2

dν

dr
−

1

r−2M0

(

dν

dr

)−1 ]

r3 j2

(

dω̄

dr

)2

−
1

3

[

r

2

dν

dr
+

1

r−2M0

(

dν

dr

)−1 ]

r2ω̄2 d j2

dr
, (18)

with its exterior counterpart (see [21]).

It is worth emphasizing that the influence of the induced magnetic field owing to the

rotation of the charged core of the neutron star in the globally neutral case is negligible [11].

In fact, for a rotating neutron star of period P = 10 ms and radius R ∼ 10 km, the radial

component of the magnetic field Br in the core interior reaches its maximum at the poles

with a value Br ∼ 2.9× 10−16Bc, where Bc = m2
ec3/(e~) ≈ 4.4× 1013 G is the critical

magnetic field for vacuum polarization. The angular component of the magnetic field Bθ,

instead, has its maximum value at the equator and, as for the radial component, it is very

low in the interior of the neutron star core, i.e. |Bθ| ∼ 2.9×10−16Bc. In the case of a sharp

core-crust transition as the one studied by [2] and shown in Fig. 1., this component will

grow in the transition layer to values of the order of |Bθ| ∼ 102Bc [11]. However, since we

are here interested in the macroscopic properties of the neutron star, we can ignore at first

approximation the presence of electromagnetic fields in the macroscopic regions where

they are indeed very small, and safely apply the original Hartle formulation without any

generalization.

2.2. The Exterior Hartle Solution

In this subsection we consider the exterior Hartle solution though in the literature it is widely

known as the Hartle-Thorne solution. One can write the line element given by eq. (6) in an

analytic closed-form outside the source as function of the total mass M, angular momentum

J, and quadrupole moment Q of the rotating star. The angular momentum J along with the

angular velocity of local inertial frames ω(r), proportional to Ω, and the functions h0, h2,

m0, m2, k2, proportional to Ω2, are derived from the Einstein equations (for more details

see [21,24]). Following this prescriptions the Eq. 6 becomes:

ds2 =

(

1−
2M

r

)[

1+2k1P2(cosθ)+2

(

1−
2M

r

)−1
J2

r4
(2cos2 θ−1)

]

dt2

+
4J

r
sin2 θdtdφ−

(

1−
2M

r

)−1

×

[

1−2

(

k1 −
6J2

r4

)

P2(cosθ)

−2

(

1−
2M

r

)−1
J2

r4

]

dr2 − r2[1−2k2P2(cosθ)](dθ2 + sin2 θdφ2), (19)
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where

k1 =
J2

Mr3

(

1+
M

r

)

+
5

8

Q−J2/M

M3
Q2

2(x) ,

k2 = k1 +
J2

r4
+

5

4

Q−J2/M

M2r
√

1−2M/r
Q1

2(x) ,

and

Q1
2(x) = (x2 −1)1/2

[

3x

2
ln

(

x+1

x−1

)

−
3x2 −2

x2 −1

]

,

Q2
2(x) = (x2 −1)

[

3

2
ln

(

x+1

x−1

)

−
3x3 −5x

(x2 −1)2

]

,

are the associated Legendre functions of the second kind, being P2(cosθ) =
(1/2)(3cos2 θ− 1) the Legendre polynomial, and x = r/M − 1. This form of the metric

is known in the literature as the Hartle-Thorne metric. To obtain the exact numerical values

of M, J and Q, the exterior and interior line elements have to be matched at the surface of

the star. It is worth noticing that in the terms involving J2 and Q, the total mass M can be

directly substituted by M0 = MJ=0 since δM is already a second order term in the angular

velocity.

3. Stability of Uniformly Rotating Neutron Stars

3.1. Secular Axisymmetric Instability

In a sequence of increasing central density in the M-ρc curve, ρc ≡ ρ(0), the maximum

mass of a static neutron star is determined as the first maximum of such a curve, namely the

point where ∂M/∂ρc = 0. This derivative establishes the axisymmetric secular instability

point, and if the perturbation obeys the same equation of state (EOS) as the equilibrium

configuration, it coincides also with the dynamical instability point (see e.g. Ref. [37]). In

the rotating case, the situation becomes more complicated and in order to find the axisym-

metric dynamical instability points, the perturbed solutions with zero frequency modes (the

so-called neutral frequency line) have to be calculated. Friedman et al. (1988) [18] how-

ever, following the works of Sorkin (1981, 1982) [38,39], described a turning-point method

to obtain the points at which secular instability is reached by uniformly rotating stars. In a

constant angular momentum sequence, the turning point is located in the maximum of the

mass-central density relation, namely the onset of secular axisymmetric instability is given

by

[

∂M (ρc,J)

∂ρc

]

J=constant

= 0 , (20)

and once the secular instability sets in, the star evolves quasi-stationarily until it reaches a

point of dynamical instability where gravitational collapse sets in (see e.g. [40]).

The above equation determines an upper limit for the mass at a given angular momen-

tum J for a uniformly rotating star, however this criterion is a sufficient but not necessary
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condition for the instability. This means that all the configurations with the given angular

momentum J on the right side of the turning point defined by Eq. (20) are secularly unstable,

but it does not imply that the configurations on the left side of it are stable. An example of

dynamically unstable configurations on the left side of the turning-point limiting boundary

in neutron stars was recently shown in Ref. [43], for a specific EOS.

In order to investigate the secular instability of uniformly rotating stars one should select

fixed values for the angular momentum. Then construct mass-central density or mass-radius

relations. From here one has to calculate the maximum mass and that will be the turning

point for a given angular momentum. For different angular momentum their will be differ-

ent maximum masses. By joining all the turning points together one obtains axisymmetric

secular instability line (boundary). This boundary is essential for the construction of the

stability region for uniformly rotating neutron stars (see next sections and figures).

3.2. Keplerian Mass-Shedding Instability and Orbital Angular Velocity

of Test Particles

The maximum velocity for a test particle to remain in equilibrium on the equator of a star,

kept bound by the balance between gravitational and centrifugal force, is the Keplerian

velocity of a free particle computed at the same location. As shown, for instance in [40], a

star rotating at Keplerian rate becomes unstable due to the loss of mass from its surface. The

mass shedding limiting angular velocity of a rotating star is the Keplerian angular velocity

evaluated at the equator, r = Req, i.e. ΩJ 6=0
K = ΩK(r = Req). Friedman (1986) [19] introduced

a method to obtain the maximum possible angular velocity of the star before reaching the

mass-shedding limit; however [46] and [8], showed a simpler way to compute the Keplerian

angular velocity of a rotating star. They showed that the mass-shedding angular velocity,

Ω
J 6=0
K , can be computed as the orbital angular velocity of a test particle in the external field

of the star and corotating with it on its equatorial plane at the distance r = Req.

It is possible to obtain the analytical expression for the angular velocity Ω given by

Eq. (24) with respect to an observer at infinity, taking into account the parameterization of

the four-velocity u of a test particle on a circular orbit in equatorial plane of axisymmetric

stationary spacetime, regarding as parameter the angular velocity Ω itself:

u = Γ[∂t +Ω∂φ] , (21)

where Γ is a normalization factor such that uαuα = 1. Normalizing and applying the

geodesics conditions we get the following expressions for Γ and Ω = uφ/ut

Γ = ±(gtt +2Ωgtφ +Ω2gφφ)
−1/2 , gtt,r +2Ωgtφ,r +Ω2gφφ,r = 0 . (22)

Thus, the solution of the system of Eq. (22) can be written as

Ω±
orb(r) =

uφ

ut
=

−gtφ,r ±
√

(gtφ,r)2−gtt,r gφφ,r

gφφ,r
, (23)

where +/− stands for co-rotating/counter-rotating orbits, uφ and ut are the angular and

time components of the four-velocity respectively, and a colon stands for partial derivative

with respect to the corresponding coordinate. To determine the mass shedding angular

velocity (the Keplerian angular velocity) of the neutron stars, we need to consider only the
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co-rotating orbit, so from here and thereafter we take into account only the plus sign in

Eq. (22) and we write Ω+
orb(r) = Ωorb(r).

For the Hartle external solution given by Eq. (19) we obtain

Ω
J 6=0
K (r) =

√

M

r3

[

1− jF1(r)+ j2F2(r)+qF3(r)
]

, (24)

where j = J/M2 and q = Q/M3 are the dimensionless angular momentum and quadrupole

moment. The analytical expressions of the functions Fi are given by

F1 =

(

M

r

)3/2

,

F2 =
48M7−80M6r +4M5r2 −18M4r3

16M2r4(r−2M)
+

40M3r4 +10M2r5 +15Mr6 −15r7

16M2r4(r−2M)
+F ,

F3 =
6M4−8M3r−2M2r2−3Mr3 +3r4

16M2r(r−2M)/5
−F ,

F =
15(r3−2M3)

32M3
ln

r

r−2M
.

The maximum angular velocity for a rotating star at the mass-shedding limit is the

Keplerian angular velocity evaluated at the equator (r = Req), i.e.

ΩJ 6=0
K = Ωorb(r = Req) . (25)

In the static case i.e. when j = 0 hence q = 0 and δM = 0 we have the well-known

Schwarzschild solution and the orbital angular velocity for a test particle ΩJ=0
K on the sur-

face (r = R) of the neutron star is given by

ΩJ=0
K =

√

MJ=0

R3
MJ=0

. (26)

3.3. Gravitational Binding Energy

Besides the above stability requirements, one should check if the neutron star is gravita-

tionally bound. In the non-rotating case, the binding energy of the star can be computed as

WJ=0 = M0 −M0
rest , M0

rest = mbAJ=0 , (27)

where M0
rest is the rest-mass of the star, mb is the rest-mass per baryon, and AJ=0 is the total

number of baryons inside the star. So the non-rotating star is considered bound if WJ=0 < 0.

In the slow rotation approximation the total binding energy is given by Ref. [24]

WJ 6=0 = WJ=0 +δW , δW =
J2

R3
−

Z R

0
4πr2B(r)dr , (28)
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where

B(r) = (E +P)p∗0

{

dE

dP

[

(

1−
2M

r

)−1/2

−1

]

−
du

dP

(

1−
2M

r

)−1/2}

+(E −u)

(

1−
2M

r

)−3/2[
m0

r
+

1

3
j2r2ω̄2

]

−
1

4πr2

[

1

12
j2r4

(

dω̄

dr

)2

−
1

3

d j2

dr
r3ω̄2

]

, (29)

where u = E −mbnb is the internal energy of the star, with nb the baryon number density.

4. Structure of Uniformly Rotating Neutron Stars

We show now the results of the integration of the Hartle equations for the globally and

locally charge neutrality neutron stars; see e.g. Fig. 1.. Following Refs. [2,4], we adopt, as

an example, globally neutral neutron stars with a density at the edge of the crust equal to

the neutron drip density, ρcrust = ρdrip ≈ 4.3×1011 g cm−3.

4.1. Secular Instability Boundary

In Fig. 3 we show the mass-central density curve for globally neutral neutron stars in the

region close to the axisymmetric stability boundaries. Particularly, we construct some

J=constant sequences to show that indeed along each of these curves there exist a maxi-

mum mass (turning point). The line joining all the turning points determines the secular

instability limit. In Fig. 3 the axisymmetric stable zone is on the left side of the instability

line.

Clearly we can transform the mass-central density relation in a mass-radius relation. In

Fig. 4 we show the mass versus the equatorial radius of the neutron star that correspond

to the range of densities of Fig. 3. In this plot the stable zone is on the right side of the

instability line.

We can construct a fitting curve joining the turning points of the J=constant sequences

line which determines the axisymmetric secular instability boundary. Defining Mmax,0 as the

maximum stable mass of the non-rotating neutron star constructed with the same EOS, we

find that for globally neutral configurations the instability line is well fitted by the function

MGCN
sec

M�
= 21.22−6.68

MGCN
max,0

M�
−

(

77.42−28
MGCN

max,0

M�

)

(

Req

10km

)−6.08

, (30)

where 12.38km . Req . 12.66km, and MGCN
max,0 ≈ 2.67M�.

The turning points of locally neutral configurations in the mass-central density plane

are shown in Fig. 5. the corresponding mass-equatorial radius plane is plotted in Fig. 6.

For locally neutral neutron stars, the secular instability line is fitted by

MLCN
sec

M�
= 20.51−6.35

MLCN
max,0

M�
−

(

80.98−29.02
MLCN

max,0

M�

)

(

Req

10km

)−5.71

, (31)

where 12.71km . Req . 13.06km, and MLCN
max,0 ≈ 2.70M�.
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Figure 3. Total mass is shown as a function of central density for neutron stars with global

charge neutrality. The mass is given in solar mass M� = 1.98× 1033g and the density is

normalized to nuclear density ρnuc = 2.7×1014g cm−3. The solid curve represents the con-

figuration at the Keplerian mass-shedding sequence, the dashed curve represents the static

sequence, the dotted curves represent the J=constant sequences. The doted-dashed line

joins all the turning points of the J=constant sequences, so it determines the axisymmetric

secular instability boundary.
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Figure 4. Total mass is shown as a function of equatorial radius for neutron stars with global

charge neutrality. The solid curve represents the configuration at Keplerian mass-shedding

sequence, the dashed curve represents the static sequence, the dotted curves represent the

J-constant sequences. The doted-dashed line is the secular instability boundary.
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Figure 5. Total mass is shown as a function of central density for neutron stars with local

charge neutrality. The mass is given in solar mass M� = 1.98× 1033g and the density is

normalized to nuclear density ρnuc = 2.7× 1014g cm−3. The solid curve represents the

configuration at Keplerian mass-shedding sequence, the dashed curve represents the static

sequence, the dotted curves represent the J=constant sequences. The doted-dashed line

determines the axisymmetric secular instability boundary.
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Figure 6. Total mass is shown as a function of equatorial radius for neutron stars with local

charge neutrality. The solid curve represents the configuration at Keplerian mass-shedding

sequence, the dashed curve represents the static sequence, the dotted curves represent the

J=constant sequences. The doted-dashed line is the axisymmetric secular instability bound-

ary.
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4.2. Keplerian Mass-shedding Sequence

We turn now to analyze in detail the behavior of the different properties of the neutron star

along the Keplerian mass-shedding sequence.

4.2.1. Maximum mass and rotation frequency

The total mass of the rotating star is computed from Eq. (13). In Fig. 7 the total mass of

the neutron star is shown as a function of the rotation frequency for the Keplerian sequence.

It is clear that for a given mass, the rotational frequency is higher for a globally neutral

neutron star with respect to the locally neutral one.

GCNLCN

0.5 1.0 1.5 2.0
0.0

0.5

1.0

1.5

2.0

2.5

3.0

f @kHzD

M

M
�

Figure 7. Total mass is shown as a function of rotational Keplerian frequency both for the

global (red) and local (blue) charge neutrality cases.

The configuration of maximum mass, M
J 6=0
max , is obtained along the Keplerian sequence,

and it is found before the secular instability line crosses the Keplerian curve. Thus, the

maximum mass configuration is secularly stable. This implies that the configuration with

maximum rotation frequency, fmax, is located beyond the maximum mass point, specifi-

cally at the crossing point between the secular instability and the Keplerian mass-shedding

sequence. The results are summarized in Table 1 and shown in Fig. 8.

In Fig. 8 details near the maximum masses are illustrated. Here we focus on the defini-

tion of maximum rotating mass Mrot
max, maximum static mass, maximum angular momentum

Jmax and maximum angular velocity (minimum rotation period) Ωmax(Pmin). Note, that Ωmax

is determined along the turning points of J=constant sequences (axisymmetric secular in-

stability line) what is consistent with the results of Stergioulas and Friedman (1995) [41].

At large scales the difference between axisymmetric secular instability line and the line

joining Mrot
max with Mstat

max can not be seen (for more details see [20]).

It is important to discuss briefly the validity of the present perturbative solution for the

computation of the properties of maximally rotating neutron stars. The expansion of the



Uniformly Rotating Neutron Stars 77

���

�

WmaxJmax Mmax
rot

Mmax
stat

ÄÄÄ

Ä

6.05 6.10 6.15 6.20 6.25 6.30 6.35

2.66

2.68

2.70

2.72

2.74

2.76

2.78

Ρc�Ρ0

M

M
�

Figure 8. Total mass versus central density for the global charge neutrality case. The

dashed curve is the static configurations, the solid curve is the Keplerian mass-shedding

configurations, the dotted curves are the J=constant sequences, the dotted-dashed line is

axisymmetric secular instability boundary. The thin line joins Mrot
max with Mstat

max.

radial coordinate of a rotating configuration r(R,θ) in powers of angular velocity is written

as [21]

r ≈ R+ξ(R,θ)+O(Ω4) , (32)

where ξ is the difference in the radial coordinate, r, between a point located at the po-

lar angle θ on the surface of constant density ρ(R) in the rotating configuration, and the

point located at the same polar angle on the same constant density surface in the static

configuration. In the slow rotation regime, the fractional displacement of the surfaces

of constant density due to the rotation have to be small, namely ξ(R,θ)/R � 1, where

ξ(R,θ) = ξ0(R)+ ξ2(R)P2(cosθ) and ξ0(R) and ξ2(R) are function of R, proportional to

Ω2. From Table 1, we can see that the configuration with the maximum possible rotation

frequency has a maximum fractional displacement δRmax
eq = ξ(R,π/2)/R as low as ≈ 2%

and ≈ 3%, for the globally and locally neutral neutron stars respectively.

In this line, it is worth quoting the results of Ref. [6], where it has been shown that the

inclusion of a third-order expansion Ω3 in the Hartle’s method improves the value of the

maximum rotation frequency by less than 1% for different EOS. The reason for this is that

as mentioned above, along the Keplerian sequence the deviations from sphericity decrease

with density (see Fig. 11), which ensures the accuracy of the perturbative solution.

Turning to the increase of the maximum mass, it has been shown in Ref. [49] that

the mass of maximally rotating neutron stars, computed with the Hartle’s second order

approximation, is accurate within an error as low as . 4%.

We compute the gravitational binding energy of the neutron star from Eq. (28) as a

function of the central density and angular velocity. We make this for central densities

higher than the nuclear density, thus we impose the neutron star to have a supranuclear

hadronic core.
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Table 1. Maximum static mass MJ=0
max and corresponding static radius RJ=0

max of neutron

stars as computed in Ref. [2]; maximum rotating mass M
J 6=0
max and corresponding equa-

torial radius R
J 6=0
max of neutron stars as given in Refs. [12, 4]; increase in mass δMmax

and radius δRmax
eq of the maximum mass configuration with respect to its non-rotating

counterpart; maximum rotation frequency fmax and corresponding minimum period

Pmin

Global Neutrality Local Neutrality

MJ=0
max (M�) 2.67 2.70

RJ=0
max (km) 12.38 12.71

M
J 6=0
max (M�) 2.76 2.79

R
J 6=0
max (km) 12.66 13.06

δMmax 3.37% 3.33%

δRmax
eq 2.26% 2.75%

fmax (kHz) 1.97 1.89

Pmin (ms) 0.51 0.53

5. Neutron Star Mass-radius Relation
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Figure 9. Total mass versus total equatorial radius for the global (red) and local (blue)

charge neutrality cases. The dashed curves represent the static configurations, while the

solid lines are the uniformly rotating neutron stars. The pink-red and light-blue color lines

define the secular instability boundary for the globally and locally neutral cases, namely the

lines given by Eqs. (30) and (31), respectively.

We summarize now the above results in form of a new mass-radius relation of uniformly

rotating neutron stars, including the Keplerian and secular instability boundary limits. In

Fig. 9 we show a summary plot of the equilibrium configurations of rotating neutron stars.
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In particular we show the total mass versus the equatorial radius: the dashed lines represent

the static (non-rotating, J = 0) sequences, while the solid lines represent the corresponding

Keplerian mass-shedding sequences. The secular instability boundaries are plotted in pink-

red and light blue color for the global and local charge neutrality cases, respectively.

It can be seen that due to the deformation for a given mass the radius of the rotating

case is larger than the static one, and similarly the mass of the rotating star is larger than the

corresponding static one. It can be also seen that the configurations obeying global charge

neutrality are more compact with respect to the ones satisfying local charge neutrality.

In general, the region enclosed by the static, Keplerian mass-shedding and secular in-

stability sequences is termed as the stability region for uniformly rotating neutron stars. All

stable configurations are inside this region. From a practical point of view it is important to

construct the stability region as it allows one to do simple and at the same interesting sci-

ence without invoking sophisticated numerical simulations, which require powerful super

computers and intricate techniques. For instance, for a given value of the angular veloc-

ity (rotation period) one can construct the Ω=constant sequence. This sequence intersects

the stability region at two points and determines the maximum and minimum values of all

physical quantities, describing the structure of rotating neutron stars such as mass, radius,

moment of inertia, angular momentum, quadrupole moment etc. Thus this procedure allows

one to estimate the range of all the quantities for Ω=constant sequence.

The same procedure is valid if there is a necessity to construct the constant baryon

(rest) mass sequence. In analogy to the previous case, the constant rest mass sequence also

intersects the stability region at two points. Here again one can estimate the upper and lower

bounds of all the quantities corresponding to the constant rest mass sequence. The so-called

spin-up and spin-down effects emerges as a results of this sequence. Of course, there are

other crucial applications of the stability region related to the post merge epoch of neutron

stars, binary systems, gravitational wave, physics of gamma ray burst etc. For more details

see Ref. [5] and references therein.

6. Moment of Inertia

The moment of inertia I of relativistic stars can be computed from the relation

I =
J

Ω
, (33)

where J is the angular momentum and Ω is angular velocity, as before, are related via

Eq. (12). Since J is a first-order quantity and so proportional to Ω, the moment of inertia

given by Eq. (33) does not depend on the angular velocity and does not take into account

deviations from the spherical symmetry. This implies that Eq. (11) gives the moment of

inertia of the non-rotating unperturbed seed object. In order to find the perturbation to I,

say δI, the perturbative treatment has to be extended to the next order Ω3, in such a way that

I = I0 +δI = (J0 +δJ)/Ω, becomes of order Ω2, with δJ of order Ω3 [22,6]. In this chapter

we keep the solution up to second order and therefore we proceed to analyze the behavior

of the moment of inertia for the static configurations. In any case, even the fastest observed

pulsars rotate at frequencies much lower than the Keplerian rate, and under such conditions
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Figure 10. Total moment of inertia as a function central density for globally (red) and

locally (blue) neutral non-rotating neutron stars.

we expect that the moment of inertia can be approximated with high accuracy by the one of

the corresponding static configurations.

In Fig. 10 we show the behavior of the total moment of inertia, i.e. I = Icore + Icrust, with

respect to the central density for both globally and locally neutral static neutron stars.

We can see from Fig. 10 that the total moment of inertia is quite similar for both global

and local charge neutrality cases. This is due to the fact that the globally neutral config-

urations differ from the locally ones mostly in the structure of the crust, which however

contributes much less than the neutron star core to the total moment of inertia.

In order to study the single contribution of the core and the crust to the moment of

inertia of the neutron star, we shall use the integral expression for the moment of inertia.

Multiplying Eq. (10) by r3 and taking the integral of it we obtain

I(r) = −
2

3

Z r

0
r3 d j

dr

ω̄(r)

Ω
dr =

8π

3

Z r

0
r4(E +P)e(λ−ν)/2 ω̄(r)

Ω
dr , (34)

where the integration is carried out in the region of interest. Thus, the contribution of the

core, Icore, is obtained integrating from the origin up to the radius of the core, and the

contribution of the crust, Icrust, integrating from the base of the crust to the total radius of

the neutron star.

7. Deformation of the Neutron Star

In this section we explore the deformation properties of the neutron star. The behavior of the

eccentricity, the rotational to gravitational energy ratio, as well as the quadrupole moment,

are investigated as a function of the central density and rotation frequency of the neutron

star.
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Figure 11. Eccentricity (35) as a function of central density for the Keplerian sequence in

both global (red) and local (blue) charge neutrality cases.

7.1. Eccentricity

An indicator of the neutron star deformation degree can be estimated with its eccentricity

ε =

√

1−

(

Rp

Req

)2

, (35)

where Rp and Req are the polar and equatorial radii of the rotating deformed configuration.

Thus, ε = 0 determines the spherical limit and 0 < ε < 1 corresponds to oblate configura-

tions.

We can see in Fig. 11 that for larger central densities the neutron stars decrease their

oblateness and the configurations tend to be a more spherical.

The shape of rotating neutron stars becomes less oblate with the increasing central den-

sity (see Figs. 12, 13 for details). The size of the core initially increases then after reaching

its maximum decreases with the increasing central density. The thickness of the crusts in

both global and local neutrality cases gradually decreases with the increasing central den-

sity. However the radii of the crusts behave similarly to the radius of the core. Close to

the maximum rotating mass, even though the configurations rotate at the Keplerian rate,

the shape becomes almost spherical, but still oblate (see the right panels of Figs. 12, 13 for

details). Thus, the system become more gravitationally bound.

In Figs. 14 and 15 we illustrate the dependence of the static and rotating radii for both

local and global charge neutrality cases. For small central densities the radius of the core

could be smaller than the thickness of the crust. As for larger central densities the core

radius increases and the thickness of the crust deacreases.
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Figure 12. Cross section in the plane passing through the rotation axis of a neutron star

with the traditional locally neutral TOV treatment at frequency f = 852Hz and f = 1900Hz.

The total rotating gravitational mass is M = 0.67M� and M = 2.78M�, the central density

ρc = 1.445ρnuc and ρc = 6ρnuc (left and right panels). The contours are the lines of constant

density. The inner contour is the core-inner crust interface, corresponding to the nuclear

density; the outer contour is the stellar surface, and the middle (intermediate) contour cor-

responds to the neutron drip density corresponding to the inner-outer crusts interface.
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Figure 13. Cross section in the plane passing through the rotation axis of a neutron star with

the new globally neutral equilibrium configurations presented in Refs. [12] at frequency

f = 986Hz and f = 1942Hz. The total rotating gravitational mass is M = 0.488M� and

M = 2.763M�, the central density ρc = 1.445ρnuc and ρc = 6ρnuc (left and right panels).

The contours are the lines of the constant density. The inner contour is the core-crust

interface (corresponds to the nuclear and neutron drip densities); the outer contour is the

stellar surface.
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Figure 14. Radius versus central density for globally neutral configuration. All dashed

curves are for the static configurations. All solid curves are the equatorial radii for the

Keplerian sequence.
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Figure 15. Radius versus central density for the locally neutral configuration. All dashed

curves are for the static configurations. All solid curves are the equatorial radii for the

Keplerian sequence.
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7.2. Rotational to Gravitational Energy Ratio

Other property of the star related to the centrifugal deformation of the star is the ratio

between the gravitational energy and the rotational energy of the star. The former is given

by Eq. (28), whereas the latter is

T =
1

2
IΩ2 +O(Ω4), (36)

In Fig. 16 we plot the dependence of the ratio T/|W | on the central density. As central

density increases so does the angular velocity, hence the ratio T/|W | also increases.
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Figure 16. Rotational to gravitational binding energy ratio versus central density along the

Keplerian sequence both for the global (red) and local (blue) charge neutrality.

7.3. Angular Momentum and Quadrupole Moment

The angular momentum versus central density is shown in Fig. 17. Here the angular mo-

mentum in both global and local neutrality cases are similar. Instead the nonlinear depen-

dence of the angular momentum on the angular velocity in Fig. 18.

In Fig. 19 we show the quadrupole moment, Q given by Eq. (16), as a function of

the central density for both globally and locally neutral neutron stars along the Keplerian

sequence.We have normalized the quadrupole moment Q to the quantity MR2 of the non-

rotating configuration with the same central density.

8. Observational Constraints

According to observations, the most recent and stringent constraints to the mass-radius

relation of neutron stars are provided from data of pulsars by the values of the largest mass,

the largest radius, the highest rotational frequency, and the maximum surface gravity. The

above mass-radius relations together with the constraints indicated by Trümper (2011) [47]

is shown in Fig. 20:
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Figure 17. Angular momentum as a function of the central density for both global (red) and

local (blue) charge neutrality cases.
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Figure 18. Angular momentum versus angular velocity for both global (red) and local (blue)

charge neutrality cases.

Up to now the largest neutron star mass measured with a high precision is the mass of

the 39.12 millisecond pulsar PSR J0348+0432, M = 2.01±0.04M� [1].

The largest radius is given by the lower limit to the radius of RX J1856-3754, as seen by

an observer at infinity R∞ = R[1−2GM/(c2R)]−1/2 > 16.8 km [48]; it gives the constraint

2GM/c2 > R−R3/(Rmin
∞ )2, where Rmin

∞ = 16.8 km.

The maximum surface gravity is obtained by assuming a neutron star of M = 1.4M� to

fit the Chandra data of the low-mass X-ray binary X7, it turns out that the radius of the star

satisfies R = 14.5+1.8
−1.6 km, at 90% confidence level, corresponding to R∞ = [15.64,18.86]

km, respectively [25].
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Figure 19. Total quadrupole moment versus central density along the Keplerian sequence

both for the global (red) and local (blue) charge neutrality cases. The quadrupole moment Q

is here in units of the quantity MR2 of the static configuration with the same central density.

The maximum rotation rate of a neutron star has been found to be νmax =
1045(M/M�)1/2(10km/R)3/2 Hz [29]. The fastest observed pulsar is PSR J1748-

2246ad with a rotation frequency of 716 Hz [26], which results in the constraint M ≥
0.47(R/10km)3M�.

From a technical or practical standpoint, in order to include the above observational

constraints in the mass-radius diagram it is convenient to rewrite them for a given range of

the radius (for instance, 6 km ≤ R ≤ 22 km) as follows:

1. The maximum mass:

M

M�
= 2.01. (37)

2. The maximum surface gravity:

M

M�
< 2.4×105 c2

G

R

M�
. (38)

3. The lower limit for the radius surface gravity:

M

M�
=

105

2

c2

G

R

M�

(

1−
R2

(Rmin
∞ )2

)

. (39)

4. In order to include the maximum rotation rate in the rotating mass-radius relation one

should construct a constant frequency sequence for the fastest spinning pulsar with 716 Hz.

For the sake of generality, we can just require that equilibrium models are bound by the

Keplerian sequence (see Refs. [4,16] for details). In all expressions above (37-39) the mass

is normalized with respect to the solar mass M� and the radius is expressed in km.

In Fig. 20 we superposed the observational constraints introduced by Trümper [47]

with the theoretical mass-radius relations presented here and in Belvedere et al. [2, 4] for

static and uniformly rotating neutron stars. Any realistic mass-radius relation should pass
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Figure 20. Observational constraints on the mass-radius relation given by Ref. [47] and

the theoretical mass-radius relation presented in Refs. [2, 12, 4]. The red curves represent

the configuration with global charge neutrality, while the blue curves represent the config-

uration with local charge neutrality. The pink-red line and the light-blue line represent the

secular axisymmetric stability boundaries for the globally neutral and the locally neutral

case, respectively. The red and blue solid curves represent the Keplerian sequences and the

red and blue dashed curves represent the static cases.

through the area delimited by the solid black, the dotted-dashed black, the dotted curves

and the Keplerian sequences. From here one can clearly see that the above observational

constraints show a preference on stiff EoS that provide largest maximum masses for neutron

stars. From the above constraints one can infer that the radius of a canonical neutron star of

mass M = 1.4M� is strongly constrained to R≥ 12 km, disfavoring at the same time strange

quark matter stars. It is evident from Fig. 20 that mass-radius relations for both the static

and the rotating case presented here, are consistent with all the observational constraints.

In Table 2 we show the radii predicted by our mass-radius relation both for the static and

the rotating case for a canonical neutron star as well as for the most massive neutron stars

discovered, namely, the millisecond pulsar PSR J1614–2230 [17], M = 1.97±0.04M�, and

the most recent PSR J0348+0432, M = 2.01±0.04M� [1].

Along with the observational constraints one should also take into account the theoret-

ical constraints on the mass-radius relations of neutron stars [14]. Indeed only theoretical

estimations give the upper and lower bounds for all quantities, describing the properties of

neutron stars, to be measured from observations.
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Table 2. Radii for a canonical neutron star of M = 1.4M� and for PSR J1614–2230 [17],

M = 1.97±0.04M�, and PSR J0348+0432 [1], M = 2.01±0.04M�. These configura-

tions are computed under the constraint of global charge neutrality and for a density

at the edge of the crust equal to the neutron drip density. The nuclear parametriza-

tions NL3 has been used
M(M�) RJ=0 (km) R

J 6=0
eq (km)

1.40 12.313 13.943

1.97 12.991 14.104

2.01 13.020 14.097

Concluding Remarks

The equilibrium configurations of static and uniformly rotating neutron stars in both global

and local charge neutrality cases have been constructed. To achieve this goal the Hartle

approach has been applied to the seed static solution, derived from the integration of the

Einstein-Maxwell-Thomas-Fermi equations [2]. All physical quantities such as the static

and rotating masses, polar and equatorial radii, eccentricity, angular momentum, moment of

inertia, quadrupole moment, rotational kinetic energy and gravitational binding energy have

been calculated as functions of the central density and the angular velocity of the neutron

star.

In order to investigate only stable configurations of rotating neutron stars the Keplerian

mass-shedding limit and the secular axisymmetric instability have been analyzed. This

allowed one to construct the stability region, the boundary inside which all stable uniformly

rotating neutron stars can be found. In addition the fitting formulas have been obtained for

the secular instability boundary in Eqs. (30) and (31) for global and local charge neutrality,

respectively. With these analyses the maximum mass and maximum rotation frequency of

the neutron star have been established.

In order to favor or disfavor some models of neutron stars the current observational

constraints on the mass-radius relations related to the maximum observed mass, maximum

surface gravity, largest mass, maximum rotation frequency have been analyzed. All these

constraints are of paramount importance not only in the physics of neutron stars, but also in

nuclear physics to test theoretical hypothesis and assumptions made in the construction of

the equations of state. As a result all observations favor stiff equations of state as indicated

in Ref. [50].

Finally, the results of this chapter have their immediate astrophysical implications in

the physics of compact objects, gravitational waves, short and long gamma ray burst, X-

ray phenomena occurring in the accretion disks around neutron stars such as quasi periodic

oscillations [31, 30, 36, 13, 15, 33, 42]. Combining both the theory of compact objects and

observational data from different phenomena one can infer information not only on the

properties and parameters of neutron stars, but also constrain the equations of state, thus

probe the nuclear physics theories [2,4,5,14,50].
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Abstract

We review the problem of describing the gravitational field of compact stars in

general relativity. We focus on the deviations from spherical symmetry which are

expected to be due to rotation and to the natural deformations of mass distributions.

We assume that the relativistic quadrupole moment takes into account these deviations,

and consider the class of axisymmetric static and stationary quadrupolar metrics which

satisfy Einstein’s equations in empty space and in the presence of matter represented

by a perfect fluid. We formulate the physical conditions that must be satisfied for

a particular spacetime metric to describe the gravitational field of compact stars. We

present a brief review of the main static and axisymmetric exact solutions of Einstein’s

vacuum equations, satisfying all the physical conditions. We discuss how to derive

particular stationary and axisymmetric solutions with quadrupolar properties by using

the solution generating techniques which correspond either to Lie symmetries and

Bäckund transformations of the Ernst equations or to the inverse scattering method

applied to Einstein’s equations. As for interior solutions, we argue that it is necessary

to apply alternative methods to obtain physically meaningful solutions, and review a

method which allows us to generate interior perfect-fluid solutions.
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1. Introduction

One of the most important solutions of Einstein’s equations is the stationary axisymmetric

Kerr solution which in Boyer-Lindquist coordinates reads [1]

ds2 =
(∆−a2 sin2 θ)

Σ
dt2− 2asin2 θ(r2 +a2 −∆)

Σ
dtdϕ (1)

−
[

(r2 +a2)2 −∆a2 sin2 θ

Σ

]

sin2 θdϕ2 − Σ

∆
dr2−Σdθ2, (2)

where

∆ = r2 −2mr +a2 , Σ = r2 +a2 cos2 θ . (3)

This solution describes the exterior gravitational field of a mass m with specific angular

momentum a = J/m. It is asymptotically flat and reduces to the Minkowski metric in

the limit m = 0 and a = 0, and to the Schwarzschild metric in the limit a = 0. The Kerr

spacetime is characterized by the presence of a curvature singularity determined by the

equation

r2 +a2 cos2 θ = 0 (4)

which corresponds to a ring located on the equatorial plane θ = π/2. This ring singularity,

however, cannot be observed from outside because it is covered by a horizon located on a

sphere of radius

rh = m+
√

m2 −a2 . (5)

Since no information can be extracted from behind the horizon, an external observer will

never be aware about the existence of the ring singularity. In this sense, the singularity can

be considered as non-existing for observers located outside the horizon. The Kerr spacetime

can be therefore interpreted as describing the exterior gravitational field of a rotating black

hole. Furthermore, the black hole uniqueness theorems [2] state that the Kerr spacetime

is the most general vacuum solution that corresponds to a black hole. In other words, to

describe a black hole, we only need two parameters, namely, mass and angular momentum.

In the case a2 > m2, no horizon exists and the ring singularity becomes naked. How-

ever, several studies [3–5] show that in realistic situations, where astrophysical objects are

surrounded by accretion disks, a Kerr naked singularity is an unstable configuration that

rapidly decays into a Kerr black hole. Furthermore, it now seems to be well established that

in generic situations a gravitational collapse cannot lead to the formation of a Kerr naked

singularity. These results seem to indicate that rotating Kerr naked singularities do not exist

in Nature. Again, these results corroborate that the Kerr spacetime describes rotating black

holes.

From an astrophysical point of view, black holes belong to the class of compact objects

which include also neutron stars and white dwarfs. The question arises whether the Kerr

metric can also be used to describe the exterior gravitational field of neutron stars and white
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dwarfs. To try to answer this question, let us recall that from the point of view of general

relativity, the gravitational field of a compact source should be described by a complete

Riemannian differential manifold, i.e., it should include an exterior metric and an interior

metric as well. Let us suppose for a moment that the Kerr spacetime describes the exterior

field of all compact objects, and consider the interior counterpart. In the case of black holes,

in which the matter content of the original star has collapsed to form a curvature singularity,

we argue that it is not possible to find the interior counterpart within the framework of

classical general relativity. Indeed, since all the information about the internal structure of a

black hole is located inside the singularity, where the classical theory is not valid any more,

we should apply an alternative theory that must take into account the effects of gravity under

extreme pressures and densities, as intuitively expected at the singularities. Such a theory

could be quantum gravity which, in the best case, is still under construction. This argument

implies that the quantum interior counterpart of the Kerr metric is well beyond our reach in

the short term.

Consider now the interior field of neutron stars and white dwarfs. An interior metric

should describe an equilibrium structure, probably a fluid, bounded by a surface of zero

pressure and matched across this surface to the exterior Kerr metric. The search for such

an interior solution has been conducted for over 50 years, and not even a single physical

meaningful solution has been found to date. Many arguments can be found to explain this

negative result, especially, regarding the relatively simple models used to describe the inter-

nal structure of such compact stars. Nevertheless, if we consider a more elaborated internal

model, the mathematical complexity of the field equations and the matching conditions usu-

ally increases as well, implying that the possibility of solving the problem decreases. This

is probably the reason why the search for physically meaningful interior solutions has not

been very successful. In our opinion, the simplest solution to this problem is to assume that

the Kerr metric does not describe the exterior field of rotating compact objects, but black

holes. This is exactly the working hypothesis we will assume henceforth.

The question arises: What metric should we use to describe the exterior field of neutron

stars and white dwarfs? The black hole uniqueness theorems [2] sheds some light on how

to look for an answer to this question. In fact, black holes are described by only the mass

m and the angular momentum J. From the point of view of the multipole structure of

exact vacuum solutions (for a review see, for instance, [6]), this is equivalent to saying that

only the lowest multipoles are present in black holes, namely, the mass monopole m and

the angular-momentum dipole J. Then, it seems reasonable to include higher moments in

order to describe the exterior field of compact objects, other than black holes. The simplest

choice to begin with is the mass quadrupole. Consequently, we assume in this work that

to describe the exterior field of neutron stars and white dwarfs, we need a vacuum metric

with three physical parameters, namely, mass m, angular momentum J, and quadrupole q1.

From a physical point of view, it is also reasonable to consider the mass quadrupole as

an additional parameter, because it represents the natural deviations of a mass distribution

from the ideal spherical symmetry. In other words, we assume that in the case of neutron

stars and white dwarfs, it is not possible to neglect the gravitational field generated by the

1Of course, one could also include higher multipoles like the mass octupole, the angular-momentum

quadrupole, etc. However, we limit ourselves here to the lowest non-ignorable multipole which is the mass

quadrupole.
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quadrupole, whereas in the case of black holes, the uniqueness theorems prove that the

quadrupole is zero.

On the other hand, since the uniqueness theorems are valid only in the case of mass and

angular momentum, with the Kerr metric as the only exact solution, there must exist several

exact solutions with mass, angular momentum and quadrupole. The main goal of this work

is to present a review and a brief description of the main exact vacuum solutions of Einstein

equations with mass quadrupole.

This chapter is organized as follows. In Sec. 3., we focus on static gravitational sources.

We present the field equations and describe the most important properties that a metric

should satisfy in order to describe the exterior field of a compact source. We present the

explicit form of the metrics that, to our knowledge, have been used in general relativity to

describe the field of static mass distributions. In Sec. 4., we study the rotating generaliza-

tions of the quadrupolar metrics. Then, in Sec. 5., we describe the uninspiring situation

in the case of interior solutions. Finally, in Sec. 6., we discuss the situation in general

and comment on the open problems regarding the description of the gravitational field of

neutron stars and white dwarfs.

2. The Gravitational Field of Compact Stars

To describe the exterior gravitational field it is necessary to obtain exact solutions of Ein-

stein’s equations in empty space. Since Einstein’s field equations are in general difficult to

handle, especially when the aim is to obtain physically meaningful solutions, it is necessary

to assume the validity of certain physical conditions about the problem under consideration.

We assume that the gravitational field of compact stars do not change drastically in time so

that stationarity can be adopted. In general, we know from observations that this condition

is satisfied in most astrophysical objects. Moreover, the assumption of stationarity does not

exclude the possibility of rotation which is an important characteristic of all known compact

stars. To consider the deviations of the mass distribution from spherical symmetry, we will

assume the existence of an axis of symmetry which for the sake of simplicity is supposed

to coincide with the axis of rotation. Moreover, to take into account the deformations of the

mass distribution with respect to the axis of symmetry, we will consider only the quadrupole

moment.

The above assumptions imply that we must focus our analysis on the case of station-

ary axisymmetric gravitational fields. The corresponding line element in the case of empty

space is known as the Weyl-Lewis-Papapetrou [7–9] line element that in cylindrical coor-

dinates can be written as [10]

ds2 = f (dt−ωdϕ)2 − 1

f

[

e2γ(dρ2 +dz2)+ρ2dϕ2
]

. (6)

Here t and ϕ are the coordinates associated to the Killing vector fields ηI = ∂t and ηII =
∂ϕ which represent stationarity and axial symmetry, respectively. The functions f , ω and

γ depend on the spatial coordinates ρ and z. A straightforward computation shows that

Einstein’s vacuum field equations reduce in this case to

f ( fρρ + fzz +ρ−1 fρ)− f 2
ρ − f 2

z +ρ−2 f 4(ω2
ρ +ω2

z ) = 0 , (7)
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f (ωρρ +ωzz −ρ−1ωρ)+2 fρωρ +2 fzωz = 0 , (8)

γρ =
1

4
ρ f−2( f 2

ρ − f 2
z )− 1

4
ρ−1 f 2(ω2

ρ −ω2
z ) , (9)

γz =
1

2
ρ f−2 fρ fz −

1

2
ρ−1 f 2ωρωz , (10)

where fρ = ∂ f/∂ρ, etc. From this set of equations it follows that f and ω can be consid-

ered as the main metric functions since γ can be calculated by quadratures once the main

functions are known.

2.1. The Ernst Representation

Although the field equations are apparently highly non-linear and complicated, it turned

out that they are characterized by an internal symmetry related to the Lie transformations of

differential equations. The investigation of this internal symmetry led to the formulation of

modern solution generating techniques which, when formulated in an appropriate manner,

allow us to generate new solutions from known ones [11].

The starting point for the understanding of the Lie transformations was the Ernst [12]

representation of the field equations. Ernst proposed a simple Lagrangian density from

which the field equations can be derived. Moreover, Ernst’s Lagrangian can be derived from

the Einstein-Hilbert Lagrangian and, in fact, similar representations [13] can be derived for

any gravitational fields with two commuting Killing vector fields, for example, for Einstein-

Rosen gravitational waves or inhomogeneous cosmological Gowdy models. In the case

under consideration, it can be shown that the Einstein-Hilbert action can be reduced to the

form

LEH =
ρ

2 f 2

(

f 2
ρ + f 2

z +Ω2
ρ +Ω2

z

)

+boundary terms , (11)

where the new function Ω is defined by the relationships

ρΩρ = f 2ωz , ρΩz = − f 2ωρ . (12)

Neglecting the boundary terms, the above action can be expressed as

LEH =
ρ

2 f 2

[

(D f )2 +(DΩ)2
]

=
ρ

2 f 2
(DE)(DE∗) , E = f +iΩ , D = (∂ρ,∂z) ,(13)

where E is the Ernst potential which is complex for stationary fields and real in the limiting

static case (Ω = 0). Finally, it can be shown that the main field equations can be obtained

as

δLEH

δ f
= 0 ,

δLEH

δΩ
= 0 ⇔ δLEH

δE
= 0 . (14)

Clearly, the compactness and simplicity of Ernst’s formulation is very useful for inves-

tigating the field equations. For instance, from (13) it can be seen that the transformation

E → eiτE, with τ = const, does not affect the Lagrangian and, consequently, the field equa-

tions. It follows that this “gauge" transformation can be used to generate new solutions. In
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fact, it is known that the Kerr-NUT (Newman-Unti-Tamburino) solution can be obtained

from the Kerr solution by applying a “gauge" transformation. A further computational ad-

vantage of the use of the Ernst representation is that it is coordinate invariant in the sense

that in order to analyze it in a different coordinate system, one only needs to calculate the

explicit form of the vector operator D in the new coordinates.

Finally, we would like to mention that the Ernst representation reproduces only par-

tially Einstein’s equations because it includes only the main functions f and ω. The metric

function γ does not appear in the reduced Lagrangian (11) because it turns out to be a cyclic

coordinate in the Einstein-Hilbert Lagrangian which is absorbed by a Legendre transfor-

mation. However, it is possible to interpret the reduced Lagrangian as determining the

action of a generalized harmonic map from which the equations for the function γ can be

recovered [14].

2.2. Physical Conditions

One can find many stationary axisymmetric solutions of Einstein’s equations, but not all

them are necessarily suitable to describe the gravitational field of compact stars. Several

physical conditions must be imposed which can be described as follows.

(i) The spacetime must be asymptotically flat. This means that far away from the source

the gravitational field should be negiglible small, and can be described approximately

by the Minkowski metric.

(ii) The spacetime must be elementary flat, i.e., the axis of symmetry must be free of

conical singularities. This property means that the coordinate ϕ is a well-defined

angle coordinate that can be used to represent the rotation of the compact star.

(iii) The spacetime must be free of singularities outside the surface of the star. Curvature

singularities can exist inside the surface where the vacuum solution is not valid any

more and, instead, an interior solution should exist that “covers” the singularity.

(iv) The spacetime must be free of horizons in order to be in accordance with the black

hole uniqueness theorems.

(v) The solution must reduce to the Minkowski metric in the limiting case when the

mass monopole vanishes, independently of the values of the remaining parameters.

This condition guarantees that there are no rotations and no deviations from spherical

symmetry without the presence of a physical mass distribution.

(vi) The solution must be matched with a physically meaningful interior solution across

the surface of the star where the pressure and the density of the interior configuration

should vanish.

The fulfillment of these conditions represents the real challenge for describing the grav-

itational field of compact stars. Whereas there many metrics that can be used to represent

the exterior field, the interior counterparts are still unknown.
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2.3. Prolate Spheroidal Coordinates

Any exact solution of Einstein’s equations can be written in many equivalent ways by using

different coordinate systems. Nevertheless, some coordinate systems are specially adapted

to the geometric properties of the field configurations. In the case of stationary axisym-

metric solutions, the system of prolate spheroidal coordinates has been used extensively in

the scientific literature to represent several important particular solutions. In this case, the

general line element can be expressed as

ds2 = f (dt −ωdϕ)2

− σ2

f

[

e2γ(x2−y2)

(

dx2

x2 −1
+

dy2

1−y2

)

+(x2 −1)(1−y2)dϕ2

]

, (15)

where all the metric functions depend on x and y, only. The simplest way to represent the

corresponding field equations in this case is by using the complex Ernst potentials

E = f + iΩ , ξ =
1−E

1+E
, (16)

where the function Ω is now determined by the equations

σ(x2 −1)Ωx = f 2ωy , σ(1−y2)Ωy = − f 2ωx . (17)

Then, one can show that the main field equations can be represented in a compact and

symmetric form as

(ξξ∗−1)
{

[(x2−1)ξx]x +[(1−y2)ξy]y
}

= 2ξ∗[(x2−1)ξ2
x +(1−y2)ξ2

y] , (18)

where the asterisk represents complex conjugation. Notice that in the case of static fields the

Ernst potentials become real and the above equation generates a linear differential equation

for ψ = (1/2) ln f for which the general solution can be obtained. Moreover, it is easy to

see that equation (18) is invariant with respect to the transformation x ↔ y. This simple

symmetry property can be used to generate new solutions. Indeed, consider the particular

solution

ξ =
1

x
→ Ω = 0 → ω = 0 → f =

x−1

x+1
, γ =

1

2
ln

x2 −1

x2 −y2
(19)

which can be shown to represent the Schwarzschild spacetime. Then, the function ξ−1 = y

is also an exact solution. Furthermore, if we take the linear combination ξ−1 = c1x + c2y,

with arbitrary constants c1 and c2, and introduce it into the field equation (18), we obtain

the new solution

ξ−1 =
σ

m
x+ i

a

m
y , σ =

√

m2 −a2 , (20)

which corresponds to the Kerr metric in prolate spheroidal coordinates. The corresponding

metric functions are

f =
c2x2 +d2y2 −1

(cx+1)2 +d2y2
, ω = 2a

(cx+1)(1−y2)

c2x2 +d2y2 −1
,

γ =
1

2
ln

(

c2x2 +d2y2 −1

c2(x2 −y2)

)

, c =
σ

m
, d =

a

m
, c2 +d2 = 1 . (21)
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3. Static Quadrupolar Metrics

The simplest case of a multipolar spacetime is described by the Schwarzschild metric which

possesses only the mass monopole. Birkhoff’s theorem [10] guarantees that this metric is

unique. Furthermore, from a physical point of view, one expects that a dipole moment can

be made to vanish by an appropriate coordinate transformation which, in the Newtonian

limit, corresponds to locating the origin of spatial coordinates on the center of mass of

the object. The next interesting configuration consists of a mass with quadrupole moment.

In this case, no uniqueness theorem exists and, therefore, we can expect that Einstein’s

equations permit the existence of several solutions describing such a gravitational system.

Indeed, several exact solutions are known.

Weyl [7] found the most general static axisymmetric asymptotically flat solution in

cylindrical coordinates (6)

ln f = 2
∞

∑
n=0

an

(ρ2 + z2)
n+1

2

Pn(cosθ) , cosθ =
z

√

ρ2 + z2
, (22)

where an (n = 0,1, ...) are arbitrary constants, and Pn(cosθ) represents the Legendre poly-

nomials of degree n. As mentioned above, the metric function γ can be calculated by quadra-

tures. Then, we obtain [10]

γ = −
∞

∑
n,m=0

anam(n+1)(m+1)

(n+m+2)(ρ2 + z2)
n+m+2

2

(PnPm −Pn+1Pm+1) . (23)

The set of parameters an essentially determines the set of mass multipoles Mn as computed

by using the Geroch-Hansen definition [15–17], for instance. Then, a configuration com-

posed of a mass and a quadrupole can be written as

1

2
ln f =

a0

(ρ2 + z2)1/2
+

a2

(ρ2 + z2)3/2
P2(cosθ) (24)

The first term is called the Chazy-Curzon metric [10] and describes the field of two parti-

cles located along the symmetry axis with a curvature singularity among them, i.e., it corre-

sponds to a strut located along the axis. The second term can be considered as representing

a quadrupole deformation of the strut. Far away from the source, the Chazy-Curzon metric

leads to the Newtonian potential of a point particle. One could therefore expect that in the

Newtonian limit the second term generates a quadrupole moment. From a physical point

of view, one would expect that close to a non-rotating compact star with no quadrupole,

the metric is spherically symmetric. We see that the above Weyl metric does not satisfy

this condition. We therefore conclude that it cannot be used to describe the exterior field of

compact stars.

To our knowledge, Erez and Rosen [18] found the first quadrupolar metric which

reduces to the Schwarzschild metric in the limit of vanishing quadrupole. In prolate

spheroidal coordinates (15) it can be expressed as (q2 is a constant)

ln f = ln
x−1

x+1
+q2(3y2 −1)

[

1

4
(3x2−1) ln

x−1

x+1
+

3

2
x

]

, (25)
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γ =
1

2
(1+q2)

2 ln
x2 −1

x2 −y2
− 3

2
q2(1−y2)

(

x ln
x−1

x+1
+2

)

+
9

16
q2

2(1−y2)

[

x2 +4y2 −9x2y2 − 4

3

+x

(

x2 +7y2 −9x2y2 − 5

3

)

ln
x−1

x+1

+
1

4
(x2 −1)(x2 +y2 −9x2y2 −1) ln2 x−1

x+1

]

. (26)

In the limiting case q2 → 0, the Erez-Rosen metric reduces to the Schwarzschild metric,

as expected for a compact star. In general, this solution is asymptotically flat and free of

singularities outside the spatial region determined by x = 1, which in the case of vanish-

ing quadrupole corresponds to the Schwarzschild radius. It also satisfies the condition of

elementary flatness. From this point of view, the Erez-Rosen solution satisfies all the condi-

tions to describe the exterior field of a deformed mass with quadrupole moment. However,

no interior solution is known that could be matched with the exterior metric on the surface

of the body.

Gutsunayev and Manko [19] derived the following exact static solution (A2 is a con-

stant)

ln f = ln
x−1

x+1
+2A2

x(x2 −3x2y2 +3y2 −y4)

(x2 −y2)3
, (27)

γ =
1

2
ln

x2 −1

x2 −y2
+

A2(1−y2)

2(x2−y2)4
[3(1−5y2)(x2 −y2)2

+8y2(3−5Y2)(x2 −y2)+24y4(1−y2)]+
A2

2(1−y2)

8(x2 −y2)8

×[−12(1−14y2 +25y4)(x2 −y2)5 +3(3−153y2

+697y4−675y6)(x2 −y2)4

+32y2(9−105y2 +259y4 −171y6)(x2−y2)3

+32y4(45−271y2 +451y4 −225y6)(x2 −y2)2

+2304y6(1−4y2 +5y4 −2y6)(x2−y2)

+1152y8(1−3y2 +3y4 −y6)] . (28)

Although at first glance these two solutions look quite different, it is possible to show [20]

that if we choose the parameters as

A2 =
1

15
q2 , (29)

the quadrupole moment of both metrics coincide, but differences appear at the level of the

24-pole moment.
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A different quadrupolar metric was derived by Hernández-Pastora and Martí [21] which

is also given in prolate spheroidal coordinates:

ln f = ln
x−1

x+1
+

5

4
B2

{

3

4
[(3x2−1)(3y2 −1)−4] ln

x−1

x+1
− 2x

x2 −y2
+

3

2
x(3y2 −1)

}

.(30)

As in the previous cases, the corresponding γ function can be calculated by quadratures by

using the explicit for of f only. The resulting expression is quite complicated. We refer to

the original paper for the explicit expression. In the above solution, the constant parameter

B2 essentially determines the quadrupole moment of the mass distribution.

Recently, in [22], the multipole moment structure of the above solutions with free pa-

rameters q2, A2 and B2 was investigated in detail with the result that the Geroch quadrupole

moment of all three metrics can be made to coincide by choosing the free parameters appro-

priately. On the other hand, it is known that in general relativity, stationary and axisymmet-

ric vacuum spacetimes can be completely characterized by their multipolar structure and if

two spacetimes have the same moments, then they represent essentially the same spacetime.

If then follows that the above metrics with free parameters q2, A2 and B2 are in fact the same

spacetime, if we consider only the quadrupole moment. However, if higher moments are

taken into account, differences appear that make the three metrics different from a physical

point of view.

As can be seen from the above expressions, the explicit form of the known quadrupolar

metrics is not simple, usually making them difficult to be analyzed. In a recent work [23],

we proposed an alternative solution as the simplest generalization of the Schwarzschild

solution which contains a quadrupole parameter q. In spherical coordinates, it has the

simple and compact expression

ds2 =

(

1− 2m

r

)1+q

dt2−
(

1− 2m

r

)−q

×
[

(

1+
m2 sin2 θ

r2−2mr

)−q(2+q)
(

dr2

1− 2m
r

+ r2dθ2

)

+ r2 sin2 θdϕ2

]

. (31)

This solution is obtained from the Schwarzschild metric by applying a Zipoy-Voorhees

transformation [24, 25]. In the literature, for notational reasons this solution is known as

the δ−metric or as the γ−metric [26]. Instead, we propose to use the term quadrupole met-

ric (q−metric) to emphasize the role of the parameter q which determines the quadrupole

moment. Indeed, a straightforward computation of the Geroch multipole moments leads

to a monopole M0 = (1 + q)m and a quadrupole M2 = −m3

3
q(1 + q)(2 + q). If q = 0, we

obtain the limiting case of the Schwarzschild metric. Moreover, the free parameters m and

q can be chosen in such a way that the quadrupole moment M2 is negative (oblate objects)

or positive (prolate objects). Furthermore, one can easily show that this solution satisfies all

physical conditions mentioned in the previous section for exterior solutions. This implies

that it can be used to describe the exterior gravitational field of static compact stars. A de-

tailed analysis of the circular motion of test particles around a compact object described by

the q−metric shows that the presence of the quadrupole parameter can drastically change

the physical behavior of test particles, and the obtained effects corroborate the interpretation

of q as determining the deviation of the mass distribution from spherical symmetry [28].
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4. Stationary Quadrupolar Metrics

All the solutions presented in the previous section do not take into account an important

characteristic of compact objects, namely, the rotation. Realistic exact solutions should

contain at least one additional parameter that could be interpreted as rotation. In terms of

multipole moments, this means that the angular-momentum dipole should be nonzero. The

first exact solution with a non-trivial angular-momentum dipole was discovered by Kerr in

1963. Soon after, Ernst proposed a general representation for stationary and axisymmetric

vacuum and electrovacuum spacetimes that allowed researchers in this field to derive a new

type of internal symmetries of the field equations. As a result, some solution generating

techniques [10] were developed whose main objective is to generate new solutions from

known ones.

The first generating methods such as the Kerr-Schild Ansatz, the complex Newman-

Janis Ansatz, and the Hamilton-Jacobi separability procedure were limited to generate only

the (charged) Kerr-NUT (Newman-Unti-Tamburino) class of stationary solutions. Never-

theless, the simple and compact Ernst representation was used by Tomimatsu and Sato and

Yamazaki and Hori to find exact solutions with a particular functional dependence for the

Ernst potential. Furthermore, Ernst developed two generating methods that were general-

ized by Kinnersley [10].

All the early methods were based on particular symmetries of the field equations. The

discovery of Lie symmetries of the Ernst representation in the late seventies determined the

starting point for the development of modern solution generating techniques. All the sym-

metry transformations of the field equations involve in general an infinite dimensional group

of transformations. One of the main difficulties was to isolate only those transformations

that preserve asymptotic flatness and do not generate unphysical curvature singularities a

priori. Finally, Hoenselaers, Kinnersley and Xanthopoulos found subgroups of the Geroch

group which preserve asymptotic flatness and can easily be extrapolated by purely algebraic

methods.

Particular cases of Bäcklund transformations of the Ernst equations were found by Har-

rison and Neugebauer. Bäcklund transformations were first used to generate asymptotically

flat solutions, using the Minkowski metric as seed solution. In general, it can be shown that

the generated solution is asymptotically flat, if this is also a property of the seed solution.

A different method was proposed by Belinsky and Zakharov in which the nonlinear

Einstein field equations are represented as a linear eigenvalue problem which can be solved

by means of the inverse scattering method. This method allows one to generate solitonic

solutions, one of which corresponds to the Kerr-NUT solution.

All the above methods imply several detailed procedures with quite complicated calcu-

lations. A particularly simple and different method was developed by Sibgatullin [29] in

which only the value of the Ernst potential on the axis of symmetry is required in order to

calculate the general form of the potential from which the corresponding metric can be cal-

culated. Suppose that the Ernst potential in cylindrical coordinates is given as an arbitrary

function e(z) on the axis ρ = 0. Then, the Ernst potential for the entire spacetime can be

calculated as

E(ρ, z) =
1

π

Z +1

−1

e(ξ)µ(σ)√
1−σ2

dσ , (32)
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where ξ = z+ iρσ and the unknown function µ(σ) satisfies the singular integral equation

Z +1

−1

µ(σ)[e(ξ)+e∗(η∗)]

(σ−τ)
√

1−σ2
dσ = 0 , (33)

and the normalizing condition

Z +1

−1

µ(σ)√
1−σ2

dσ = π , (34)

where η = z+ iρτ, and the asterisk represents complex conjugation. This method has been

used to generate several stationary and axisymmetric solutions [30,31] which satisfy all the

conditions to describe the exterior field of neutron stars and are in accordance with a series

of observations. These solutions are characterized by a finite number of parameters which

are interpreted in terms of multipoles. For instance, the most general solution of this class

has six parameters and is determined on the axis by the Ernst potential [31]

e(z) =
z3 − (m+ ia)z2 −kz+ is

z3 +(m− ia)z2 −kz+ is
, (35)

which contains four parameters. An additional function corresponding to the electromag-

netic potential on the axis contains the two remaining parameters. In the case of vanishing

electromagnetic field (s = 0) and rotation (a = 0), this solution reduces to a particular static

Tomimatsu-Sato solution which can be shown to be equivalent to the q−metric with q = 1,

so that the quadrupole moment is entirely determined by the mass monopole. In the station-

ary case (a 6= 0), the mass quadrupole is M2 =−1/4m(m2−a2) and depends on the rotation

parameter and the mass monopole. This indicates that deviations from spherical symmetry

are due to rotation only and there is no parameter that could be changed in order to mod-

ify the deviations. In the case of all the static metrics mentioned above, there is always a

free quadrupole parameter (q2, A2, B2 or q) that is responsible for the deviations. This can

be interpreted as an indication that metrics with arbitrary quadrupole could describe more

general configurations of compact stars.

Most stationary and axisymmetric solutions in empty space have been obtained by us-

ing the solution generating methods mentioned above. Here, we present the explicit expres-

sions for a stationary metric which can be interpreted as a rotating Erez-Rosen spacetime.

This metric has been obtained by applying Lie transformations on the Erez-Rosen metric

under the condition that the properties of asymptotic flatness and elementary flatness are

preserved. In prolate spheroidal coordinates, the metric functions can be written as [32–34]

f =
R

L
e−2q2P2Q2 ,

ω = −2a−2σ
M

R
e2q2P2Q2 ,

e2γ =
1

4

(

1+
m

σ

)2 R

x2 −y2
e2γ̂ , (36)
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where

R = a+a− +b+b− , L = a2
+ +b2

+ ,

M = αx(1−y2)(e2q2δ+ +e2q2δ−)a+ +y(x2 −1)(1−α2e2q2(δ++δ−))b+ ,

γ̂ =
1

2
(1+q2)

2 ln
x2 −1

x2 −y2
+2q2(1−P2)Q1 +q2

2(1−P2)

[

(1+P2)(Q2
1−Q2

2)

+
1

2
(x2−1)(2Q2

2 −3xQ1Q2 +3Q0Q2 −Q′
2)

]

. (37)

Here Pl(y) and Ql(x) are Legendre polynomials of the first and second kind, respectively.

Furthermore

a± = x(1−α2e2q2(δ++δ−))± (1+α2e2q2(δ++δ−)) ,

b± = αy(e2q2δ+ +e2q2δ−)∓α(e2q2δ+ −e2q2δ−) ,

δ± =
1

2
ln

(x±y)2

x2 −1
+

3

2
(1−y2 ∓xy)+

3

4
[x(1−y2)∓y(x2 −1)] ln

x−1

x+1
,

the quantity α being a constant

α =
σ−m

a
, σ =

√

m2 −a2 . (38)

The physical significance of the parameters entering this metric can be established by

calculating the Geroch-Hansen [15–17] multipole moments

M2k+1 = J2k = 0 , k = 0,1,2, ... (39)

M0 = m , M2 = −ma2 +
2

15
q2m3

(

1− a2

m2

)3/2

, ... (40)

J1 = ma , J3 = −ma3 +
4

15
q2m3a

(

1− a2

m2

)3/2

, .... (41)

The vanishing of the odd gravitoelectric (Mn) and even gravitomagnetic (Jn) multipole mo-

ments is a consequence of the symmetry with respect to the equatorial plane θ = π/2. It

follows from the above expressions that m is the total mass of the gravitational source, a

represents the specific angular momentum, and q2 is related to the deviation from spherical

symmetry. All higher multipole moments can be shown to depend only on the parameters

m, a, and q2. The above solution coincides with the Kerr metric in the limiting case q2 = 0,

and with the Erez-Rosen metric for a = 0. It also satisfies all the physical conditions men-

tioned in the previous section. Therefore, it can be used to describe the exterior field of

compact stars.

In the previous section, we presented the q−metric as the simplest generalization of

the Schwarzschild metric which contains a free quadrupole parameter. Therefore, it can

be expected that the stationary generalizations of the q−metric should also have a simple

representation. To show this, we apply a particular Lie transformation to the Ernst potential

E =

(

x−1

x+1

)1+q

(42)
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of the q−metric in prolate spheroidal coordinates. To obtain the explicit form of the new

stationary Ernst potential, we use the solution generating techniques that allow us to gen-

erate stationary solutions from a static solution. The procedure involves several differential

equations which must be solved under the condition of asymptotic flatness. Here, we only

present the final expression for the new Ernst potential [35]

E =

(

x−1

x+1

)q
x−1+(x2 −1)−qd+

x+1+(x2 −1)−qd−
, (43)

where

d± = α2(1±x)h+h− + iα[y(h+ +h−)± (h+ −h−)] , (44)

h± = (x±y)2q , x =
r

m
−1 , y = cosθ . (45)

The new parameter α is introduced by the Lie transformation. As expected, we obtain the

q−metric in the limiting case α = 0. The behavior of the Ernst potential shows that this

new solution is asymptotically flat. The corresponding metric functions corroborate this

result. Furthermore, the behavior of the new potential near the axis, y = ±1, shows that the

spacetime is free of singularities outside a spatial region determined by the radius xs = m
σ ,

which in the case of vanishing α, corresponds to the exterior singularity situated at rs = 2m.

The expression for the Kretschmann scalar shows that the outermost singularity is situated

at xs = m
σ . Inside this singular hypersurface, several singular structures can appear that

depend on the value of q and σ.

The coordinate invariant multipole moments as defined by Geroch and Hansen [15–17]

can be found by using a procedure proposed in [6] that allows us to perform the compu-

tations directly from the Ernst potential. In the limiting case q = 0, with α = σ−m
a

, the

resulting multipoles are

M2k+1 = J2k = 0 , k = 0,1,2, ... (46)

M0 = m , M2 = −ma2 , ... (47)

J1 = ma , J3 = −ma3 , .... (48)

which are exactly the mass Mn and angular Jn multipole moments of the Kerr solution. In

the general case of arbitrary q parameter, we obtain the following multipole moments

M0 = m+σq , (49)

M2 =
7

3
σ3q− 1

3
σ3q3 +mσ2 −mσ2q2 −3m2σq−m3 , (50)

J1 = ma+2aσq , (51)

J3 = −1

3
a(−8σ3q+2σ3q3 −3mσ2 +9mσ2q2 +12m2σq+3m3) . (52)

The even gravitomagnetic and the odd gravitoelectric multipoles vanish identically because

the solution is symmetric with respect to the equatorial plane y = 0. Moreover, higher odd



Quadrupolar Metrics 107

gravitomagnetic and even gravitoelectric multipoles are all linearly dependent since they

are completely determined by the parameters m, a, σ and q.

In this section, we have seen that there are several exact solutions with quadrupole mo-

ment that can be used to describe the exterior field of compact stars. This is in accordance

with the black hole uniqueness theorems because the presence of the quadrupole invali-

dates the conditions under which the theorems have been proved. On the other hand, all

the quadrupolar solutions must contain naked singularities, also as a consequence of the

black hole uniqueness theorems. In the case of the stationary q−metric and the rotating

Erez-Rosen spacetime, we have shown explicitly that the naked singularities are located

inside or on the Schwarzschild radius which in compact stars is always located inside the

surface of the star. We do not know if this is also true in the case of other quadrupolar

metrics mentioned in this section. Suppose, for instance, that a particular quadrupolar met-

ric has a singularity at a distance of say 15km from the center of a source with a mass of

2M�. Then, this metric cannot be used to represent the exterior field of an isolated neutron

star whose radius is about 11.5km, i.e., the singularity is located outside the surface of the

neutron star where the spacetime should be vacuum. Nevertheless, such a solution can still

be a candidate to describe the exterior field, for instance, of a white dwarf of mass 1.1M�
whose radius is of the order of thousand kilometers, so that the curvature singularity could

be located inside the star.

The above discussion is related to the conditions that a general solution must satisfy

in order to become physically meaningful. Indeed, if a curvature singularity is present, it

should be possible to “cover” it by an interior solution that can be matched with an exterior

solution across the surface of the star. In our opinion, the problem of solving the matching

conditions in the presence of a physically meaningful interior solution is one of the most

important challenges of modern relativistic astrophysics in general relativity. It is also an

important conceptual problem since general relativity, as a theory of gravity, should be able

to describe physical configurations like compact stars in which the gravitational field plays

an important role. We will consider this issue in the next section.

5. Interior Quadrupolar Metrics

The problem of finding an interior solution for a stationary and axisymmetric spacetime is

still open. Even in the case of vanishing quadrupole, the problem is still not completely

solved. Indeed, in the case of a perfect fluid with constant energy density, an interior

Schwarzschild solution can be obtained analytically, but its physical properties do not allow

us to use it to describe the interior field of a spherically symmetric compact star because

it violates causality, i.e., a sound wave propagates inside the star with superluminal veloc-

ity. Other spherically symmetric interior solutions are usually non-physical or cannot be

matched with the exterior Schwarzschild metric [10]. In the case of quadrupolar metrics,

the situation is quite similar. The only rigidly rotating perfect-fluid solution, containing the

Kerr spacetime in the vacuum limit, is the Wahlquist metric [36, 37] which, however, is

characterized by an unphysical equation of state (ρ + 3p = const.). Moreover, in the slow

rotation approximation, the zero pressure surface corresponds to a prolate ellipsoid rather

than an oblate ellipsoid, as expected from a physical point of view. Other solutions with

quadrupole represent anisotropic fluids [38–40] which, however, either they do not satisfy
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the energy conditions [38, 39] or either the boundary surface of zero pressure cannot be

fixed because the hydrostatic pressure cannot be isolated from the other stresses [40].

All the interior solutions mentioned above have been obtained by analyzing carefully

the corresponding field equations and, as we have seen, the results are not very satisfac-

tory. In view of this situation, we believe that it is necessary to apply a different approach.

We propose to develop solution generating techniques for interior spacetimes. Indeed, the

discovery of Lie symmetries, Bäcklund transformations and the inverse scattering method

in the Ernst equations represented a radical change in the search for exterior stationary and

axisymmetric solutions. We believe that a similar approach could be useful also in the case

of interior solutions.

To illustrate the problem of finding interior solutions, we first consider the case of spher-

ically symmetric spacetimes. To this end, let us consider the following line element in

spherical coordinates

ds2 = eφ(r)dt2− dr2

1− 2m(r)
r

− r2(dθ2 + sin2 θdϕ2) . (53)

We choose a perfect fluid as the physical model for the interior gravitational field. Then,

Einstein’s equations

Rµν−
1

2
Rgµν = 8π[(ρ+ p)uµuν− pgµν] (54)

reduce to

dφ

dr
=

m+4πr3 p

r(r−2m)
,

dm

dr
= 4πρr2 . (55)

In addition, there is a second order differential equation which is equivalent to the energy-

momentum conservation law T
µν
;µ = 0. In this case, it can be written as the Tolman-

Oppenheimer-Volkoff equation

dp

dr
= −(p+ρ)(m+4πr3 p)

r(r−2m)
. (56)

We see that we have only three equations for determining four unknowns (φ, m, p, and

ρ). To close the system of differential equations, it is necessary to impose an additional

condition which is usually taken as the equation of state p = p(ρ). In particular, one can

use the barotropic equation of state p = wρ, where w is the constant barotropic factor. Many

barotropic solutions are known in the literature [10] which, however, usually are either not

related to realistic equations of state or show a singular behavior at the level of the pressure

or energy density. To obtain more realistic solutions, we propose to start from a physically

realistic energy density, for instance. Indeed, suppose that the energy density is given a

priori by the polynomial equation [41]

ρ(r) = ρc −c1r−c2r2 −c3r3 , (57)

where c1, c2, and c3 are real constants and ρc is the energy density at the center of the body.

Then, the mass function can be integrated explicitly and we obtain

m(r) =
π

15
r3(20ρc−15c1r−12c2r2 −10c3r3) . (58)
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Clearly, the above particular Ansatz allows us to obtain a realistic behavior for the

energy density, provided the constants are chosen appropriately. For instance, at the surface

of the sphere r = R we demand that the energy density vanishes, ρ(r = R) = 0, and so we

obtain

ρc = c1R+c2R2 +c3R3 , (59)

which establishes an algebraic relationship between the free constants. The mass function

m(r) is then determined by the free constants only. Moreover, we impose the physical

condition that the total mass

M =
Z R

0
m(r)dr (60)

coincides with the mass of the exterior Schwarzschild metric which implies a boundary

condition for the function φ(r), namely

e2φ(r=R) = 1− 2M

R
. (61)

The procedure consists now in solving the differential equations for φ(r) and p(r) with

the boundary conditions specified above. We did not success in finding analytic solutions

and, therefore, we integrate the system of differential equations numerically. To this end, it

is necessary to impose additional boundary conditions as follows. At the center and at the

surface of the sphere, the pressure must satisfy the boundary conditions

pR ≡ p(R) = 0 , p(r = 0)≡ pc < ∞ . (62)

Moreover, we demand that the pressure is a well behaved function inside the sphere, i.e.,

0 < p(r) < ∞ for 0 ≤ r ≤ R , (63)

which means that the pressure function should be free of singularities inside the sphere.

The method consists now in integrating numerically the equations for the total mass M

and for the pressure p, under the conditions mentioned above. The goal is to find values

for the constants c1, c2 and c3 such that M is positive and p(r) is positive and free of

singularities. In fact, it turns out that there are several intervals of values in which all

conditions are satisfied. The particular simple choice

c1 =
1

2
, c2 =

1

6
, c3 =

1

24
(64)

with the particular radius value

R = 0.4 (65)

leads to boundary values

ρc = 0.2293 , M = 0.002633 , φ(R) = −0.0066 . (66)

Then, the integration of the differential equation for the pressure is straightforward. In

Fig. 1, we illustrate the behavior of the pressure. The graphic shows that everywhere

inside the sphere, the pressure has a very physical and realistic behavior. The corresponding
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Figure 1. Behavior of the pressure inside a spherically symmetric body of radius R = 0.4.

All the conditions for the pressure to be physically meaningful are satisfied.

Figure 2. Numerical integration of the metric function φ(r) for a sphere of radius R = 0.4
and energy density constants c1 = 1

2
,c2 = 1

6
,c3 = 1

24
.
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Figure 3. Buchdahl’s limit inside the compact sphere of radius R = 0.4. The condition

m(r)/r < 4/9 = 0.44 is satisfied everywhere inside the sphere.

function for the energy density shows also a physical behavior as demanded a priori with

the polynomial Ansatz and the chosen values for the constants c1, c2 and c3.

The differential equation for the function φ(r) can also be integrated and its behavior is

represented in Fig. 2. It can be seen that this function is well behaved inside the sphere.

Moreover, the value at the boundary R = 0.4, together with the value of the total mass,

matches exactly the corresponding metric function for the exterior Schwarzschild solution.

An important condition that must be satisfied by any interior solution is the Buchdahl

limit [10] which, in principle, can be associated with the Chandrasekhar limit about the

maximum mass of compact stars. An analysis of the differential equations that determine

the spherically symmetric case under consideration here shows that in order to avoid un-

stable configurations, which could lead to a collapse of the sphere, it is necessary that the

condition M
R

< 4
9 be satisfied. In fact, for a mass-to-radius ratio with M

R
≥ 4

9 , the gravitational

collapse is imminent and the staticity condition of the mass distribution is no longer valid.

So, Buchdahl’s limit is an essential requirement for a solution to be physically meaningful.

From the boundary values obtained above, it is easy to see that this requirement is satisfied

at the surface of the body. However, it could be that the behavior of the mass function inside

the star violates Buchdahl’s limit for a specific value of the radial coordinate, leading to an

internal instability. To corroborate the stable behavior inside the body, we plot in Fig. 3

the behavior of the mass function for all values of the radial coordinate. We can see that

inside the sphere the mass-to-radius ratio is everywhere less than the limiting value 4
9
, in-

dicating that no instabilities can occur. This result reinforces the physical interpretation of

the numerical solution presented here.

The simple example for a static perfect-fluid sphere as a source of a compact star shows

that it is possible to find physically meaningful solutions of the interior field equations.

But it also shows that it is very difficult to integrate analytically the resulting differential

equations. We started from a particular polynomial Ansatz for the energy density which

guarantees a meaningful physical behavior. This allows us to integrate the mass function,
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but the pressure and the remaining metric function φ(r) cannot be integrated analytically. A

numerical analysis seems to be always necessary. For this reason we believe that the stan-

dard method of solving directly the field equations should be complemented by a solution

generating technique, similar to the methods used for obtaining exterior solutions.

We now turn back to the study of quadrupolar interior metrics. As mentioned above, all

the known solutions are either unphysical or they cannot be matched with the exterior Kerr

metric. To attack this problem, we propose to consider the mass quadrupole as an additional

degree of freedom and to analyze the symmetry properties of the field equations in the

presence of matter. To begin with, we have considered first the case of static quadrupole

metrics with a perfect fluid as the source of gravity. If we consider the spherically symmetric

line element analyzed above, and try to generalize it to include the case of axisymmetric

fields, it turns out to be convenient to use the following line element [42]

ds2 = e2ψdt2 −e−2ψ

[

e2γ

(

dr2

h
+dθ2

)

+µ2dϕ2

]

, (67)

where ψ = ψ(r,θ), γ = γ(r,θ), µ = µ(r,θ), and h = h(r). A detailed analysis of the Ein-

stein equations with an energy-momentum tensor represented by a perfect fluid shows that

the resulting set of differential equations can be split into two systems in a manner which

resembles the splitting in the case of vacuum spacetimes. Indeed, the main field equations

can be written as

µ,rr

µ
+

µ,θθ

hµ
+

h,rµ,r

2hµ
=

16π

h
pe2γ−2ψ , (68)

ψ,rr +
ψ,θθ

h
+

(

h,r

2h
+

µ,r

µ

)

ψ,r +
µ,θψ,θ

hµ
=

4π

h
(3p+ρ)e2γ−2ψ . (69)

Moreover, the metric function γ is determined by two first order differential equations

γ,r =
1

hµ2
,r +µ2

,θ

{

µ
[

µ,r

(

hψ2
,r −ψ2

,θ

)

+2µ,θψ,θψ,r +8πµ,r p̄
]

+µ,θµ,rθ−µ,rµ,θθ

}

, (70)

γ,θ =
1

hµ2
,r +µ2

,θ

{

µ
[

µ,θ

(

ψ2
,θ −hψ2

,r

)

+2hµ,rψ,θψ,r −8πµ,θ p̄
]

+hµ,rµrθ+µ,θµ,θθ

}

,(71)

where

p̄ = pe2γ−2ψ . (72)

The equations for γ can be integrated by quadratures once the main field equations (68) and

(69) are solved, and the pressure p̄ is given a priori as an independent function. Notice that

if we introduce the differential equations (68)-(71) into the original Einstein equations, a

second order differential equation for γ is obtained

γ,rr +
γ,θθ

h
+ψ2

,r +
ψ2

,θ

h
+

h,rγ,r

2h
=

8π

h
p̄ , (73)
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which must also be satisfied. However, a straightforward computation shows that this equa-

tion is identically satisfied if the two first-order differential equations (70) and (71) for γ

and the conservation equation for the parameters of the perfect fluid

p,r = −(ρ+ p)ψ,r , p,θ = −(ρ+ p)ψ,θ , (74)

are satisfied. The conservation equations resemble the Tolman-Oppenheimer-Volkov rela-

tion for the spherically symmetric case.

We see that the particular choice of the above line element leads to a splitting of the field

field equations into two separated sets of equations, and to a generalization of the Tolman-

Oppenheimer-Volkov equation for the case of two spatial coordinates. This is an important

advantage when trying to perform the integration of the main field equations. Indeed, in

this manner we found a series of relatively simple approximate solutions with non-trivial

quadrupole moment. The presentation and physical investigation of those solutions requires

several detailed analysis which are beyond the scope of this work, and will be presented

elsewhere. A byproduct of such analysis was the discovery of certain symmetries of the

field equations for a perfect fluid which can be used to generate new solutions from known

ones by using the procedure described below.

Suppose that an exact interior solution of Einstein’s equations (68)-(71) for the static

axisymmetric line element (67) is given explicitly by means of the functions

h0 = h0(r), µ0 = µ0(r,θ), ψ0 = ψ0(r,θ), γ0 = γ0(r,θ), (75)

p̄0 = p̄0(r,θ), ρ̄0 = ρ̄0(r,θ) , (76)

where we have introduced the notation

p̄0 = p0e2γ0−2ψ0 , ρ̄0 = ρ0e2γ0−2ψ0 , (77)

and p0 and ρ0 are also known functions. Then, for any arbitrary real values of the con-

stant parameter δ, a class of new solutions of the field equations (68)-(71) can be obtained

explicitly from the functions

h = h0(r), µ = µ0(r, θ̃), ψ = δψ0(r, θ̃), (78)

p̄ = δp̄0(r, θ̃), ρ̄ = δρ̄0(r, θ̃), θ̃ =
θ√
δ

, (79)

γ(r, θ̃) = δ2γ0(r, θ̃)+(δ2 −1)

Z

νθ̃

h0 +ν2
dr +8πδ(1−δ)

Z

µ0

µ0,r
p̄0

h0 +ν2
dr +κ , (80)

where κ is an arbitrary real constant and

ν =
µ0,θ̃

µ0,r
. (81)

To illustrate the application of this solution generating method, let us consider the spher-

ically symmetric Schwarzschild solution which describes the interior field of a perfect-fluid

sphere of radius R and total mass m. The corresponding line element can be written as

ds2 =

[

3

2
f (R)− 1

2
f (r)

]2

dt2− dr2

f 2(r)
− r2(dθ2 + sin2 θdϕ2) , (82)
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with

f (r) =

√

1− 2mr2

R3
. (83)

The physical parameters of the perfect fluid are the constant density ρ0 and the pressure p0,

which is a function of the radial coordinate r only

p0 = ρ0

f (r)− f (R)

3 f (R)− f (r)
. (84)

We now consider the interior Schwarzschild metric as the seed solution (75) for the

general transformation (78). A straightforward comparison with the general line element

(67) yields

eψ0 =
3

2
f (R)− 1

2
f (r) , h0 = r2 f 2(r) , µ0 = r sinθeψ0 , eγ0 = reψ0 . (85)

According to the procedure described above, the new solution can be obtained from Eq.(85)

by multiplying the corresponding metric functions with the new parameter δ. Then, the new

line element can be represented as

ds2 = e2δψ0dt2 −e−2δψ0

[

e2γ

(

dr2

r2 f 2(r)
+dθ̃2

)

+ r2e2ψ0 sin2 θ̃dϕ2

]

, (86)

where the new function γ is given by

γ = δ2γ0 +

Z

(1−δ2)+8πδ(1−δ) sin2 θ̃r2p0

r f 2(r)(1+ rψ0 r) sin2 θ̃+ r
1+rψ0r

cos2 θ̃
dr +κ , (87)

with

ψ0 r =
2mr

R3 f (r)[3 f (R)− f (r)]
. (88)

Moreover, the physical parameters of the perfect-fluid source are

ρ = δρ0e2γ0−2γ+2(δ−1)ψ0 , p = δp0e2γ0−2γ+2(δ−1)ψ0 , (89)

from which the equation of state

p =
p0

ρ0

ρ (90)

can be obtained. This is clearly not a barotropic equation of state since the seed pressure

p0 depends explicitly on the radial coordinate r. Nevertheless, it can be interpreted as a

generalized barotropic equation of state p = w(r)ρ. Interestingly, the physical parameters

of the perfect fluid are axisymmetric, but the equation of state preserves spherical symmetry

in the sense that the generalized barotropic factor depends on the radial coordinate only.

Notice that the new function γ depends explicitly on the new coordinate θ̃, in contrast

to the seed metric function γ0 which depends on the radial coordinate r only. This proves

that the new solution is not spherically symmetric, but axisymmetric. Notice also that the

density and pressure of the new solution are functions of the angular coordinate too, as

expected for an axisymmetric mass distribution. It is expected that the obtained deviations

from spherical symmetry are related to the quadrupole moment of the perfect fluid; however,

a more detailed investigation is necessary to define an interior quadrupole which should be

related to the exterior quadrupole. This is a task for future works.
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Conclusion

In this work, we presented a review of the problem of describing the interior and exterior

gravitational field of compact objects in general relativity, which include black holes and

compact stars (white dwarfs and neutron stars). To take into account rotation and defor-

mation of the mass distribution, we consider stationary and axisymmetric solutions of Ein-

stein’s equations with quadrupole moment. We formulate the physical conditions which, in

our opinion, should be satisfied by a Riemannian manifold in order to represent the interior

and exterior gravitational field of compact objects.

We review the main static solutions in which the quadrupole is represented by a free

parameter. We argue that the q−metric represents the simplest generalization of the

Schwarzschild solution with a quadrupole parameter. We then present a particular gen-

eralization of the Erez-Rosen metric which includes a rotational parameter, and reduces to

the Kerr metric in absence of the quadrupole parameter. In addition, we present the Ernst

potential of a stationary q−metric which turns out to be represented by a quite simple ex-

pression.

We notice that in this review, we limited ourselves to the study of the mass quadrupole

as additional parameter only. In general and in more realistic situations, it is necessary to

consider also the electromagnetic field. Fortunately, the solution generating techniques have

been developed also for Einstein-Maxwell equations as well and, therefore, the generaliza-

tion of the vacuum solutions presented in this review to include electromagnetic multipoles

is straightforward.

We argue that the interior counterpart of the exterior Kerr metric cannot be found in

general relativity because it is directly related to a curvature singularity at which the clas-

sical theory breaks down. Probably, a quantum description of gravity is necessary in order

to understand the interior field of a black hole. In the case of compact stars, however, we

argue that general relativity should allow the existence of spacetimes which describe both

the interior and exterior gravitational field. In view of the precarious situation regarding

physically meaningful interior solutions, we propose to study the symmetries of the field

equations in order to develop solution generating techniques. We present a particularly sim-

ple method which allows us to generate new static and axisymmetric perfect-fluid solutions

from known solutions.

Summarizing, we propose to apply a different strategy to search for interior physically

meaningful solutions of Einstein’s equations. Firstly, we propose to include the quadrupole

as an additional degree of freedom and, secondly, we propose to investigate the symmetry

properties of the field equations in the presence of matter. We intend to follow this strategy

in forthcoming works.
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Abstract

We perform here the analysis of basic processes and reactions in the envelopes of

a lonely neutron star, and particularly in its lower layers of the outer crust and upper

layers of the inner crust. It is shown that the nonlinear interactions and specific nuclear

reactions in the structure of overdense crystalline lead to the matter transformations in

multiple ways. The nuclei capture the electrons and emit neutrinos; nuclei appear in

the excited states; high energy gamma rays are emitted. These gamma rays can, in

their turn, also knock out neutrons from nuclei further stimulating various reactions.
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Keywords: neutron star envelopes, electron capture reactions, excited nuclei, overdense

matter, matter transformations, nonlinear interactions

AMS Subject Classification: 06F, 45G, 85A

1. Introduction

There are quite many books and monographs devoted to the physics of neutron stars (see,

for example [1], [2], [3], [4]). Here our main attention would be focused on the processes

and reactions which take place in the depths of the neutron star envelopes. Our analysis is

based on the consideration of the interactions between nuclei and gamma rays, degenerate

Fermi electrons and quasi-particles, phonons of the crystal structure and phonons of the

nuclei. This choice is dictated by our desire to consider the features of the processes under

extreme pressure and density at the microscopic level. Diverse methods are used here in the

analysis and calculations.

We would focus our attention below on the matter transformation processes and specific

conditions in the neutron star crusts. Note that the composition of the overdense matter in

∗Corresponding Author: takibayev@gmail.com
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the core remains uncertain: there are some quite exotic forms of matter which can possibly

include a degenerate strange matter, or matter with high-energy pions and kaons in addition

to neutrons, or ultra-dense matter with quarks [3].

We would show that such matter transformations can happen in diverse and multiple

ways accompanied by generation of free neutrinos and gamma radiation. We hope that the

specialists and interested readers would find the methods proposed here useful and con-

tributing to the available scope of analytical tools.

Let us first stop at some general properties of a single neutron star. An explosion of a

supernova at the final stage of its life creates a neutron star, and determines its future proper-

ties and behavior. The activity of a neutron star depends on its macroscopic characteristics

such as mass, angular momentum, magnetic field strength, electromagnetic and neutrino

radiation, etc. The behavior of these overdense neutron star envelopes, the remnants of

the central part of the supernova with a mass of 1.5−3 solar masses, is stipulated by the

processes and forces in the star interior.

Figure 1. Neutron star structure. Indexes I, II, III and IV mark the outer crust, the inner

crust, the liquid mantle and the central core, respectively. The thin dotted lines indicate the

lines of magnetic field.

1.1. General Characteristics of the Neutron Star Envelopes

The solid crusts cover the star liquid mantles with the central core inside (Figure 1). These

solid crusts are conventionally divided into the outer crust and the inner crust. The inner

crust is specifically noticed to outline the area where the neutrons start dropping from the

nuclei forming neutron Fermi liquid.

General characteristics of the overdense matter in the envelopes of neutron stars can

be estimated employing an assumption that at ultrahigh pressures the structure of matter

is simplified by acquiring the most favorable face-centered cubic structure [5]. At first,

we introduce a special notation for the symbolic radius of a nucleus as RB = ~2/MAZ2e2 ,

which corresponds to the Bohr radius of the nucleus with the mass number A and the charge

Ze :

RB = ~
2/MAZ2e2 = a0me/MAZ2. (1)

Here, Z is the number of protons in the nucleus, a0 = ~
2/mee

2 is the Bohr-radius of an

electron.
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A simple expression for the potential energy of the nucleus in the oscillator potential

well, i.e., in the cell of a crystal, can be written as:

U(r) = −3Z2e2

2R
+

Z2e2

2R3
r2 , (2)

where R denotes the radius of a crystal cell that equals the half the distance between the

nuclei, r is the variable radius vector in U(r) from the center of the cell (r ≤ R). Such

conditions correspond to the crystal lattice stability at temperatures kT << Z2e2/2R, where

k is the Boltzmann constant.

At zero temperature, the energy level occupied by the nucleus in the cell corresponds to

the energy E0 = 3~ω/2. The oscillation frequency equals:

ω = Z2e2R
1/2

B /~R3/2 =
√

Z2e2/(MA ·R3). (3)

At smaller R, i.e., at smaller distances between the two neighboring nuclei, the energy level

occupied by the nucleus in the cell becomes higher, and the energy increase is higher than

the increase of the cell potential U(r). When the value of R becomes comparable with RB,

the nucleus cannot be retained by the potential well any more. In this case, RB(56Fe) ≈
7.7 f m and RB(16O) ≈ 285 f m. It means that a neutron star with light nuclides has a more

narrow crystalline envelopes. The real situation can be even more complex since numerous

and diverse reactions would contribute to the transformations of matter at almost all layers

of the star envelops.

At that, if the lattice contains impurity protons, these protons will be bound in the

lattice weaker than the heavy nuclei in the crystal nodes since RB;p = a0me/Mp >> RB;A,

where RB;p and RB;A are the Bohr radii for a proton and for a nucleus A, respectively; Mp

is the proton mass. The character of their drift will be very different from the thermal

one. Protons will drift slowly within the lattice oscillating at high frequency around the

equilibrium position [5]. Although the potential well for the protons will be in Z times

smaller than that for the nuclei, their diffusion rate will remain slow. For them, the reactions

of electron capture with emission of neutrino e−+ p → n+νe become determining at matter

densities in the outer crust of ρ ≥ 1.2 ·107g · cm−3. This is a reverse reaction to the reaction

with emission of an electron and a neutrino in ordinary conditions i.e., in vacuum or at

terrestrial pressures.

In deeper crystalline layers, the average energy of the lattice nuclei increases with re-

spect to the depth of the potential well. This ratio can be roughly estimated from the ex-

pression [5,6]:

η = W coth

{

W · Z2e2

2RkT

}

. (4)

where W =
√

RB/R. In the case η << 1, one deals with the condensed state, and at η >> 1

− with plasma. These states of matter must be regarded as marginal ones. At the intermedi-

ate values of η, the equation of state becomes more complex due to, for instance, changes in

the element composition of the crust matter, electron captures by nuclei and related nuclear

reactions with neutrons, non-linear interactions of forces and fields, neutron component,

and other factors.
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The reactions and processes typical for overdense matter are of particular importance

for matter transformations at large depths in the neutron star crusts. Such reactions can

be called as reverse forced reactions caused by overdense matter. Finally, the terminal

transformation of the crystalline matter in the trans-boundary layer of the inner crust and

the mantle results in decomposition of the entire crystalline structure due to higher energy

of nuclei and progressing pycnonuclear reactions. Let us determine the relation between

the element composition of matter in the crusts and matter density there. Let us consider

two groups of nuclides: the first group would be the light nuclei such as oxygen and the

second group would be represented by the iron nuclei. They are the most abundant among

nuclei in nature after hydrogen and helium.

Let us find the scatter in matter density and Fermi energies of the electrons as a function

of the element composition of the matter in the neutron star crusts. In the case of oxygen
16O one can obtain:

ρ =
6.34

R3
1015g · cm−3. (5)

where the radius of cell R is given in f m. So, at R = 103 f m, then ρ = 6.34 ·106g · cm−3 . In

the case of iron 56Fe one can get

ρ =
22.18

R3
1015g · cm−3. (6)

The balance in a local layer is determined by the net action of all forces in this area. In

the case of outer crust, the pressures of Fermi-electrons Pe and gravity forces Pg govern the

balance in the local area Pg +Pe = 0 [1]:

Pe =
m4

ec5

3π2~3

Z x

0
dx

x4

(1+x2)1/2
, (7)

where the energy of Fermi-electron equals EF = mec2
√

1+x2 with x = pF/mec . Here pF

is the Fermi impulse.

In the lower layers of the outer crust and in the upper layers of the inner crust, even

larger number of forces and matter transformation processes contribute to the balance of

forces. Our further analysis will cover the middle and the lower layers of the outer crust and

the upper layers of the inner crust within 106g ·cm−3 ≤ ρ≤ 1013g ·cm−3. We presume that in

the upper shell the elemental composition is similar to the original elemental composition

of the matter as it was in the center of the supernova at the moment of its explosion and

formation of a neutron star. We assume that this matter consists mainly of the iron-group

elements. Alternatively, we also consider the processes for the case of the light nuclei and

consider oxygen in our calculations.

Obviously, the elemental composition of nuclear matter changes at larger depths of the

solid envelopes. Indeed, the process of electron capture starts at densities ρ ≥ 106g · cm−3.

When pressure increases, more and more new electron capture reactions take place making

the nuclei the neutron-rich ones [2]. Matter density in the shells of neutron stars is related

to the electron Fermi energy as ρ = ρ̄ · x3A/(2 ·Z), where ρ̄ = 1.948 ·106g · cm−3 [1]. Each

nuclide has its own energy threshold and own threshold layer in the envelopes, where the

electron capture reactions happen and Z → Z−1, N → N +1 at each step of these reactions.
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N is the number of neutrons in a nucleus. Free protons start capturing the electrons at

ρ ≥ 1.2 ·107g · cm−3 [2].

Let us estimate the size of a cell employing the parameters of the nuclei that are fixed

in the nodes of the crystalline structure:

R =
10−10

x

3

√

0.64

π
· 2Z

A
· MA · c2

931.5 ·MeV
· cm . (8)

Figure 2. The relation between the electron Fermi energy and the matter density in the

envelopes of a neutron star. Here Eth is the threshold energy of the electron capture reaction

by a certain nucleus.

For example, in the case of 56Fe and R = 103 f m one can obtain x ≈ 2.2. Then, the

lowest radius of an electron orbit in this ion equals r0 ≈ 2035 f m, i.e., the electron orbit is

twice the distance between the nuclei. It means that the pressure squeezes electrons out of

the atoms. If x ≈ 8.18, the electron capture reactions start for 56Fe nuclei, and the threshold

density equals ρth(
56Fe) ≈ 1.15 ·109g · cm−3 and η ≈ 0.17 << 1.

In the case of 16O nuclei, x ≈ 20.9, the threshold density of electron capture equals

ρth(
16O) ≈ 1.78 · 1010g · cm−3 and η ≈ 2. It means that the crystalline structure with 16O

nuclei can be destroyed prior the transformation of the nuclei in the crystal. In deeper layers

of the inner crust in the region R ≈ RB, the crystalline structure is destructed.

2. Peculiarities of the Electron Capture Reactions

The reactions of electron capture by nuclei depend on specific properties of the nuclei and

can be very complicated demonstrating interesting patterns. Each stable nucleus of an orig-

inal neutron star substance has its own chain of electron capture reactions. The resulting

daughter nuclei, which in the original terrestrial conditions decay via the weak link, would

remain stable in the overdense matter. They cannot emit the obtained electrons owing to

opposition of the degenerated Fermi electron liquid (see Fig.2).

It is remarkable that in many reactions the daughter nuclei would arise both in the

ground and in the excited states. The chains of reactions generated by Fermi electrons with

the iron group nuclei are given in the Tables 1−3. Here, the following notations are used:
A
ZCr is the name of a nuclide, where A is the number of nucleons, Z is the number of protons,
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e− is an electron and νe - electron neutrino; Ee;th is the threshold of the electron energy in

reactions of the electron capture by a nucleus. The kinetic energy of an electron equals

Ee = EF −mec2 and Ee must be more than Ee;th (Ee ≥ Ee;th ).

Table 1. The chains of reactions generated by Fermi electrons with even−even nuclei

of the iron group. The energies are given in MeV for all Tables of this Chapter

Main reaction Ee;th Daughter reactions Ee;th
52
24Cr0+ +e− →52

23 V +νe 3.97 52
23V +e− →52

22 Ti+νe 1.977
54
26Fe0+ +e− →54

25 Mn3+ +νe 0.697 54
25Mn+e− →54

24 Cr0+ +νe -1.377
54
24Cr +e− →54

23 V +νe 7.042 54
23V +e− →54

22 Ti+νe 4.301
56
26Fe0+ +e− →56

25 Mn3+ +νe 3.695 56
25Mn3+ +e− →56

24 Cr0+ +νe 1.629
56
24Cr +e− →56

23 V 3+ +νe 9.201 56
23V +e− →56

22 Ti+νe 7.14
58
26Fe0+ +e− →58

25 Mn3+ +νe 6.323 58
25Mn3+ +e− →58

24 Cr0+ +νe 4.0
58
28Ni+e− →58

27 Co+νe 0.381 58
27Co+e− →58

26 Fe+νe -2.307
64
30Zn0+ +e− →64

29 Cu1+ +νe 0.579 64
29Cu1+ +e− →64

28 Ni0+ +νe -1.675

The estimates of the threshold energies for the electron capture reactions were per-

formed employing the data available in the nuclear databases [7–9]. Remarkably, the moth-

erly reactions of electron capture (the first column) have the positive threshold energies (the

second column) higher than the threshold for the daughter reactions (the third column).

It means that the Fermi-electron energies are sufficient in these reactions to overcome the

threshold energy (the fourth column). In other words, the daughterly reactions are possible

in the corresponding layers since the motherly reactions can happen there. These chains of

the electron capture reactions by even-even nuclei of the iron group are demonstrated in the

Table 1.

As an example, we consider the isotope of 56Fe, which has the abundance in nature

91.754%, in regard to other iron isotopes. The first electron capture reaction starts for this

isotope at the kinetic energy of the Fermi-electron Ee = 3.695MeV . It requires the matter

density be ρ > ρth ≈ 7.155 ·109g ·cm−3. The daughterly reactions (Table 1, coulomb 3) can

undergo the following three possible ways:

56
25Mn3+ + e− → 56

24Cr0+ +νe ; Eext = 2.066MeV ;

56
25Mn3+ +e− → 56

24Cr∗2+ +νe ; E∗
ext = 1.059MeV; (9)

56
25Mn3+ +e− → 56

24Cr∗∗4++νe ; E∗∗
ext = 0.234MeV.

Note, the two last reactions generate 56
24Cr nuclei in excited states. However, these

excited nuclei cannot emit gammas because the distances between the nuclei in the nodes

of the lattice are much less than the wavelengths of the gamma radiation. We would discuss

the possible mechanism of energy emission in the next subsection.

An entirely different situation takes place for the chains of reactions with odd numbers

of nucleons in the mother nuclei.

Note, that for the nuclei with odd mass numbers, the threshold energies of the daughter

reactions are higher than those for the motherly reactions, so that the daughter nuclei in the
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Table 2. The reaction chains generated by Fermi electrons with A-odd nuclei of the

iron group

Main reaction Ee;th Daughter reactions Ee;th
45
21Sc+e− →45

20 Ca+νe 0.256 45
20Ca+e− →45

19 K +νe 4.203
51
23V +e− →51

22 Ti+νe 0.697 51
22Ti+e− →51

21 Sc+νe 6.51
53
24Cr3/2−+e− →53

23 V 7/2−+νe 3.436 53
23V +e− →53

22 Ti3/2−+νe 5.019
55
25Mn5/2 +e− →55

24 Cr3/2−+νe 2.603 55
24Cr3/2−+e− →55

23 V 7/2−+νe 5.957
59
27Co+e− →59

26 Fe+νe 1.565 59
26Fe+e− →59

25 Mn+νe 5.183
61
28Ni3/2+ +e− →61

27 Co7/2−+νe 1.323 61
27Co7/2−+e− →61

26 Fe7/2− +νe 3.977
63
29Cu+e− →63

28 Ni+νe 0.066 63
28Ni+e− →63

27 Co+νe 3.673
65
29Cu3/2−+e− →65

28 Ni5/2−+νe 2.138 65
28Ni5/2−+e− →65

27 Co7/2−+νe 5.956
69
31Ga+e− →69

30 Zn+νe 0.909 69
30Zn+e− →69

29 Cu+νe 2.682

excited states cannot appear in the electron capture reactions. As an example, let us consider

the chain of 57Fe reactions, although the abundance of this nuclide is only 0.754%.

57
26Fe+e− → 57

25Mn+νe ; Ee ≥ Ee;th = 2.693MeV ;

57
25Mn+ e− → 57

24Cr +νe ; Ee ≥ Ee;th = 4.963MeV; (10)

57
24Cr +e− → 57

23V +νe ; Ee ≥ Ee;th = 8.334MeV ;

57
23V + e− → 57

22Ti+ νe ; Ee ≥ Ee;th = 10.69MeV.

In this chain, every following reaction has its own energy threshold larger than the preceding

one.

As a different example, let us consider the light nuclei - see Table 3 below. One can

see that every nuclide has its own properties and own threshold energy for the electron

capture reaction since each nuclide has its unique peculiarities and nuclear structure. The

detailed study of these peculiarities is a separate and important scientific task. At the same

time, these distinctions can help us in understanding the differences in structure and matter

properties of the neutron stars.

As an additional example, let us consider below the reaction chain for other stable

isotopes 58Ni and 58Fe :

58Ni+e− → 58Co+νe ; Ee ≥ Ee;th = 0.381MeV ;

58Co+ e− → 58Fe+νe ; Ee ≥ Ee;th = −2.307MeV ; (11)

58Fe+e− → 58Mn +νe ; Ee ≥ Ee;th = 6.323MeV ;

58Mn+ e− → 58Cr + νe ; Ee ≥ Ee;th = 4.0MeV.

Here again, the channels of the daughterly reaction are opened since their thresholds

are lower than those in the first reaction. This makes it possible to have additional reaction

channels with nuclei in excited states. This cycle of reactions is very interesting because

it shows that the first pair of reactions in eqs. (11) takes place in the outer crust, but the
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Table 3. The reaction chains generated by Fermi electrons with light and medium

nuclei

Main reaction Ee;th Daughter reactions Ee;th
12
6 C0+ +e− →12

5 B1+ +νe 13.366 12
5 B1+ +e− →12

4 Be0+ +νe 11.708
13
6 C1/2+ +e− →13

5 B3/2−+νe 13.437 13
5 B3/2−+e− →13

4 Be1/2−+νe 16.688
16
8 O0+ +e− →16

7 N2− +νe 10.421 16
7 N2− +e− →16

6 C0+ +νe 8.01
20
10Ne0+ +e− →20

9 F2+ +νe 7.025 20
9 F2+ +e− →20

8 O0+ +νe 3.8
24
12Mg0+ +e− →24

11 Na4+ +νe 5.515 24
11Na4+ +e− →24

10 Ne0+ +νe 2.467
27
13Al5/2+ +e− →27

12 Mg1/2 +νe 2.61 27
12Mg1/2 +e− →27

11 Na5/2 +νe 9.069
28
14Si0+ +e− →28

13 Al3+ +νe 4.643 28
13Al3+ +e− →28

12 Mg0+ +νe 2.131
40
18Ar0+ +e− →40

17 Cl2− +νe 8.502 40
17Cl2− +e− →40

16 S0+ +νe 5.712
40
20Ca0+ +e− →40

19 K4− +νe 1.311 40
19K4− +e− →40

18 Ar0+ +νe -1.505

second pair of reactions happens in the inner crust. So, the first pair can enrich the outer

crust with 58Fe, and the second pair can enrich the inner crust with the nuclei in excited

states.

One can note the following peculiarities:

1. At higher pressure, the new mutually interrelated electron capture reactions take

place in the depth of the neutron star envelopes enriching the nuclei with neutrons. This

process depends on the original matter composition, i.e., on the properties of the nuclei that

had been formed in the depth of the supernova.

2. One can suppose that there are the differences between the neutron stars that consist

of light elements and those consisting of the heavy ones. Such difference can be related

to the matter properties and reactions in the envelopes. Moreover, the presence of a large

number of free protons in the original matter can also influence the properties of a neutron

star and the intensity of the reactions in the neutron star envelopes.

3. High Harmonic Gammas, Tunnel Effects, and Free Neutron

Matter

Here we consider some of the special properties of the overdense matter in the neutron

star envelopes. The envelopes are usually considered as outer crust or inner crust ones.

The outer crust envelope, which borders from the outside with a thin atmosphere, or a thin

"liquid ocean" [3], is a tightly packed crystalline structure. Beginning from the middle

layers of the envelopes, the matter is in the form of overdense Coulomb crystal immersed

in the Fermi liquid of degenerate electrons: "naked" nuclei are fixed in the lattice nodes

there. These electrons are squeezed off their atomic orbitals since the distance between the

nuclei in the lattice is in many times smaller than the radii of the orbits. Here, the electrons

are generalized in these layers. An important peculiarity of this overdense structure is its

almost perfect ordering due to minimization of the structure energy [5].

The pressure of an almost perfect tightly packed degenerate electron Fermi liquid resists
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the intense pressure due to gravity and retains the balance of forces in this layer. The nuclei

are "frozen" in the nodes of centered cubic lattice, and electrical neutrality of the whole

structure is provided by "the sea" of the degenerated electron Fermi liquid [1], [2], [3].

It is important to note that the ordered overdense structure creates its own unique op-

portunities for the development of a large number of interrelated processes and reactions in

this kind of the environment. Foremost, it is the process of the inverse beta decay. First of

all, it is the reaction of an electron capture by a proton to form a neutron with emission of

a neutrino: e− + p → n + νe. The kinetic energy of an electron should be Ee > 0.79MeV

to cross the threshold of this reaction. The Fermi electrons can first gain such threshold

energy Ee;th, and corresponding density of the crystal should be ρ > 1.2 · 107g · cm−3. We

assume that some part of the hydrogen was captured at the collapse of the central part of

the supernova, and the free protons stuck inside the crystal were converted into neutrons.

The processes associated with matter transformation are of particular interest. For ex-

ample, one can expect the transformation of the isotope 54Fe to the excited 54Cr at the

energies of Fermi electrons higher than 0.697MeV (see Table 1). It is remarkable that the

same processes do also happen in the middle layers of the outer crust. Note that 54Fe has the

natural abundance of just 5.845% among the iron isotopes, although the generation of the

excited 54Cr may be important in the common progress of the reactions. As noted above,

the even-even nuclei, which have a much higher abundance in nature, also demonstrate their

distinctive characteristics in overdense media. Their feature is the two−stage reactions of

the Fermi electron capture that generate the daughter nuclei in excited states (Tables 1 and

3). If one takes into account the non-linear interaction between the excited nuclei, these

joint actions would cause the emission of high-energy gamma rays. In their turn, these

gamma rays would knock out neutrons from the nearby nuclei. Thus, even in the middle

and lower layers of the outer crust, and especially in the upper layers of the inner crust, free

neutrons and, possibly, free alpha particles can appear. These free particles can stimulate

a number of new phenomena and reactions in the crystal structure. In this regard, let us

consider below some interesting non-linear processes.

3.1. Generation of Higher Harmonics in the Nonlinear Media

Some good examples of well-known non−linear processes and their brief theoretical de-

scription can be found in [11], [12], [13]. Thus, in the usual case where the amplitude of

the electromagnetic wave is small, getting on an insulator, it creates a total dipole moment

per unit volume (dielectric polarization) proportional to the amplitude of the wave. Then,

the dipole moment generates a secondary wave of the same frequency. At large amplitudes

of the electromagnetic waves, the total dipole moment depends non-linearly on the ampli-

tude of the incident wave. At higher densities, it leads to the birth of the secondary higher

harmonic waves, i.e., the waves of doubled frequency, tripled, and even higher multiplici-

ties.

The phenomena of light frequency multiplications are observed in the processes of laser

photonic interactions in special devices [11], [12]. At that, two or more electromagnetic

waves are absorbed and one photon is emitted at a frequency equal to the amount of ab-

sorbed waves. It means the nonlinear medium absorbs two waves ω1 and ω2 with different

frequencies, and then emits the new photon with frequency ω3 = ω1 +ω2.
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High harmonic generation has interesting properties that result in terrestrial experiments

as generation of light with frequencies much greater than the original ones (typically 100

to 1,000 times greater). This phenomenon depends on the driving field and generates the

harmonics with similar temporal and spatial coherence properties [14], [15]. High harmon-

ics are often generated with pulse durations shorter than those of the driving laser. This is

due to the nonlinearity of the generation process and the phase matching. High harmonics

are emitted co-linearly with the driving laser and can have a very tight angular confine-

ment [16].

In general, the processes of generating gamma photons at the difference frequency will

also be possible ω3 = ω1 −ω2 , but these processes are not always possible in overdense

environments. Such a phenomenon of the higher-frequency light is often used for obtaining

coherent radiation in the ultraviolet part of the spectrum where the laser light is absent.

Considering the overdense matter in the envelopes of neutron stars, one should note

that the process of high-multiplicity gamma emission stimulated by nuclei depends on the

density of these nuclei in the respective layers of the envelopes. Taking into account the

diffusion rate of the impurity nuclei in the crystal structure, their grouping and localization,

we can talk about their high local density. Accordingly, this should lead to a high probability

of a collective emission of gamma rays of high multiplicity with energies of almost an order

of magnitude greater than the excitation energy of an individual nucleus.

Stimulated scattering happens here as a reverse action of the scattering medium with

respect to internal electromagnetic excitations of the nuclei. For illustration, we present

an example of stimulated emission of light in excess of a dense medium that can be trans-

formed into different quasi-particles. Such quasi-particles may be in the forms of excited

electronic levels and can generate high energy gamma rays. One can write for the polariza-

tion of the medium for strong laser fields P in the form of a simple expansion (omitting the

tensor components of the susceptibility, its temporal and spatial dispersion) [14], [17]:

P = κE +χ2E2 +χ3E3 + · · · , (12)

where κ - is a linear dielectric susceptibility of the medium, χ2, χ3 - quadratic and cubic

susceptibility.

The quadratic non-linearity determines the three-frequency waves or the three-photon

induced waves. The cubic non-linearity yields the four-waves (four-photon or four-

frequency induced waves). Thus, the nonlinear susceptibility of the order n leads to (n+1)-

wave interactions [11], [14]. Thus, at propagation of the plane waves in a medium with

quadratic nonlinearity:

E1 = A1 cos(ω1t −k1z); E2 = A2 cos(ω2t −k2z) · · · , (13)

where kn is the wave-number, z is the direction of wave propagation; the nonlinear polar-

ization arises:

P(2) = χ2E2 = P2ω1
+P2ω2

+Pω1+ω2
+Pω1−ω2

+P0 , (14)
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where

P2ωn
=

1

2
χ2A2

n cos[2(ωnt −knz)] , n = 1,2 , (15)

Pω1±ω2
= χ2A1A2 cos[(ω1 ±ω2)t − (k1 ±k2)z)] , (16)

P0 =
1

2
χ2(A2

1 +A2
2) . (17)

P0 is the constant of the medium polarization due to the action of the field of intense waves.

The polarization in (15) at the doubled frequency and the polarization in (16) on the sum of

frequencies provide the wave re-emission at double frequencies. Excitation of the waves at

the sum frequency ω3 = ω1 + ω2 requires the wave synchronicity k3 = k1 + k2 . Then the

amplitudes of the waves emitted by the dipoles from different points of the medium would

be summed up and the nonlinear effect would be spatially accumulated. One should note

here that the excitation of the waves on the sum of frequencies ω3 = ω1 +ω2 needs the wave

synchronization k3 = k1 +k2. Then the amplitude of the waves emitted by the dipoles from

different points of the medium would be folded and a spatial accumulation of the nonlinear

effect would take place. Induced three-frequency waves can therefore be regarded as the

coherent merger process of the photons of corresponding frequencies [14], [17].

The non-center symmetrical nonlinear media do not have the quadratic term in the de-

composition (12). Generation of only the induced four-waves is possible in such media.

The interaction of the four waves leads to a wide variety of the non-linear effects. In such

environments, between the frequencies ωn and the wave vectors kn, the following relations

can take place:

ω4 = ±ω1 ±ω2 ±ω3 ; k4 = ±k1 ±k2 ±k3 . (18)

In a sufficiently dense and ordered matter, the radiation at the difference frequencies may

not be possible if such waves are much larger than the characteristic sizes of the crystalline

cells [18]. Electromagnetic emission is prohibited here if the wave frequency is less than

the plasma frequency.

Macroscopic polarization ~P (in an isotropic medium ~P = Ne~x , where N - number of

particles per unit volume) can be written as (12), but even in the case of the weak elas-

tic harmonic force an anharmonic susceptibility becomes a nonlinear function of the field

strength. In the quantum theory, the stimulated emission is defined as the result of interac-

tion between the pump photons and the scattered photons [17].

In our case we can consider the excited nuclei instead of the pump photons and their

virtual emissions as photons, which also play the role of inducing waves. In the overdense

crystalline structure, the excited nuclei interact non-linearly between each other and emit

together the gamma rays of high multiplicity. The emission of gamma becomes induced in

the case of any photons m ≥ 1 which are already emitted in this mode.

The excited nuclei can be considered in overdense crystal as the sources of compressed

photons. The combined radiations from such sources would create the modes of high mul-

tiplicity, i.e., high-energy gammas. The compressed fields can be represented as the period-

ically non-stationary states [14], [17]. So, considering the outgoing high-frequency waves,

one can envisage in the process of stimulated emission a group of intensively interacting

with each other squeezed states.
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3.2. Interactions of the Crystal Phonons and the Nuclear Phonons

A characteristic feature of the crystalline structures is their orderliness, which displays it-

self not only in the spatial position of nuclei and symmetry, but also in the special internal

vibrations and interactions in the structure that are gracefully described within the frame-

work of the phonon theory [19]. Above we already discussed the specific phonons which

described the behavior of admixture nuclei in the crystalline structure. Here we are to dis-

cuss the excited states of nuclei that can also be considered in the framework of the phonon

theory [20]. The description of interactions between the crystal phonons and the nuclear

phonons can help us to understand the mutual influence of nuclear excitation and vibrations

in the crystal.

Let us assume that an overdense crystal consisting of bare nuclei is immersed in the

degenerate electron Fermi-liquid. Such arrangement is electrically neutral. For simplicity,

we assume that the nuclei in the crystal lattice are identical. If a part of the nuclei is trans-

formed in the electron capture reactions, then such daughter nuclei become the impurity

nuclei. Obviously, the mass of the daughter nucleus increases a little owing to the electron

capture because a neutron is heavier than a proton. Besides, the force constant of their inter-

actions is reduced, since the charge of the nucleus becomes less for one or even two units.

These changes lead to a shift in the oscillations frequency of the impurity nucleus to the

region of the phonon spectrum of the crystal, and this nucleus becomes a quasi-local one.

Quanta energy of the quasi-local vibrations are usually regarded as quasi-phonons that can

migrate in the lattice and demonstrate asymmetry in the interaction forces towards other

impurity nuclei. This leads to local grouping of the impurity nuclei, i.e., to formation of a

local group of excited nuclei in the lattice and to enhancement of the nonlinear interactions

between them. In their turn, the excited nuclear states themselves obey the coordinated

collective motion of the nucleons inside the nucleus, and they are often described in terms

of the phonon theories [20].

Let us now consider the sources of the squeezed states in an overdense crystal. These

sources are the nuclei in excited states, but with the excitation energies below the Fermi en-

ergy of the degenerate electron liquid. In this case the collective action of this liquid "locks"

the photon in the excited nucleus. If the excitation energy of these nuclei is below the escape

threshold of the nucleons E∗ < 7MeV , the excitations appear as a series of discrete levels

like the vibrational bands in the molecular spectra in the ordinary terrestrial conditions. At

higher energies, they appear as broad resonance peaks in the cross sections of nuclear re-

actions (giant resonances). At normal conditions, the vibrational excitations of the nuclei

are characterized by a high probability of the collective electromagnetic transitions to the

lower levels. This suggests a coherent collective nature of the vibrational motion since at

the transition the states of many nucleons are changed simultaneously.

A periodically dependent on time t deviation δρ(r, t) in the nucleus density (from the

equilibrium distribution ρ(r) ) takes place at vibrational excitations of the nuclei. The

vibrations can be represented by a combination of the normal vibrational modes:

δρ(r, t) = ρ(r)YLM(θ,ϕ)cos(ωLt) , (19)

where ρ(r) is the change in the density of the nucleus depending on the radius r, YLM(θ,ϕ)

is a spherical function; the indices of L,M (angular momentum and its projection) corre-

spond to the different types of the vibrations. The vibrational excitations of the nuclei are
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characterized by the phonon numbers nLM, and each phonon carries the angular momentum

L (the change in the orbital angular momentum of the nucleus) and its projection M on the

axis of vibrations, the energy ~ωL, and the parity π = (−1)L . Assuming that inside the

nucleus the matter is incompressible, the density changes at fluctuations of form are mainly

concentrated on the surface of the nucleus [20].

The main reason for the interaction of phonons is the anharmonicity of the vibrations.

The physical cause of the anharmonicity is obliged to the asymmetry of the displacement

forces in the crystal from the equilibrium position, and the asymmetry with respect to sur-

face vibrations [19]. In the first case the potential interactions can be written in the form:

U(ξ) = β1 ·ξ2/2−Aξ3/3 , where A is the coefficient of anharmonicity (A > 0) and ξ is the

initial displacement. So, we can write this simple process as ω1 +ω2 → ω3. More complex

processes are associated with the participation of four or more phonons. The transfer of

energy from one phonon to another is determined by overlapping areas of phonons spectra.

The stronger anharmonicity creates a large overlap region in the spectrum, where the differ-

ent phonons interacted. In this model, the coefficient of phonon−phonon interaction takes

the form: µph = πA2nph, where nph is the density of phonons, πA2 is the effective cross sec-

tion of phonons scattering [19]. For transfer processes, the reciprocal lattice vector G must

be added: ~q +~q′ =~q′′ + ~G. In this case the lattice vector is beyond the Brillouin zone and

appears into the neighboring vector zone. For even more super-dense crystalline structures,

the contribution of four and a larger number of phonons also becomes more significant.

The phonon model predicts for each mode the equidistant spectrum of the n-phonon

states with energies En = n~ω. In spherical nuclei, this spectrum consists of the level multi-

plets with same energies and different total angular momenta of the phonons. Electromag-

netic transitions between the levels are to comply with certain selection rules and intensity

ratios. So, for the states with the parallel "aligned" moments of the n phonons, the tran-

sition probabilities n → n− 1 increase in n times compared to the transition 1 → 0 from

the single-phonon state to the basic state (an analogue for laser amplification). Nonlinear

interactions increase the probability of collective induced gamma emission and stimulate

the resonance transitions in the group of excited nuclei. This leads to a collective emission

of high multiplicity modes. In the overdense matter of neutron stars, such transitions have

to happen with a very high probability generating gamma with energies of few MeV and

higher.

3.3. Tunneling Effects

Obviously, it is very challenging to consider the complete manifold of the interactions be-

tween the stable and excited nuclei in an overdense crystalline structure. However, particu-

lar significance in the super-dense crystalline structures acquires tunneling effects because,

unlike the dense gas environments, here the tunneling phenomenon has its own ordered

pattern. Imagine, for example, the quasi-particle motion inside the nucleus as the motion in

the potential well. Let the energy of the quasiparticle excitation energy be equal to E∗, and

the height of the well be EF .

The nuclei are immersed in a degenerate electron Fermi liquid, which prohibits the

output of gamma rays that have energies below the Fermi energy of the electrons. Let us also

consider two neighboring wells, i.e., two adjacent excited nuclei. The overlap coefficient of
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Figure 3. Tunnel interactions between excited nuclei and formation of the super excited

states. Solid and dotted bar lines are the wave functions of the bound and excited states of

nuclei, respectively. Identical nuclei are considered for simplicity.

the wave functions can be defined in this simplified model employing a simple formula

D(d∗) = D0

[

1+

(

k2 +κ2

2kκ

)2

sh(κ ·d∗)

]−1

. (20)

where

k =
1

~

√
2m∗E∗ , κ =

1

~

√

2m∗(EF −E∗) . (21)

Here, D0 ≈ 1 is the normalized overlap integral of the two identical wave functions of

the nuclear excited states taken at d∗ = 0 ; m∗ is the effective mass of the quasi-particle. In

reality d∗ ≥ d , where d is the lattice constant. Then one can write d/d∗ = (ρ∗/ρ)1/3.

Summing (20) over all the neighboring excited nuclei, one can obtain the dependence

of the overlap integral of the excited nuclei density Ω(ρ∗) in the lattice as:

Ω(ρ∗) = ∑
K

D(K ·d∗) (22)

where d∗ is the average distance between the single excited nuclei K = 1,2,3 . . .. The

overlap integrals with highly excited states are to be also included in the sum of (22) by

introducing the wave numbers

kn =
1

~

√

2m∗E∗
n , κn =

1

~

√

2m∗(EF −E∗
n ) . (23)

where E∗
n is the energy of the related states.

Equating the sum (22) to unity, one can get the critical value for the density of the

excited states of the nuclei in the lattice:

ρ∗
cr/ρ = d3 · (kn ·κn)

3/2 (24)



Physics of the Neutron Star Envelopes 133

This shows that at low d and κn, the critical values can occur even with low concentrations

of excited nuclei. It is obvious that at ρ > ρ∗
cr the nonlinear processes develop rapidly in the

environment of excited nuclei.

One should note that, as a quantum phenomenon, the tunneling effect is used in many

areas of physics, for example, the effect was in the basis for the development of transistor,

diode and other microelectronic technologies. So, recently it has become a tool for intensive

research in a variety of media such as in nanostructures [23], [24]. The range of manifes-

tations of this quantum phenomena is very broad and covers not only nuclear scales, but

also atoms and even molecular compounds [23]. One can therefore insist, that the tunneling

effects in the overdense ordered structures, which are the crystalline envelopes of neutron

stars, should be found there. Therefore, the synchronization of excitations in the neighbor-

ing nuclei and the subsequent co-emission of high multiplicity gammas associated with the

tunneling seem to be quite obvious and important processes taking place in the neutron star

envelopes.

3.4. Formation of Free Neutron Matter in the Neutron Star Envelopes

Let us determine the formation mechanisms of the highly excited states of nuclei, the trans-

fer of the excitation energy between the nuclei, and the formation of free neutrons in the

crystal structures of the neutron star envelopes. Thus, at the density ρ ≈ 1.2 · 107g · cm−3

and higher, the reactions of the electron capture by the free protons become open; the pro-

tons emit neutrinos and transform into neutrons. In addition to that, the even-even nuclei

transform into daughter-excited nuclei via the two-stage electron capture reactions. Of

course, such an excited nucleus cannot emit a corresponding low-energy gamma due to the

total reflection from the overdense environment. So, the excited nuclei would accumulate

in these layers of the envelopes. Nevertheless, as soon as the density reaches some crit-

ical value, the excited nuclei together can emit their excitations. Such processes can be

possible if the nonlinear interactions between the excited nuclei produce the modes of the

high-order multiplicity. Their energy would already be sufficient to knock out the nucleons

from the neighboring nuclei. These nucleons would supplement numerous free neutrons in

the environment. Obviously, the free protons would capture electrons emitting neutrinos

and undergoing transformation into neutrons.

An important question relates to the emission of gamma rays by the nuclei. Note that

the direct proliferation of the gamma through the electronic Fermi liquid can be difficult.

However, excitations of a nucleus can be represented as surface vibrations of the nucleus,

which can be defined as nuclear phonons. Their interactions with phonons of the crystalline

structure create a mechanism for the transfer of nuclear excitations outside the nucleus.

Moreover, surface vibrations of a nucleus surrounded with the degenerate electron Fermi

liquid, can be easily associated with the generation of the excitations already on the surface

of the electron Fermi liquid. At that, the generation of the electron-hole states as well as the

excitations of the Fermi electrons would quite seriously influence the states of the nuclei in

lattice nodes. As a part of the phonon descriptions of the nucleus and phonon excitations

in the crystalline structure, one can determine their mutual relationship as a consequence

of overlapping of their domains of coexistence. This also implies that the excitations can

easily be transmitted over relatively large distances within the crystal lattice, especially in
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the layers of the same material and density of the lattice parameters.

Let us consider again the reactions with nuclei of 56Fe. Below we assess the energies

of the gamma produced when the 56Fe nuclei are transformed into 56Cr (Table 4).

Table 4. The reaction chains with 56Fe transformation into 56Cr

Two step reactions Ee;th in MeV ρcr (ρ > ρcr) λγ (λγ < acr)
56
26Fe+e− →56

25 Mn3+ +νe 3.695 1.144 ·109g · cm−3 a = 280 fm
56
25Mn3+ +e− →56

24 Cr∗∗4++νe E∗∗
γ = 1.832 λγ = 678 f m

56
25Mn3+ +e− →56

24 Cr∗2+ +νe E∗∗
γ = 1.007 λγ = 1233 f m

56
25Mn3+ +e− →56

24 Cr0+ +νe 1.629 Quasi− stable a = 280 fm

Here ρcr = 1.144 · 109g · cm−3 what corresponds to the threshold of electron capture

reactions for 56Fe. The distance between the nuclei in the lattice is equal to d = 2 · a =

560 f m. The energy of the excited states corresponds to gamma rays with wavelengths

much larger than the crystalline cell size. It is evident that the emission of gamma rays

becomes difficult in this case. The excitations of the nuclei can however be transferred to

the environment, for example, to the formation of a pair of "excited electron + hole" in the

degenerate electron Fermi liquid. A group of the excited pairs would possess the very high

energy that can knock out a neutron from the nucleus in the collision with this nucleus.

Denoting such a quasi-particle with the symbol γq, one can write a symbolic reaction in

the following form:

56
24Cr∗2+ + γq →55

24 Cr0+ +n . (25)

The energy of γq should be Eγq
> 8.245MeV . It means that about 20% of all the 56

26Fe nuclei

which transformed to 56
24Cr can form free neutrons in this layer of the crust. This additional

gas of free neutrons would occur at a depth, where ρ ≥ 1.15 ·109g · cm−3.

4. Conclusion

In this chapter we considered in brief the processes and the reactions that take place after

a neutron star has cooled down enough to get some specific crystalline structure in its en-

velopes. We have limited our descriptions by the transformations of the nuclei and related

reactions since these phenomena are of particular interest in the studies of the matter states

and processes in the deeper layers of the solid crusts of a neutron star.

It was shown that the electron capture reactions by main even-even nuclides lead to the

formation of excited daughter nuclei. As it is supposed, these nuclides compose the ma-

jor part of neutron star matter. It is shown that the processes when the groups of excited

nuclei create the induced high energy gamma become possible in the overdense crystalline

structure in the certain layers of the neutron star envelopes. These gamma have the ener-

gies high enough to knock out neutrons from the nuclei. So, the number of free neutrons

that appeared in the crystalline structure from free protons would be supplemented by new

neutrons knocked out from the nuclei.
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At larger depths of the envelopes, the processes of dropping neutrons from the nuclei

would be opened, and the number of neutrons would increase even more.

From the other side, it was our intention to draw more attention to this comparatively

poorly studied topic while, for instance, the effects from the electromagnetic fields, su-

perconducting and super-fluid states of matter were quite intensively studied by numerous

authors. We should therefore include here in the list of literature sources the noticeable

monographs and books devoted to other related aspects of the neutron star physics. First of

all, there are the works by [1], [3], [4], [25], [26], [27], [28], [29], [30] and many others.
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NEUTRON RESONANCES IN THE NEUTRON

STAR ENVELOPES
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al-Farabi Kazakh National University, Almaty, Kazakhstan

Abstract

In this chapter, we consider the resonances in the scattering of neutrons on a system
of two and three nuclei. The appearance of new resonance levels in these systems is
shown and their dependence on the energy of neutrons is discussed. The main distinc-
tion of the new neutron resonances in a few-body system is related to the dependence
of resonance parameters on the distances between the nuclei in this system. When
the distance between the nuclei comes to the certain values, the resonances become
stronger, but if the distances fall out of a certain interval, these resonances disappear.
The crystalline structure of neutron star envelopes is a natural laboratory for investi-
gations of the properties of new resonances and their influence on the processes in the
neutron star crusts. The new type of few-body resonances in the neutron star physics
and their possible determination in the terrestrial laboratory experiments is discussed.

PACS 28.20.Cz, 26.60.Gj, 97.60.Jd
Keywords: neutron star envelopes, neutron resonances, three-body systems, density oscil-
lations
AMS Subject Classification: 70H, 81F, 85A

1. Introduction

A distinctive feature of neutron scattering on nuclei is the presence of resonances in the
energy range from few eV to the energy of almost MeV [1], [2]. Remarkably, every nucleus
has its own unique spectrum of the neutron resonance levels due to a very complicated
internal structure of each nucleus.

∗E-mail address: takibayev@gmail.com
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At macroscopic scale when pressure increases, the matter in the layers of the envelopes
undergoes several steps of alteration. At the upper layers of the outer crust the matter
is acquiring with depth more universal properties as well as more ordered structure by
increasing the internal energy. Then, at the lower layers of the inner crusts, the structure
loses the order owing to the action of new forces and reactions which act at smaller distances
and at super higher pressure [3], [4], [5], [6], [7].

This pattern is in agreement with the laboratory experiments at pressures achievable in
terrestrial conditions. But properties of overdense matter are not yet sufficiently studied.
This is one of the important problems in modern astrophysics. For example, the dynamic
pattern of changes in a matter state is considered from the pressure and temperature on
the Earth to extreme conditions in the compact stars, particularly, in neutron stars. The
outcomes of the widespread experimental investigations and observation data of planets
and stars are also taken into account. Based on the theoretical considerations the researchers
then proposed a scenario for evolution of the matter states at extreme conditions [8].

At the microscopic scale, the analysis is based on the effective interactions between
particles of matter that appear as a result of the cooperative action of the elementary inter-
actions between different nuclei, particles and fields. For instance, the Coulomb crystalline
structures with bare nuclei in Fermi electron liquid are created by huge pressure due to
gravity, Coulomb forces and degeneration of electrons. The huge pressure packs the nuclei
tightly, destroys atoms, compels unexpected nuclear reactions and processes. At dramati-
cally high pressures, when the majority of the nuclei turn into the very neutron-rich nuclei,
the crystalline structure is destroyed [5], [6], [7], [9].

In deeper layers of the envelopes, the crystalline structure melts and comes into con-
tact with liquid mantle. To include in the considerations the new substance consisting of
mesons, quarks, gluons, strange particles and other components, one needs to understand
and determine the mantle properties.

In the consideration of the envelopes and mantle properties, the important results have
already been obtained. For example, the remarkable descriptions and results were obtained
for comprehensible phenomena of ionization and destruction of the outer electron shells,
up to the appearance of the neutron matter component, formation of paste, voids and other
structural varieties in neutron stars, the influences of fields, superconductivity, etc. [6], [7],
[10]. At densities more than the nuclear density, the formation of strange and quark stars is
predicted [5], [11], [12], [13], [14]. A comprehensive list of very important works can be
found in the review [9].

Our consideration is limited here by the study of the neutron star envelopes, where the
processes and reactions can be described on the basis of modern physical understanding.
We guess the majority of the observable data can be described in terms of modern quantum
physics.

Formation of the outer and inner crusts is related to the region of densities where the
distances between the nuclei are much smaller than the atomic size, but are still much
larger than nuclear radius. The fact is that the behavior of the matter in the region from
107g · cm−3 up to 1014g · cm−3 can be governed not only by the two-body interactions, but
also by the few-body forces and some sorts of quasi-particles defined by actions of the
crystalline structure.

Here, we do not consider the effect of external fields on the processes in the neutron star
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envelopes, focusing our attention on the impact of close neighbors in the crystalline struc-
ture. We take into account the properties of matter at different depths of the structure layers
stipulated by the powerful gravitational pressure. Also, we do not consider the superfluity
and superconducting states of electronic matter, which have been studied in detail in many
reviews and books (see, for example [6], [11], [12], [13] and the works cited therein).

The two-body interactions are undoubtedly important and essential at usual pressures
and temperatures, and are applicable even more broadly, but for extremely high densities
of matter the few-body dynamics also becomes very important, especially in the ordered
structure of matter that appears in the neutron star envelopes.

Let us adduce here some non-trivial effects which arise even in simple three-body sys-
tems and are well known in the few-body quantum physics, but do not exist in the ordinary
two-body quantum physics. First, it is the Thomas’s effect [15] which indicates the col-
lapse into a center in a system of three identical particles whose pair interactions have a
zero range (point-like interactions). Furthermore, if the range of forces is finite, but the
length of pair scattering is increasing, numerous new levels appear in such system under
the scattering threshold. And the growth of their number increases logarithmically as the
ratio of the length of the pair scattering to the range of the pair forces. This is the Efimov
effect [16]. Then, the experiments with few mutually interacting atoms were performed
confirming the effect with the new levels in the system [17,18]. Note also the investigation
of threshold anomalies in cross sections and the phenomena of a long-range character in the
three-body systems [19], [20].

These results indicate a complex nature of the phenomena and effects arising from
quantum physics of few-body systems. The impact of these phenomena on the state of
overdense matter may be decisive in some cases, but the phenomena cannot be considered
in the framework of simple two-body interactions.

In next sections we are to investigate how the crystalline structure can affect the neu-
tron resonances and create specific or/and additional characteristics. We would also try to
consider several intriguing questions. Where and how the neutron resonances of few-body
types could create a new kind of order and forces inside the crystalline structure, and what
sort of quasi-particles can be stimulated in this solid layers? And how can we detect a new
form of interactions and quasi-particles?

Moreover, if the matter inside the mantle or in the central core of a neutron star has
the form of ordered structure, can we use the basic principles of the few-body physics for
the systems of quarks or strange matter in order to investigate new collective properties
and their effects? We do not have the answers so far, but we start the investigations in this
direction.

In this chapter, we consider the neutron resonances of three-body type that appear in
the overdense crystalline structures. The model is to determine the properties of the neutron
resonances and their dependence on a depth of a layer in the neutron star envelopes. These
new resonances in a crystalline structure can lead to density oscillations in the certain layers
of the envelopes. Interactions of neutrons with nuclei can change the balance of forces
acting in certain layers. These characteristics depend both on the distance between the
nuclei in the layer, and on the properties of the nuclei.

In the next section we consider the model of a three-body system where the mass of
one of the particles is extremely small with respect to the masses of the other two particles,
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and the particle with lower mass is a neutron while the heavy particles are nuclei fixed
in the nodes of the crystalline structure [21]. The solutions of this three-body problem
can be found in the simplest form of two-body amplitudes. For example, these two-body
amplitudes have the analytical form in the case of Breit-Wigner resonances or two-body
interactions in the separable form. Moreover, the direct nuclear interactions between heavy
nuclei can be ignored since the distance between them is many times larger than the size of
a nucleus. In this model the solutions of the three-body system are determined in analytical
forms, and their analysis is quite straightforward. Within the model, new quasi-stationary
states and unusual transitions have been found to be exotic for the two-body scattering
problems.

It is an important feature of these new quasi-stationary states or resonances that they
occur under certain (almost discrete) values of the distances between the heavy particles.
In the problem of neutron scattering on the subsystem of two heavy nuclei, the resonant
amplification of the amplitudes has the complicated dependence on the distance between
the nuclei in different layers [22]. These resonances represent "the neutron resonances
in structure" that explicitly demonstrate their dependence on the properties of a structure
which consisted of few nuclei or few sorts of nuclei. These properties may distinguish them
from ordinary neutron resonances [23].

2. Three-Body Problem with Simplified Two-Body Interactions

The basis of the three-body quantum theory is the system of Faddeev equations which
gives for the amplitudes corresponding to transitions between different channels of pair
states [24,25]:

Ti, j = ti δi j +∑ ti G0(Z) δ̄i,l Tl, j (1)

where t matrices are given as known quantities, ti = Vi +ViG0 ti are the pair t-matrices asso-
ciated with the pair interaction potentials Vi and determined in the space of three particles,
(i, j, l = 1,2,3). G0(E) is the Green’s function for three free particles and δ̄i, j = 1−δi, j , δi, j

is the Kronecker delta. The total T-matrix is the sum over the indices i, j: T = ∑Ti, j.
Formally, the index i in Ti, j corresponds to the number of the last surviving pair in the

left asymptotic region - that is, it corresponds to the number of the particle that leaves the
interaction region first. Similarly, the index j corresponds to the number of the last inter-
acting pair in the right asymptotic region. The Faddeev equations (1) guarantee uniqueness
and existence of solutions [24].

Our model is based on two simple approximations:
- two body t-matrices are taken in the form characterizing the "compound" systems, but

in the resonance area we use the two-body t-matrices in the Breit-Wigner form;
- in the three-body problem, the Born-Oppenheimer approximation is used.
The first approximation gives the exact solutions of the two-particle problem at once in

an analytical form. This form is used in many problems of low-energy nuclear physics, for
instance, for amplitude near the isolated Breit-Wigner resonance and even as solutions in
the case of separable interactions like the Yamaguchi potential.

The Born-Oppenheimer approximation results in the simplification of the three-particle
problem in the assumption that one particle is a low-mass particle, while the other particles
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have heavy masses. In particular, the Born-Oppenheimer approximation greatly simplifies
the determination of solutions by dividing them into two sets of equations: "electronic"
equations for a low-mass particle and "nuclear" equations for heavy particles. The terms
are borrowed from quantum molecular physics where the low-mass particles are electrons
and the heavy particles are nuclei in atoms [26].

The first approximation immediately sets the exact analytical form for the pair ampli-
tude, while the second one leads to a simplification of the three-body equations (1) and
allows now finding the analytical form of solutions for the three-body problem. For exam-
ple, in the case of separable potentials: Vi = |νi > λi < νi| , where λi is the coupling constant
of the potential, solutions can be written in the simple form:

ti = |νi > ηi < νi|, (2)

where ηi is the enhancement factor determined as:

η−1
i = λ−1

i − < νi|G0(E)|νi > . (3)

Note that the sum of a finite number of separable terms can describe the short-range
potentials of complicated forms. The solutions in these cases can be also written in an
analytical form.

In the Born-Oppenheimer approximation m/M → 0, m and M are masses of a neu-
tron and a heavy nucleus, respectively. Below, it is better to use the new name - "neutron
equations" instead of "electronic equations" because the description of electron matter also
needs own characteristics. The effective mass of nuclei that are fixed in the nodes of a su-
perdense crystal is many times larger than the real mass of a nucleus because the effective
mass equals a mass of the crystalline domain. So, the total energy of the three-body system
becomes equal to the energy of the neutron: E = p2

0/2m , where ~p0 is the neutron’s initial
impulse (for simplicity, c = ~ = 1).

The formfactors for the pair potentials between the neutron and one of the heavy nuclei
cease to depend on the heavy nucleus momentum, that is νi(~q) → νi(~p), where ~p is the
impulse of the neutron in an intermediate state. The enhancement factors in the t-matrices
in eq. (1) for these pairs become functions only of the initial energy of the neutron, that is,
they are the functions of its initial momentum, namely ηi(E) → η(p0), i = 2,3. The heavy
nuclei are labeled with the indices 2 and 3. For the sake of simplicity, we assume them to
be identical − that is, m2 = m3 = M.

Under these two approximations, exact solutions can easily be obtained in a simple
analytical form. It means that the problem can be solved completely. It is even easier to
find the exact solutions in the case of the scattering of a neutron on a system of two fixed
centers (nuclei).

Setting Ti, j = ti ·δi j + |νi > ηi ·Pi j ·η j < ν j|, we recast the set of Eqs.(1) for the matrices
Pi j into the form

Pi j = Λi j +∑
l

ΛilηlPl j , (4)

where Λi j =< νi|G0(Z)|ν j, i 6= j.
It is important to note that Λii ≡ 0 − that is, the diagonal elements vanish identically.

This distinctive feature of Faddeev equations ensures the compactness of kernels in re-
spective integral equations and the existence and uniqueness of the solutions. Indeed, the
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singularities of the Born terms become normalizable; therefore, the solutions exist and are
obtainable [24], [25].

At the same time, the diagonal terms Pii of the amplitude are obviously nonzero. Using
Eqs.(4), we write a close equation for them

Pi j = V
e f

ii′
+∑

is

V
e f
iis

ηisPisi′ , (5)

where the effective potential can be found from an auxiliary set of equations. The prime here
labels the same channel i but in the final state, while the subscript s labels an intermediate
state. An equation for V

e f
ii can be rewritten in a symbolic form as

V
e f
ii = ∑

l,k

Λilηl [1/η−Λ]−1
lk ηkΛki , (6)

where l,k 6= i. The internal summations in (6) do not involve the summation over the chan-
nel of number i since the diagonal transitions in this channel have already been separated
and taken into account in Eq.(5). In general, the equations similar to the Eqs. (5) and (6)
form a basis for the effective-potential method [21].

In the limit ζ → 0, the form factors for the pair potentials of the interaction < ν|~q >=

ν(~q) between the low-mass particle and any heavy-particles cease to depend on the heavy-
particle momentum: ν( ~q13) → ν(~p) and ν( ~q12) → ν(~p) since ~q13 → ~p and, accordingly,
~q12 → ~p. The enhancement factors in the t-matrices for these pairs become functions only
of the initial energy of the low-mass particle with the mass m − that is, they are the functions
of its initial momentum: ν2 = ν3 → ν(p0).

At this stage, we can exclude the pair interaction between the heavy particles represent-
ing the effective potential V

e f
11 in the form

V
e f
11 = ∑

l,k=2,3

Λ1lηl [1/η−Λ]−1
lk ηkΛk1 . (7)

From Eq. (6), one can find that Mlk satisfies the compact equation

Mlk = Λlk + ∑
ρ=2,3

ΛlρηρMρk , l,k 6= 1, (8)

where

Λlk = 2m
νl(p) ·νk(p)

p2
0 − p2 + iγ

= flk(~p; p0) , l 6= k. (9)

Taking into account the conservation of the total momentum in the three-particle sys-
tem, ~p = ~p1 = −~pl − ~pk, we represent the potential Λlk in the integral form

Λlk(~pl, ~pk
′) =

Z

d~r exp(i ·~r~pl)Jlk(~r)exp(i ·~r~pk
′) , (10)

where

Jlk(~r) =

Z

d~pexp(i ·~r~p) flk(~p; p0) . (11)

In Eq. (10), we label the heavy-particle variables at the interaction region exit with a prime;
at the entrance, they carry no primes. We use this notation below.
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Let us determine the Fourier transform of the solution Mlk. We have

M(~rl,~rk
′) =

Z

d~pl

Z

d~pk
′ exp(−i ·~rl~pl) ·M(~pl, ~pk

′)exp(i ·~rk
′~pk

′) . (12)

Taking into account the relation (10) in Eq.(8), one can obtain

Mlk(~rl,~rk
′) =

Z

d~rlδ(~r−~rl)

[

Jlk(~r) ·δ(~r +~rk
′)+∑

ρ

Jlρ(~r)ηρMρk(−~r,~rk
′)

]

. (13)

In Eq. (13) for Mlk, the initial and the final subscripts of the channels can coincide in just
the same way as in Eq.(8); i.e., the case of l = k is possible.

Since the delta functions eliminate the integration on the right-hand side of (13), the
equation for Mlk(~r,~r

′) takes a simple form,

Mlk(~r,~r
′) = Jlk(p0;~r) ·δ(~r +~r ′)+∑

ρ

Jlρ(p0;~r)ηρMρk(−~r,~r ′) , (14)

where the radius vector~r of the initial and the intermediate states coincide; their dependence
on the channel index disappears, and only summation over the dummy interval index ρ
remains in the second term on the right-hand side of (14). We rewrite the Eq. (14) to obtain
the more clear form,

Mlk(~r,~r
′) = Jlk(p0;~r) ·δ(~r +~r ′)+∑

ρ

Jlρ(p0;~r)ηρJρk(p0;−~r) ·δ(−~r +~r ′)+

+∑
ρ,σ

Jlρ(p0;~r)ηρJρσ(p0;−~r)ησMσk(~r,~r
′) . (15)

The solution can easily be found and can be represented in the form

Mlk(~r,~r
′) = ∑

ρ

[

δρl −Bρl

]−1
Kρk(p0;~r,~r ′) , (16)

where

Blk(~r) = ∑
ρ

Jlρ(p0;~r)ηρ(p0)Jρk(p0;−~r)ηk(p0) (17)

and

Klk(~r,~r
′) = Jlk(p0;~r)δ(~r +~r ′)+∑

ρ

Jlρ(p0;~r)ηρ(p0)Jρk(p0;−~r)δ(−~r +~r ′) . (18)

Then Ml,k(~r,~r
′) can be represented as

Ml,k(~r,~r
′) = M+

l,k(~r)δ(~r +~r ′)+M−
l,k(~r)δ(−~r +~r ′) . (19)

Since the delta-functions remove the integration on the right-hand side in Eq.(15), the equa-
tions for M±

l,k(~r) are reduced to a simple form, and the solutions of the problem of the
neutron scattering on two fixed centers (nuclei) can be written in the analytical form

M+
l,k(~r, p0) =

1

Dl,l(~r; p0)
Jl,k(~r, p0) , (20)
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and

M−
l,l(~r, p0) =

1

Dl,l(~r; p0)
Jl,k(~r, p0)ηk(p0)Jk,l(−~r, p0), (21)

where M+
l,l = 0, if k = l, and M−

l,k = 0, if k 6= l.
The matrix Dl,l(~r; p0) in the indices of the particle pairs is diagonal. Its elements are

Dl,k(~r; p0) = 0, if k 6= l, and if k = l

Dl,l(~r; p0) = I−Jl,ρ(~r, p0)ηρ(p0)Jρ,l(−~r, p0)ηl(p0) . (22)

We note that, if the pair potentials are given by a sum of separable terms, the expressions
in (11) − (22) can be considered as matrix expressions with respect to additional indices.
If one takes into account the contributions of a few partial waves in various channels, the
corresponding indices and the sum must involve the values for these partial components as
well. In this case, it is important to take into account the coefficients of rearrangement of
spin and orbital angular momenta. A rather detailed description of the technical aspects of
this problem can be found, for example, in [19], [27].

2.1. Low-Mass Particle Scattering on the Subsystem of Two Heavy Particles

We now consider the simplest case where the positions of the heavy particles fixed strictly in
the nodes of crystalline structure can be determined by the vectors ~R2 and ~R3 = ~R2 +~b. For
the sake of simplicity, we also assume that the heavy particles are identical and introduce
the wave functions for these heavy particles in the form

Ψn(~r) = C · exp

[

−
(~r−~Rn)

2

2∆2

]

, (23)

where the n = 2,3. The heavy particles are localized in a bounded region centered at the
point ~Rn. Using the obvious normalization condition < Ψn|Ψn >= 1, we obtain C2 =
∆−3π−3/2. In the limit ∆ → 0, the localization regions for the nuclei contract, with the
result that they appear to be strictly fixed at the points ~R2 and ~R3.

We would go over to the limit ∆ → 0 only at the final stage of solving this model
problem. If the heavy particles do not interact, as we assume here, the amplitudes Mlk

are identical to the amplitudes Plk, and the elements of the total T matrix take the form
Tlk = |νl > ηl(δlk + Mlkηk) < νk|, l,k 6= 1. In order to determine the physical scattering
amplitude, it is necessary to sandwich the expression for the T -matrix for the initial <

Ψin| =< χ1Ψ2Ψ3| and final states |Ψ f >= |χ1Ψ2Ψ3 > of the system, where χ1 is the free
wave function for the low-mass particle. Separating the motion of the center of mass of
the three-particle system and isolating the form factors for the initial-state νl(~p) and the
final-state νk(~p

′) interaction of the low-mass particle, we obtain an expression for the three-
particle scattering amplitude in the form

〈Mlk〉 ≡
〈

Ψ~Rl
(~r)|Mlk(~r,~r

′)|Ψ~R ′
k
(~r ′)

〉

. (24)

After that, we are to go to the limit ∆ → 0, whereupon the delta-function dependence of the
quantity Mlk(~r,~r

′) would make it possible to obtain an ultimate solution to the problem.
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It should be emphasized that, in the solution Mlk(~r,~r
′), the positions of the particles are

specified in c.m.frame of all three particles. This concerns their coordinates and momenta.
Therefore, the radius vector~r corresponds to the position of the heavy particle with which
the light particle interacts first as it approaches the system. Accordingly, the radius vector
~r ′ corresponds to the heavy particle that interacts last with the low-mass particle leaving the
system. It is then obvious that ~R2 = −~d/2 and ~R3 = ~d/2.

We present the formal solution to the model problem in the task for the total scattering
amplitude:

f (~p,~p ′) = ∑
l=2,3

νl(~p)ηl(p0)νl(~p
′)+ ∑

l,k=2,3

νl(~p)ηl(p0) < Ml,k > ηk(p0)νk(~p
′) , (25)

The first sum on the right-hand side of (25) corresponds to the sum of the independent
pair amplitudes for the scattering of the low-mass particle on each of the two scattering
centers, while the second sum corresponds to the amplitude for its scattering on the two-
center system − that is, to the multi-particle scattering of the low-mass particle on the two
fixed centers. The first sum in Eq.(25) does not and cannot of course involve a dependence
on the parameter ~d, while the second sum does involve a dependence on the parameter ~d;
this dependence is an important feature of the system.

In case of the subsystem of two heavy nuclei, a direct interaction would be supple-
mented with the effective interaction [21]. For example, the direct interactions can be the
ordinary Coulomb repulsive forces between the heavy nuclei.

It is important that there are new options for the position of initial ~r and final ~r ′ of
the scattering centers [23]. Appearance of additional parameters is expected, since the
description of a three-body system requires not only the initial energy of the low-mass
particle (neutron), but also the location of heavy particles (nuclei). In fact, it suffices to
know the distance between the heavy nuclei: d = 2|~r|.

2.2. Resonances in the Simple Model

We restrict ourselves to the S-wave in pare forces and a simple separable potential featuring
the form factor in (2): νi(p) = N/(1 + p2/β2), where β−1 is the range of the pair forces
and N =

√

4π/mβ. It then follows that the integral Jlk(~r; p0 in (11) is an even function with
respect to the substitution~r ↔−~r and that the solution for M(d; p0) = 〈Mlk〉 takes the form

M(d; p0) =
J

1−ηJ
≡

J

D
, (26)

where J = J(d/2; p0), and η = η(p0). Introducing the notation t = p0/β and d = dβ/2, we
arrive at the following expressions for the functions J and η:

J = 2
exp(−d)−exp(idt)

d(1+ t2)2
+

exp(−d)

(1+ t2)
, (27)

and η−1 = λ−1 + (1− it)−2. Note, the zeros of the function D = 1 − Jη correspond to
the poles of the three-body amplitude M(d; t). Depending on where these zeros lie in the
complex plane of t or p0 − on the positive imaginary half-axis, on the negative imaginary
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half-axis, or in the vicinity of the real axis− the singularities of the amplitude correspond to
the bound, virtual, or resonance states. This follows from the unitarity and micro-causality
conditions even at the two-particle level [28], [29]. This leads to a relation between the
coupling constant λ and the coordinates of those points tI = Im(tres) and tR = Re(tres) in a
complex plane of t at which D(t)|t=tres

= 0. So, one could get

λ =
(1+ t2

R − t2
I )2−4t2

Rt2
I

(1+ t2
R − t2

I )exp(−d)+(2/d)
[

exp(−d)−exp(−dtI)cos(tRd)
]

− (1− tI)2
, (28)

and

λ = −
2tI(1+ t2

R − t2
I )

1− tI
[

1+exp(−d)
]

+exp(−dtI) sin(tRd)/(tRd)
. (29)

Looking for a final solution of the neutron scattering problem on the two scattering cen-
ters, the effective potential of the "neutron rescattering" on a subsystem of heavy particles
can be written in the form:

V
e f
i, j = |νi > ηiMi, jη j < ν j| . (30)

The wave functions are the product of the wave functions of the two fixed heavy nuclei and
the free neutron. After sandwiching the δ-functions in eq. (19) is removed,~r and~r ′ would
determine the coordinates of the scattering centers. Furthermore, the expression of eq. (19)
automatically picks out the origin of the system where the origin is to be in the center of
symmetry between the heavy particles. Thus, the scattering amplitude takes the parametric
dependence on d which is the distance between the scattering centers.

Our consideration gives the important results:
a) the solutions for the three-body system have numerous resonances with parameters in
accordance with the relationships (28) and (29);
b) the energies and widths of these structure resonances depend on the distance between the
heavy particles and energy of the low-mass particle (a neutron in our case).
It means that the picture of the resonance family can be more interesting and versatile than
that in the simple two-body problem.

2.3. Corrections to Exact Analytical Solutions

Supposing that the value Mi, j in (26) is already defined, we estimate the corrections to exact
analytical solutions. In order to determine these corrections one can use an iterative method
within the set of Faddeev equations [25]. Note that the convergence of iterative procedure
has an exponential behavior, that is more fast in comparison with the ordinary perturbation
theory [21]. Also, the method of evolution of the coupling constant may be used to find
corrections to energies of the bound or resonant states [30], [31], [32].

Following Lippmann-Schwinger equations, we get the wave functions in continuum

|Ψ >= ∑
j

(|φi > δi j +G0|νi > ηiPi jλ j < ν j|φ j >) , (31)

where |φi > are the two-body wave functions.
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For the spectrum, we can connect the wave function of a three-body state with the
residue of T -matrix in the pole

T (E)E→En
→

V |Ψn >< Ψn|V

E −En

. (32)

According to (8), (18) and (19), for instance, in S-wave this amounts to

|Ψn >= G0 ∑
i

|νi > Rn , (33)

where Rn =
√

(En−E2,res)/(2J(d/2)) to the accuracy of phase. Here E2,res is the energy
where η−1

i = 0. This energy corresponds to the two-body "resonant" state − it may be
bound or virtual, or quasi-stationary one. Meanwhile En = En(d/2; p0) corresponds to the
resonance state of the three-body system. J(d/2) = Ji j(En,d/2) = J ji(En,d/2) since the
fixed heavy particles are identical.

Now we know the solutions for our simple model, i.e., the elements of T -matrix, the
wave functions and the energies of the states. After that we can construct a scheme for
determination of the corrections. For example, in the framework of the coupling constant
evolution method, we can consider the evolution of a system with increasing of small pa-
rameter ζ. Shifts of bound or resonance energies are determined by the equation

dEn

dζ
=

< Ψn|Hζ|Ψn >

< Ψn|Ψn >
, (34)

where Hζ = dH/dζ, and the shifts of the wave functions

d|Ψ >

dζ
=

1

E −H

(

Hζ −Eζ

)

|Ψ > , (35)

Eζ = dE/dζ.
The corrections to the Eζ=0 can be written using the simple expansion E = Eζ=0 +

ζ · (dE/dζ)ζ=0 + . . .. The same expansions can be used for the wave functions and other
values. The exact analytical solutions are taken here as initial values of En and |Ψ > at the
limit ζ → 0.

We can take into account small motions of the heavy centers using the same simple
method. So, for the wave-function we can write

Ψi(~r,~Ri) = C exp

[

−
(~r−~Ri)

2

2∆2

]

(36)

for a particle with heavy mass localized in a bounded region centered at the point~Ri, i = 2,3.
Decomposing the expression in respect of ∆, one can obtain that the corrections are linear
with ∆/d << 1

f (~d; p0) = ∑
i, j=2,3

< Ψi(~r,~Ri)|Mi j(~r,~r
′)|Ψ j(~r

′,~R j) > . (37)

Taking Wk,i = Tk,i − tiδki, we can write the expressions

W1,1 = ∑
k=2,3

t1G0(E)Wk,1 , Wk,1 = |νk > ηk · (Bk,1 +Fk,1) , (38)
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where k 6= 1, and

Bk,1 =< νk|G0(E) ·T1,1 , Fk,1 = ∑
l=2,3

Mk,l ·ηl ·Bl,1. (39)

Then we can take a pair interaction between the two heavy centers in arbitrary form, not
only in the separable one. Writting W11 = V1 ·W̃11, we obtain

W̃11 = V
e f
11 +V

e f
11 G−1

1 G0W̃11 , (40)

where

V
e f
11 = ∑

k,l 6=1

G1|νk > ηk

(

η−1
k δkl +Pkl

)

ηl < νl|G0t1 . (41)

When V1 has a separable form, the equations (39) and (40) can be reduced to (10) - (14).

3. Neutron Resonances in the Crystalline Structures

The effective potential is given by Eqs. (20) - (22) and (30). This effective potential repre-
sents the complicated function of the initial neutron energy, and also depends on the distance
between the nuclei. It is seen that the three-body part of the amplitude in (25) has pole sin-
gularities at the same values of r and p0, when the determinant of the matrix D vanishes
(22). The dependence of D on the initial energy of the neutron is contained explicitly in the
enhancement factors ηi(p0) and the rescattering form-factors Ji, j(~r, p0). In case of neutron
scattering in the crystal, we assume that the heavy nuclei are fixed in the lattice nodes at
r = d/2, where d is the lattice constant.

We consider the model of neutron scattering on two fixed centers where the two-body
scattering amplitudes have the resonant form:

ti = |νi >
Γi/2

E −ER
i + iΓi/2

< νi| . (42)

The energy and width of the resonance are determined with real and imaginary parts of the
resonance wave number: ER

i = (p2
R − p2

I )/2m, Γi = −4pR pI/2m. We can assume that the
form-factor νi is almost a constant value in a sufficiently wide range around the resonance
point E ≈ ER

i . For illustration we consider the ti-matrices in the S-wave with the following
form-factors and enhancement factors:

νi(p) =

√

2π

pm
, ηi(E) =

Γi/2

E −ER
i + iΓi/2

, (43)

which correspond to the Breit-Wigner form.

3.1. Neutron Resonances in the Three-Body Systems

The main contribution to the three-body resonances is given by the enhancement factor
ηi. The rescattering factors Ji, j together with ηi create the group of structural neutron
resonances in the energy region near the energy of the pair neutron resonance.
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For simplicity, one can consider the heavy nuclei as identical here, and express the
function Ji, j following eq. (7) in a simple form:

Ji j = J ji = J(r, p0)∼
exp(irp0)

rp0
, (44)

where Γi = Γ j = Γ and ER
i = ER

j = ER. With simplifications of eqs. (12) and (13), the zeros

of the determinant of the matrix D are defined by the simple relationship (Jη)2 = 1 which
results in the following equation:

(E −ER + iΓ/2−J(r, p0)) · (E−ER + iΓ/2+J(r, p0)) = 0 . (45)

Equations (14) and (15) reveal the emergence of the three-body resonance of the two groups
of levels with energies Est

res,n(r, p0,n) = Est
R,n − iΓst

n /2, where

Est
R,n = ER ±

Γ

2
·

cos(r · p0)

r · p0
, (46)

and

Γst
n = Γ ·

(

1∓
sin(r · p0)

r · p0

)

. (47)

It means that the scattering amplitudes have the poles in the second sheet of complex plane
of energy. Moreover, the resonant pole in the two-body system can give the series of poles
for the three-body amplitude. Remarkably that the three-body type of poles is situated
around the position of the pole of the two-body amplitude. The position of the main three-
body poles, i.e., the three-body resonances, do not usually coincide with the position of the
main two-body resonances. If the distance between the two heavy bodies (nuclei) is increas-
ing or, vice versa, is reducing from the certain resonant value, the three-body resonances
become smaller, and then disappear.

The generalization of the resonance neutron scattering on a heavy nucleus in inelastic
channels is well known. For example, if the reaction of the neutron radiation capture by a
nucleus is possible, i.e., inelastic channels are opened, then the pair scattering amplitudes
near the resonance energy can be written in the following simple forms [1], [19] [23], [33]:

ti;n,n ≈
1

p0m
·

√

Γi,n ·
√

Γi,n

E −ER + iΓ/2
, (48)

and

ti;n,γ ≈
1

p0m
·

√

Γi,n ·
√

Γi,γ

E −ER + iΓ/2
. (49)

where Γi,n is the width of the resonance in the elastic channel, Γi,γ is the width of the gamma
emission process and Γ is their sum.

Description of the resonance scattering in inelastic channels in our three-body model is
also simple: the solutions have the form similar to eqs. (48) and (49), but with a different
term. The enhancement factor is common to elastic and inelastic channels and equal to
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Mi, j(~r,~r
′; p0) that contains the structural features of the nuclear system. Indeed, paired

inelastic transitions do not take part in the creation of the matrix D.
In the deep layers of neutron star envelopes, the direct emission of gamma becomes

impossible since the distances between nuclei are significantly less in comparison with
wavelength of the gamma.

This is due to the fact that the radiation capture n + A → A∗ + γ aborts the neutron
rescattering process in the heavy nuclei subsystem. We assume here that the reverse process
is unlikely, because the number of excited nuclei with a different mass is small. But it is also
important that the reverse three-body reaction, i.e., γ + A∗+ A → n + A + A, has a resonant
behavior for other values d , i.e., other values of the lattice constant.

Therefore, the process of neutron rescattering on nuclei is supported by many neighbor
nuclei in the crystalline structure. And the properties of the compound system are indepen-
dent from the initial or final partial channels. In this case, the elastic resonance amplitude
is open and can be written in the form:

Ti, j;n,n ≈
1

p0m
·
√

Γi,n ·Mi, j ·
√

Γ j,n . (50)

The neutron resonance in the ordered structure becomes the relatively stable state via
the resonant rescattering in the subsystems of two (or more) heavy nuclei. The resonant
rescattering appears and exists in a crystal at specific distances between nuclei and energies
of neutron. Both these values depend on the inner property of the nuclei. These values can
also be defined in an analytical form [23].

If the conditions are suitable for collective emission of high harmonic gammas, it means
that nonlinear interactions between nuclei in the overdense crystal can stimulate these pro-
cesses in deep layers of the neutron star envelopes (see the previous Chapter).

3.2. Neutron Resonances in the Four-Body Systems

It is very important to take into account the solutions of more complex objects, particularly
the four-body systems which consist of three heavy nuclei and one neutron. The solutions
of these four-body systems can give us the tendency of resonance influences in the cells
of corresponding layers of the crusts. As in the previous case, the problem of neutron
scattering on this subsystem can be solved in an analytical form.

Omitting reduction procedure of Yakubovsky-Faddeev, we can write expression for con-
nected part T c of the total four-body T -matrix in the form:

T c
i, j;n,n = |νi > ηiR

l
i jη j < ν j| , (51)

where

Rl
i j =

[

< νi > |+P
j

iiηi < νi|+Pi jη j < ν j|
]

·G0δ̄liδ̄l j|νl > ηl

{

Pl j +Ri
l j

}

. (52)

We keep the previous notations, and mark by i, j, l = 2,3,4 at P
j

ii , Q
j
il and Ri

l j the number
of scatterer center (the number of heavy particle). Also, like for the system of three-body
Faddeev equations, we accept here the notations: δ̄i j = I−δi j .



Neutron Resonances in the Neutron Star Envelopes 153

To simplify this, we can consider that all three nuclei are identical. In this case, the
system of equations can be written in a short form

Rl
i j = Q

j
il ·ηl ·

{

Pl j +Ri
l j

}

, (53)

with

Q
j
il =

{

Λil +P
j

iiη jΛil +Pi jη jΛ jl

}

δ̄liδ̄l j . (54)

For diagonal amplitudes:

T c
i,i;n,n = |νi > ηiR

l
iiηi < νi| , (55)

we can get

Rl
ii = Pl

iiδ̄l j +Λil δ̄liδ̄l jηlR
j
li . (56)

Then we can transform the equations to the coordinate space:

Rl
i j(~rl,~r j;~r

′
l,~r

′
i, ) =

Z

· · ·

Z

d~pl~p j~p
′
l~p

′
i exp

{

−i~pl~rl − i~p j~r j

}

· (57)

·exp
{

i~p′l~r
′
l + i~p′i~r

′
i

}

Rl
i j(~pl~p j;~p

′
l~p

′
i) .

These delta-functions essentially simplify the solutions of the problem. For example,
instead of the three-body problem expressions (10) - (15), we obtain:

Q
j
il(~r j,~rl;~r

′
i,~r

′
j) =

1

I−B
j
ii

[Jil(~rl) ·δ(~rl +~r′l) ·δ(~r j −~r′j)+ (58)

+Ji j(~r j)η jJ jl(~rl) ·δ(~rl +~r′j) ·δ(~rl +~r′i)] · δ̄l jδ̄li ,

where

B
j
ii(~r) = Ji j(~r)η j(p0)J ji(−~r)ηi(p0) . (59)

Here,~r =~r j is the distance between the nuclei, and p0 is the initial impulse of the neutron.
At the next step, we have to get the determinant for scattering amplitude, follow to the

equation:

Rl
i j(~r j,~rl) = Ql

i j(~r j,~rl)+ϒ1 ·R
l
i j(~r j,~rl)+ϒ2 ·R

l
i j(−~r j,~rl)+ϒ3 ·R

l
i j(~r j,−~rl) , (60)

where

ϒk =
1

I−B
j
ii(~r j)

·Ωk ·ηi , (61)

and

Ω1 = Jil(~rl) ·ηl ·
1

I −B
j
ll(~r j)

· Jli(−~rl)+ (62)

Ji j(~r j) ·η j · J jl(~rl) ·ηl ·
1

I −B
j
ll(−~rl)

· Jl j(−~rl) ·η j · J ji(−~r j) ,
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Ω2 = Jil(~rl) ·ηl ·
1

I −B
j
ll(~r j)

· Jl j(~r j) ·η j · J ji(−~rl) , (63)

Ω3 = Ji j(~r j) ·η j · J jl(~rl) ·ηl ·
1

I −B
j
ll(−~rl)

· Jli(−~r j) . (64)

Note, that

Rl
i j(~r j,~rl)→ Rl

i j(~r j,−~rl) , i f ~rl →~r j , ~r j →~rl , (65)

Rl
i j(~r j,~rl)→ Rl

i j(−~r j,~rl) , i f ~rl →−~r j , ~r j →~rl , etc. (66)

In the simple case of identical heavy particles and the same distances between them,
one can find the determinant of the system of equations. For example, the determinant for
S-wave of the scattering amplitude of the neutron on the subsystem of three heavy nuclei
has the form:

D =
(1−3B)2

(1−B)8
· (1−6B+9B2 −4B3) . (67)

Remind that

B = K2 = Jil(~ril) ·ηl · Jli(−~ril) ·ηi , (68)

which determined by the neutron-nucleus interactions also as in the common three-body
problems. In this case it is easy to estimate resonance behavior and the resonance points in
the three-body problems and also in the four-body problems.

Figure 1. The ratio of the three-body (n,Mn55,Mn55) amplitude to the two-body (n,Mn55)
amplitude, where (n,Mn55),J = 3, l = 0. Here k0 = kR · (1 + y) is the quantum number of
neutron, |~r|( f m) = d/2. The left figure shows the real part of the ratio, the right one − the
imaginary part.

Note that the resonant points can appear at larger distances between the nuclei than in
the case of the three-body system above (see Fig. 1 and Fig. 2). It should be noted that the
resonance picture in the neutron star envelopes can be more complicated and wealthy than
in the frame of the two-body point of view.
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3.3. The Neutron Resonances of the Iron Group Nuclei

In this section we consider for illustration the calculations of the neutron resonances in the
crystalline structure. The nuclei are assumed to be fixed at the nodes of the crystal lattice.

It is important to emphasize certain difficulties in determination of the characteristics
for neutron scattering on unstable neutron-excess nuclei. Firstly, it is the absence of data on
neutron resonances for such nuclei. Secondly, it is the determination of nonlinear interac-
tions and their manifestations that play important role at the lower layers of the neutron star
envelopes. Therefore, in order to underline the role of the neutron resonances and related
processes, we considered several simple examples of the neutron resonances with the iron
group nuclei involved.

It should be pointed out that these nuclei may not be preserved at considered depths,
because they would be transformed in the electron capture reactions. Our aim is to show
how the new processes can emerge in the deep layers of the neutron stars envelopes and
how they can manifest themselves in the analysis of data, obtained by the external observer.

Our calculations are based on the well-known data on the neutron-nucleus resonances
[1], [2], [33], [34] and [35]. We consider the lowest neutron-nucleus resonances, which are
well isolated from each other, and take into account the important group of iron nuclei for
the neutron star problem.

The important quantity K = |1/detD| of the three-body problem is calculated, be-
cause this is the universal factor expressed in eqs. (9), (10) and (11). The condition
det[D(r; p0)] = 0 corresponds to the poles of the three-body amplitude; p0 = ~ · k0.

Figure 2. The ratio of the four-body (n,Mn55,Mn55,Mn55) amplitude to the two-body
(n,Mn55) amplitude, where (n,Mn55)J=3,l=0. Here k0 = kR · (1+y) is the quantum number
of neutron, |~r|= d/2 in ( f m). The left figure shows the real part of the ratio, the right figure
shows the imaginary part.

The determinant det[D(r; p0)] can be used as an effective instrument to find the critical
values r = rst

n and the wave numbers k0 = kst
n . Here, rst

n corresponds to the half of critical
distances between the nuclei, kst

n is the complex values of the resonance wave number.
The important quantity K = |1/detD| of the three-body problem is calculated, be-

cause this is the universal factor expressed in eqs. (9), (10) and (11). The condition
det[D(r; p0)] = 0 corresponds to the poles of the three-body amplitude; p0 = ~ · k0. The
determinant det[D(r; p0)] can be used as an effective instrument to find the critical values
r = rst

n and the wave numbers k0 = kst
n . Here, rst

n corresponds to the half of critical distances
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between the nuclei, kst
n is the complex values of the resonance wave number.

Note that every neutron-nucleus resonance creates own structural resonance levels in
the three-body system. Figure 1 demonstrates the behavior of the neutron amplitude for the
rescattering in the subsystem of two Mn55 nuclei.

Our choice to consider the crystal structures with isotopes of the iron element is mo-
tivated by the fact that these elements are essential in the composition of the neutron star
matter and, of course, for the neutron star envelopes.

The calculations were carried out for the scattering channel, where every subsystem
n + Mn55 has the similar quantum numbers: the total moment J = 3 and the angular
moment l = 0. The resonance levels were taken into account: ER0 = −1.615 keV, and
ER = k2

R ·~
2/(2mn) = 1.098 keV with Γ = Γn = 18 eV [2]. The ratio of the resonance neu-

tron scattering amplitudes on the system of two nuclei Mn55 to the scattering amplitude of
a neutron on a single Mn55 nucleus is given by Figure 1. Note that every neutron-nucleus
resonance creates own structural resonance levels in the three-body system.

Figure 2 shows the ratio of the four-body resonance amplitudes as the function of
parameters d and E0. The two lowest levels in the two-body (n,Mn55) subsystem with J = 3
and l = 0 are taken into account. The neutron scattering on the structure that is consisted
of subsystem of three Mn55nuclei at the quantum number J = 3, l = 0 in subsystems n +55

Mn. One can see that the resonant distances between the nuclei become larger and the
dispositions of the resonances are more complicated.

Figure 3. The ratio of the three-body (n,Mn55,Mn55) amplitude to the two-body (n,Mn55)
amplitude, where (n,Mn55)J=2,l=0. Here k0 = kR · (1+y) is the quantum number of neutron,
|~r|( f m) = d/2. The left figure shows the real part of the ratio, the right one − the imaginary
part.

The ratio of the three-body to the two-body resonance amplitudes as the function of
parameters d and E0 in the cases of other quantum number of neutron-nucleus subsystems
is shown at the Figure 3. Two lowest levels in the two-body (n,Mn55) subsystem with J = 2
and l = 0 are taken into account: ER0 = −0.203 keV; ER = 0.337 keV with Γ = 18.61 eV,
Γn = 18.3 eV [2].

The ratio of the four-body to the two-body resonance amplitudes at the quantum number
J = 2 and l = 0 in the subsystems n+55 Mn is given at the Figure 4.

We consider various isotopes. Neutron resonances in the crystalline structure, described
by rst

n and kst
n , do strongly depend on the individual characteristics of the nuclei, i.e., on char-

acteristics of the two-body neutron-nucleus resonances. The two-body resonance energy ER

determines the center of energy region, around which the group of the three-body neutron
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resonances is placed.
Figure 5 illustrates the behavior of enhancement factor, i.e., the ratio of the three-

body to the two-body amplitudes as the function of parameters d and E0, for the system
n+Cr53 +Cr53 in the region k0 = kR · (1+y), where ER =−0.3119keV and ER1 = 4.21keV

at J = 1, L = 0 in the pair subsystems n+Cr53.
Fig. 6 demonstrates the behavior of the neutron resonances on the isotope Fe56. The

neutron resonances in crystalline structure are obtained in the region of the energy range
1−4 keV and at the lattice constant d in the range of 80−116 f m.

So, in the two-body problems the different elements have quite different spectra of the
neutron resonances. Their isotopes also have fundamental differences in the neutron spec-
tra. In the three-body and the four-body problems they generate very rich and complicated
spectra of the structural neutron resonances.

The calculations demonstrate that the structural neutron resonances mostly appear in a
wide energy area around the resonance energy of the neutron-nucleus resonance, and along
the narrow trajectory in the space coordinate. Moreover, the two-body resonances with
narrower widths produce the larger number of structural neutron resonances, some of them
are more powerful and have very narrow peaks.

We also estimated the nuclear jitter effect in the crystal lattice. Fluctuations were con-
sidered to be small so far, but they may be considered with selecting an appropriate wave
function describing the heavy nucleus state in the lattice node.

Figure 4. The ratio of the four-body (n,Mn55,Mn55,Mn55) to the two-body (n,Mn55) am-
plitudes, where (n,Mn55) with J = 2, l = 0. The k0 = kR · (1+y) is the quantum number of
neutron, |~r|( f m) = d/2. The left figure shows the real part of the ratio, the right one − the
imaginary part.

If the nuclear vibrations in the node equal ≈ 0.05d, the structural neutron resonance
peak is slightly reduced in the maximum for 5−10% and becomes a little wider, and when
the vibration exceeds 0.2d, the resonance peak is lower for 10% and the width becomes
∼ d.

The alteration of the bigger peak of the function Mi, j (see (50)) has been evaluated on
changing of the magnitude of the nuclear vibration in the crystal node. It turns out that the
small fluctuations do not alter essentially the character of the resonance peaks [22].
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4. Neutron Matter and Resonances in the Neutron Star

Envelopes

The quantum-mechanical task of a light particle (a neutron in our case) interaction with a
system of several heavy nuclei can be finally solved with two quite simple approximations.
The first one: the pair interactions between the light particle (neutron) and the heavy particle
(nucleus) are taken separable; the second one − when the mass ratio of the light and the
heavy particle tends to zero, one should use the Born-Oppenheimer approximation.

The first approximation naturally appears when the Breit-Wigner formula is used for the
neutron-nuclear resonances, and the second one − if the nuclei are fixed in the crystal lattice
nodes. These two approximations are even more effective if the lattice is the overdense
crystal.

The effective potential acting between the two heavy nuclei in the lattice nodes is cre-
ated by the field of their multiple interactions with the light particle. This effect is well
known from the task of finding the binding energy of the ion molecule. In this case the
net field of the light electron is responsible for attraction and for binding the two protons
in this system. In our case, the effective potential acting between the heavy nuclei in the
lattice is created by the field of multiple resonant interactions of the neutrons and the nuclei,
most precisely, by re-scattering of the neutrons at the nuclei which can be referred to as the
effective field of resonant neutron re-scattering at the system of heavy nuclei [21], [36].

Figure 5. The enhancement factor of the three-body (n,Cr53,Cr53) amplitude in relation to
(n,Cr53) amplitude with J = 1, l = 0. The left figure shows the real part of the ratio, the
right one − the imaginary part.

The effective potential acting between the two heavy nuclei in the lattice nodes is cre-
ated by the field of their multiple interactions with the light particle. For example, the net
field of the light electron is responsible for attraction and for binding the two protons in
this system. In our case, the effective potential acting between the heavy nuclei in the lat-
tice is created by the field of multiple resonant interactions of the neutrons and the nuclei,
more precisely, via multi-scattering of the neutron at the nuclei that can create the effective
resonant field in the system of heavy nuclei [21], [36].

The corresponding effective potential has been derived in the common form of the
Schrödinger equation as follows:

(E −H0)|Ψe f f >= V e f f |Ψe f f > . (69)
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The wave function can be taken in the form: |Ψe f f >= |Ψi ·Ψ j ·Ψn >, where |Ψi > and
|Ψ j > − are the wave functions for the nuclei fixed in the crystal lattice nodes, and |Ψn >

− is the wave function responsible for the re-scattered neutron. The left multiplication of
(69) by the wave function of the heavy nuclei subsystem < Ψi ·Ψ j| gives

< Ψi ·Ψ j|(E −H0)|Ψe f f >=< Ψi ·Ψ j|V
e f f |Ψe f f > . (70)

Figure 6. The ratio of the three-body (n,Fe56,Fe56) amplitude to the two-body (n,Fe56)
amplitude, where (n,Fe56) with J = 1/2, l = 0. E0(keV ) is the kinetic energy of neutron, d

is the distance between two nuclei. The left figure shows the real part of the ratio, the right
one − the imaginary part.

In the Born-Oppenheimer approximation, the Hamiltonian H0 describes free motion of
a light particle only (i.e., of a neutron) since the heavy nuclei are considered to be sessile
and fixed in the dense lattice nodes. With this, the Hamiltonian H0 and the potential V e f f

would not act on the sessile nuclei and the equation (70) would describe the free particle
motion (i.e., motion of a neutron). One should, therefore, get the following equation:

(E −H0)|Ψn >= V e f f
n |Ψn > , (71)

with the effective potential describing the neutron motion:

V e f f
n =< Ψi ·Ψ j|V

e f f |Ψi ·Ψ j > . (72)

One should note that this effective potential would take the separable form if we limit
ourselves by the Breit-Wigner representation for the resonance interaction of the neutron
with each of the nuclei. Similar effective potential has been obtained in the previous section.
This potential can be taken analytically (see (19)−(24)). Figure 7 represents the calculated
real and imaginary parts of the potential for the case of an iron-nuclei lattice.

The calculations are based on the two nearest neutron resonances in the subsystem
n+54Cr with energies of low levels 14.44keV and 14.83keV and the widths gΓ = 1.3eV and
gΓ = 0.42eV , respectively [2]. Here the pair subsystems n +54 Cr have J = 1/2 and l = 1;
g is their spin statistical factors. The potential is given in f m following our normalization.

Similarly to the task of a motion of a particle in a potential well, let us consider that
the motion of a neutron is limited by the dimensions of the crystalline structure. We also
assume that at the asymptotic (i.e., far from the target nuclei and action of the Ve f f potential)
the neutron wave function transforms to the χn of a conventional wave function of a particle
in a potential well with width d.
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The wave function equation would then take the following form:

|Ψe f f ,n = |χn > +
1

En −H0 + iγ
|ν̄i > Φi j < νi|Ψe f f ,n > . (73)

Taking into account the separable form of the Ve f f potential, one can find the solution for
Ψe f f ,n

|Ψe f f ,n >= |χn > +
1

En −H0 + iγ
|ν̄i > Φi jB j;n , (74)

where Φi j = ηi(E) ·Mi j(~r,~r
′;E) ·η j(E)), the matrix B j,n is

B j,n =< ν|Ψe f f ,n >=
1

δi j −AikΦk j

< νi|χn > . (75)

Figure 7. The effective resonance potential Ve f f between the nuclei in the system
(n,Cr54,Cr54). Solid line represents the real part of Ve f f , dashed one − the imaginary
part of this potential, whereas d is the distance between two nuclei.

4.1. Determination of the Effective Resonant Energy

Let us write the equation (69) in the form:

(E −H0)|Ψe f f ,n >= V e f f
n |Ψe f f ,n > . (76)

where the wave function Ψe f f ,n transforms at asymptotic into χn, with intrinsic energy

of E0, and the total Hamiltonian of a particle denoted with Hn. The potential V
e f f
n plays

role here as an additional disturbing force. Ψe f f ,n can be found in the convenient form:
|Ψe f f ,n >= ∑k Cnk|χk > that transforms into

∑
k

Cnk(E −E0
k )|χk >= ∑

k

CnkV
e f f
k |χk > . (77)
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Multiplying (77) at the left by < χm| one can get:

Cnm(E −E0
m) = ∑

k

Cnk < χm|V
e f f
k |χk > . (78)

Assuming hereafter that Cnk = 0 if k 6= n, one gets the following solution:

∆En = (E −E0
n ) =< χn|V

e f f
n |χn > . (79)

The solution for the coefficient Cnn can be found from the normalizing condition of the total
wave function (74).

The solution (79) is in the total agreement with the expressions (73)−(75) and also
agrees with the well-known Hellman-Feynman ratio:

Ee f f =
< Ψe f f |V

e f f
n |Ψe f f >

< Ψe f f |Ψe f f >
=

< χn|V
e f f
n |χn >

< χn|χn >
. (80)

The value Ee f f = En is the effective energy for interaction between the lattice nuclei due
to the incident neutron. This energy depends on external parameters. In our case, such
a parameter is the distance between the scattering centers. Similar calculations can be
presented for the complex conjugate equations and the wave functions. Summing up the
results, the contribution from the real part of the effective resonance potential energy can
be found in the form:

En =
< χn|Re

{

V e f f
}

|χn >

< χn|χn >
. (81)

Employing the potential well calculations χn as the asymptotic functions for free neutrons
allows us taking into account the neutron density in the media ξ:

Ee f f
n = ξn · V̄ . (82)

The value V̄ includes the main dependence on distance between the nuclei interacting with
a resonant neutron.

In the general case, one should take the sum over all states n close to the resonant levels.
In additional, one should take the sum over the resonance energies of all neutrons in this
particular layer of the crystalline structure.

Let us at this point consider the forces in the overdense lattice. First, we consider a
simple case without taking into consideration the resonance neutrons, we assess the balance
of Coulomb and gravitational forces. The pressure can be obtained from [5]:

P = n2 ∂(E/n)

∂(n)
, (83)

where 1/n is a unit volume for one baryon, E - total energy density. Consider a simple case
employing the Wigner-Seitz approximation and a spherical cell of the volume 1/n. The
interaction energies of Z electrons with a nucleus in the center of a sphere give the total
Coulomb energy of such a cell in the form:

EC = Eee +Eei = −
9

10
·

Z2e2

r0
, (84)
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what results in (ne is the density of electrons):

PC = n2
e

d(EC/Z)

dne

= −
3

10
e2 3

√

4π

3
Z2n4

e . (85)

The pressure (85) acts against the gravity. Pressure due to gravity expressed in terms of
electron density in the non-relativistic case can be written as:

P0 =
~

2

5me

· 3

√

9π4n5
e . (86)

The balance of forces gives us the density: ne = Z2/(2π3 · a3
0), where a0 is the value r0 for

which the following condition is observed:

P = P0 +PC = 0 . (87)

So, we considered the crystal lattice layer with no resonant neutrons acting in it.
Let us at this point consider the case with resonant phenomena. We would then have

to consider additional forces due to neutron resonance energy and to add the energy of the
effective resonant potential interaction (82) to the Coulomb energy in (84):

E
e f f
C = Eee +Eei +Ee f f

res , (88)

where E
e f f
res = E

e f f
n . The sum of pressures would therefore take the form:

P = P0 +PC +Pe f f
res . (89)

To determine the resonance pressure P
e f f
res one can also use the relation (83).

Based on the expressions (82) and (83), one can make rough assessments. To simplify
this, we would limit our consideration by just one term in the sum (81), namely, by E

e f f
n .

Figure 8 shows the change in the equilibrium lattice parameter at which the net pressure in
(89) turns to zero. The parameter ζ is calculated by us using the data from [5].

It is evident that more intensive resonant scattering leads to larger deviations of r0 from
its equilibrium values calculated for the case with no neutron resonances. The new value
r

e f f
0 appears only at action of intensive neutron resonances i.e., when ζ is large enough

value. It is important to note that r
e f f
0 can be found in the region where these resonances

are switched off since they only act at certain values r = r0 .
One should also note that the neutron structure resonances appear at the specific value

r = r0, but the increasing resonance pressure changes this value up to r = r
e f f
0 where the

neutron resonances attenuate. Then the pressure dis-balance brings the situation back to the
condition (87). If the condition is observed, then the neutron resonances appear again. The
new dis-balance makes the condition (89) met and the situation repeats. One can, therefore,
envisage periodic oscillations in the local structure layer.

In the previous chapter we discussed the non-linearity of the related processes, among
other, to formation of higher harmonic radiation and other manifestations of non-linearity
in overdense media. The non-linear relations in non-linear mechanical oscillatory processes
seen in the beats and induced formations of the wave packets, soliton types and other phe-
nomena are also of importance.
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Non-linear media and non-linear relations yield in numerous phenomena and effects.
For that, a continuous source of oscillations is vital. It is our understanding that these are
namely the resonance neutrons, acting as a kind of a neutral object, which represent such
an oscillations source. Really, the resonance scattering itself does not result in the reactions
or death of a neutron. At the same time, the neutron absorption by a nucleus with emission
of gamma is less probable in the overdense media since the half wavelength of a gamma-
quantum is much higher than the lattice parameter and the emission probability is very low.
One should note that the energy of the structure resonance, as a rule, does not coincide with
the energy of a conventional resonance; a neutron, therefore, can re-scatter at the nuclei
inside the crystal for quite a long time. At large number of neutrons and the Fermi neutron
energy at the resonant level, its action can be indefinitely continuous.

The described pattern has certain gaps; the main gap is the absence of nuclear data for
the majority of unstable nuclei, particularly, for neutron-excess ones which are the main
component in the lower layers of the neutron star crust. That is why the assessments are
quite limited.

Figure 8. The balance of pressures in a local layer of a dense crystalline structure. The
equilibrium is determined by the sum ∑Pi = 0, what corresponds to the crossing the curves
with the axis of abscissas. The solid line corresponds to P0 +PC , the dashed and the dotted
curves correspond to P0 +PC +P

e f f
res (the dashed curve marks ζ = 10−4 f m−3, and the dotted

one ζ = 2.4 ·10−4 f m−3).

Another gap is related to the wave density oscillations in the crust and related oscil-
lations of the neutron star solid surface. We believe that such oscillations can be related
to resonant redistribution of neutrons on the nuclei and that the oscillations can probably
determine the micro-structure of the pulsar pulses. The non-linearity can contribute to the
effect of beating, i.e., to the mutual synchronization of the oscillations.

While pulses from the pulsars are registered for almost half a century now, the micro-
structure of the pulses has been detected experimentally and is studied for about thirty
years [38–40]. The role of the non-linear processes in the neutron star physics can be quite
important, and solid crusts can be the domain of solitons, power waves and other non-linear
processes and phenomena. Neutrons and neutron resonances should play a noticeable role
in such media.
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The calculations delivered the oscillation periods of about τ ∼ 10−5s and are close to
the characteristics of the pulsar pulses micro-structure. The studies are in progress for many
years providing us with an extensive database of the pulse characteristics.

The observed data and the analysis showed that the pulses from many pulsars have
some intrinsic structure: they consist of several sub-pulses and the sub-pulses, in their turn,
consist of dozens of micro pulses. It is possible that the structure is even more complex
in reality. We believe that the described above resonance phenomena can explain such
micro-structure.

The described effects can take place in solid crystal structures inside the neutron stars
at matter densities of about 109g · cm−3 < ρ < 1014g · cm−3 what corresponds to the regions
of middle and lower layers of the outer crust as well as to the upper and intermediate layers
of the inner crust. These are the regions where the overdense crystalline structures have
already been formed and there is a gas of free neutrons, and the nuclei still exist as individual
objects.

5. Neutron Experiments for Detection of the Crystalline

Structure Oscillations

Recently, the neutron resonances at low thermal energy were found for the few isotopes
including 113Cd, 149Sm, 155Gd [37]. In this study, we investigated the model where the
neutron scattering on a target can give new resonances of the few-body type. The target can
be created with a crystal that includes Cd and Gd isotopes which have the resonances in the
low thermal range. It is noticeable that all these crystals demonstrate piezoelectric features
what allow a change of the spatial parameters of the crystal.

We have chosen the 113Cd isotope because the properties of this isotope are well known
and other cadmium isotopes have no neutron resonances in the low thermal energy range.
Note that the lowest neutron resonance of the 113Cd isotope is situated on the energy scale in
the low thermal energy range (energy 2.77meV , wavelength (in Angström) is 5.44A◦ [37].
The abundance of the 113Cd isotope in nature is 12.22%. The next resonance level has the
energy 7eV , the wavelength is 0.178A◦ [2]. Therefore, the influence of this resonance level
is too small to distort the action of the neutron lower resonance in the low thermal region.

The new neutron resonances are formed at the rescattering of neutrons on the subsystem
of a neighbor heavy nuclei 113Cd. Such neutron resonances become stronger at specific
distances between the nuclei and the resonances vanish if the distances are larger or less than
these resonance distances [23]. The isotopes Cd are considered because the corresponding
electric piezo effect allows us to vary the distances between the nuclei in CdS and CdSe

crystals [41–44].
The relationship between the three-body and the two-body amplitudes can be written as

F(k0;~r) = ∑
i, j

ν̄iηi ·Mi, j ·η jν j/ti . (90)

Then the enhancement factor in the three-body cross sections can be written as ξ =
|F(k0;~r)|2.
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Figure 9. Enhancement factor ξ for the neutron resonances in the system n +113 Cd +113

Cd. Designations I, II, III correspond to the cases with neutron wave numbers: k0 =

0.988;1.15;1.278 in 1/A◦. The variable r = d/2 where d is a distance (in A◦) between
the nuclei fixed in the neighboring nodes of the crystalline lattice, i.e., it is the minimal
distance between the 113Cd isotopes.

Our goal is to study the three-body resonance effects that arise in the scattering of
neutrons at a subsystem of two isotopes. The theoretical results demonstrate the facts of
appearance and disappearance of the three-body resonances in the CdS and CdSe crystals
at alteration of the crystalline parameters. The resonances can appear at certain distances
between these two heavy nuclei and corresponding energies of the neutrons. To assure
that the distance between the nuclei in the target remains unchanged during the neutron
irradiation, we propose to use the crystalline target. We can change the distance between
the nuclei in the target using the piezoelectric effect.

In this case, summarizing the above equations should be taken over i, j = 2,3 due to
i, j = 1 are responsible for the direct nucleus-nucleus scattering which is impossible inside
of the crystal at low energies and at low temperatures.

5.1. Calculations of the New Neutron Resonances

In order to determine the suitable isotopes and crystals on their basis, we are to select an
appropriate matter. The combinations based on Cd were found to be more suitable among
the elements with low thermal neutron resonances. For example, it is only 113Cd which has
the low thermal resonances, while others like 106Cd − 112Cd, and 114Cd, 116Cd do not have
any resonances in the low thermal energies. Here we consider the parameters of CdS and
CdSe crystals with the hexagonal (h) and the face-centered cubic (c) structures.

In the case of cubic structures, the distances (d) between the two neighboring Cd nuclei
equal: d = 3.748A◦ for CdS and d = 3.917A◦ for CdSe. Accordingly, in the case of the
hexagonal structures one can obtain d = 4.116A◦ for CdS and d = 4.292A◦ for CdSe.

At first, we consider the crystal that contained isotopes of 113Cd and determine the
neutron resonances of the three-body type which can appear in scattering of neutrons on
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subsystems of two 113Cd isotopes. Figure 9 shows the resonance curves where the peaks
correspond to the new neutron resonances.

Then, we considered the crystal that contained two types of the isotopes: 113Cd and
114Cd and determined the neutron resonances of the three-body type.

Note that the lowest neutron resonance in the two-body system n+114Cd is at the energy
56.4 eV . The calculations for the three-body system n +113 Cd +114 Cd that contains two
different isotopes give us a new situation: the three-body resonances appear in this case
at much smaller distances between these isotopes (see Figure 10). It is clear that these
resonances cannot be registered in ordinary conditions, may happen at very high density,
i.e., when the crystal is squeezed with a super press.

In the case of the three-body system n +114 Cd +114 Cd, the neutron resonances appear
in the region of even smaller distances between these isotopes (Figure 11).

The theoretical results demonstrate the existence of the three-body resonances at rel-
atively large distances between the 113Cd isotopes, up to sizes comparable with the crys-
talline parameters.
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Figure 10. Enhancement factor ξ for the neutron resonances in the three-body system n+113

Cd +114 Cd. Here I, II, III correspond to the cases with neutron wave numbers (in 1/A◦ ):
k0 = 0.6388;0.9872;1.452. r = d/2 where d is a distance (in A◦) between 113Cd and 114Cd

isotopes.

All of this opens up opportunities to use specialized piezo-crystals and to assure control
over the target parameters in the experiments with thermal resonance neutrons. For exam-
ple, it is possible to set up the thermal neutron scattering experiments with different targets
such as CdS and CdSe crystals.

Note, the new neutron resonances have a different origin − they happen due to the
rescattering of resonance neutrons on heavy nuclei. As in the Mössbauer effect, a crystal
structure accepts the recoil momentum, which also contributes to the neutron resonances.
It means that the new neutron resonances could be detected more effectively at very low
temperatures.

Figure 9 demonstrates the behavior of the enhancement factor for the system n +

Cd113 + Cd113. Herewith when the neighboring isotopes have the resonance levels with
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nearby energy, the enhancement factor for structural resonance becomes more significant
at certain distances. In the opposite case the enhancement factor must be small (Figure 10
and 11).

All stated above opens up opportunities to use the specialized piezo-crystals and provide
the control over the target’s parameters in the experiments with thermal resonance neutrons.
For example, it is possible to provide the experiments with different targets: the thermal
neutron scattering at CdS and CdSe crystals.
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Figure 11. Enhancement factor ξ for the neutron resonances in the system n +114 Cd +114

Cd. Here I, II, III correspond to the cases where neutron wave numbers are taken as (in
1/A◦): k0 = 0.140;1.15;1.278. r = d/2 where d is a distance (in A◦) between 114Cd and
114Cd isotopes.

Only a target with Cd113 isotopes can demonstrate the resonant behavior in the scat-
tering of low energy neutrons. Other isotopes, for example Cd112, Cd114 and Cd115, do
not have the neutron resonances in the low energy region. Moreover, these resonances
depended more on the distances between these isotopes.

The study of the three-body resonances is focused at scattering of neutrons on a sub-
system of two isotopes when distances between these nuclei are taken into account. The
assumption is that the distance between the nuclei can be changed using the piezoelectric
properties of the selected crystals CdS and CdSe.

The energies of free neutrons that exist in the neutron star envelopes, can appear in the
layers of the envelopes where the conditions are suitable for the new neutron resonances
in the crystalline structure. These resonances can result in new reactions and vibrations in
the neutron star envelopes. Existence of the three-body resonances is very important for
neutron star physics because they give additional effects in the overdense matter.

Conclusion

In this chapter, based on the analysis of the interactions of neutrons with nuclei in the over-
dense crystalline lattice, we have described that re-scattering of free neutrons at the lattice
nuclei creates additional resonant amplification of the interactions both at specific energies
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of the neutrons and at specific lattice parameters. The detailed theoretical descriptions of
such resonances were based on the few-body model and supported by sample calculations
of the new three-body and four-body neutron resonances. The study of the these resonances
is focused at scattering of neutrons on a subsystem of two or three isotopes with the dis-
tances between these isotopes is considered as a key parameter. It was shown that each
nucleus has its own resonance states at corresponding unique energies and lattice parame-
ters. The new neutron resonances are created by interactions in the few-body systems and
they supplement the well-known Bragg’s law and neutron diffraction phenomenon or vi-
brations of a crystal at neutron scattering. The new neutron resonances are calculated in the
energy range close to the conventional neutron-nucleus resonances. In overdense matter
like we deal with in neutron stars, the influence of the new resonances would increase and
become very important. The idea that such resonant states may exist due to the density
oscillations in the crust layers has been proclaimed and substantiated.

A particular role of the non-linear interactions has also been discussed: on a macro
scale, such interactions can generate the beats in the corresponding layers of the neutron
star crusts and define the micro-structure of the profile surface of the pulses coming to the
Earth from pulsars.

We have also discussed the opportunities for further laboratory experiments in terres-
trial conditions and proposed to set up the experiments with thermal resonance neutrons
scattered at certain targets such as special CdS and CdSe piezo-crystals containing selected
isotopes. Our calculations confirmed this supposition and the possibility to find the new
resonance effects at the scattering of thermal neutrons at different crystals.

We have performed the calculations of the new neutron resonance at systems of two
nuclei in the energy range close to conventional neutron-nucleus resonances. Our goal is to
study of the three-body resonance effects in the scattering of neutrons at subsystem of two
isotopes in the dependence of distances between these nuclei.

The calculated data indicate that there is the real possibility to investigate the new res-
onance effects in the neutron scattering in the thermal range at different crystals containing
the selected isotopes.

It should be noted that the new neutron resonances are created by interactions in three-
body systems. They supplement the well-known phenomena as Bragg’s scattering (Bragg’s
law and neutron diffraction) or the crystal vibrations at neutron scattering. The influence
of new resonances are increasing and becoming very important in the case of overdense
matter, for example, in neutron stars.
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Abstract

This chapter is devoted to development of powerful tools for investigating pro-
cesses in nuclear cluster studies in association with stellar environment, including
neutron stars. These tools are different variants of microscopic cluster models, which
allow one to study and to predict the dynamics of numerous processes and nuclear
reactions taking place at various objects of our Universe. It is demonstrated that new
developments of cluster models make description of nuclear processes more adequate
and more precise. In particular, it is shown that polarizability of interacting clusters
changes significantly cross sections of nuclear reactions within the energy range which
is dominant in the stellar environment. Much attention is paid to the role of virtual and
resonance states in synthesis of light atomic nuclei in a triple collision of two alpha
particles and a neutron.

PACS 21.60.Gx, 24.10.-i, 26., 25.20.-x, 26.50.+x
Keywords: nuclear reaction, astrophysical S-factor, cluster model, resonating group
method, nuclear reaction, resonance state, complex scaling method
AMS Subject Classification: 81V, 65F, 81U

Introduction

A cluster model is a powerful tool for studying a wide variety of nuclear phenomena and
processes which are closely related with nuclear astrophysics. The atomic nuclei which

∗E-mail address: takibayev@gmail.com
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consist of protons and neutrons are understood to have been made in the early Big Bang
universe and inside the stars formed after that. However, most of the details are still filled
with the mystery, and connecting with the clarification of the history of the forming of the
universe and stars, the studies are busily proceeded with still.

The atomic nucleus which is combined with the nuclear force between nucleons is never
a strongly binding system in the binding energy scale, and can easily break up or combine
with another nucleus under appropriate conditions. This fact can be seen in recent studies
of unstable nuclear physics and also in the observations of low-lying thresholds for decay
of clusters. As mentioned above, the cluster model, which can describe disassembling and
assembling nuclear systems, is indispensable in studies of these processes in the nucleosyn-
thesis.

To describe the cluster dynamics microscopically, J. Wheeler proposed the Resonat-
ing Group Method (RGM) in 1937. After that, many variants or realizations of the RGM
have been studied and developed. The main difference between these realizations is con-
nected with the way to solve the RGM equation. Very often realizations of the RGM make
use of square integrable functions, which simplify the process of solving the RGM equa-
tion. These realizations includes, for instance, the Cluster Generator Coordinate Method
(CGCM), the Antisymmetric Molecular Dynamics (AMD), the Algebraic version of the
Resonating Group Method (AVRGM) and others.

For two-cluster configuration which represent a compound nuclei consisting of A nu-
cleons as a two-body partition or clusterization of A = A1 + A2, the wave function of the
RGM is sought in the following form

ΨL = ̂A {Φ1 (A1)Φ2 (A2) fL (q)YLM (̂q)} , (1)

where Φα (Aα) is an antisymmetric wave function describing the internal structure of the
cluster Aα with index α=1, 2. The wave function fL (q) describing relative motion of inter-
acting clusters has to be determined, while the internal wave function Φα (Aα) is assumed
to be fixed. Wheeler proved that this function fL (q) obeys an integro-differential equation,
that is the RGM equation. The integral part of the equation is due to the antisymmetrization
operator ̂A.

The two-cluster model reflects physical reality by taking into account two-body channel
with the lowest threshold energy. This allows one to describe correctly bound states that
lies below two-body threshold and continuous spectrum above threshold. A continuous
spectrum includes elastic and inelastic scattering states and resonance states. By adding
other two-cluster channels or configurations with a partitions A = A′

1 + A′
2, different from

A = A1 +A2, it is able to study a set of nuclear reactions and other reactions induced by the
interaction to form a compound nuclei with photons or electrons.

There are some simplifications of the RGM in the treatment of the antisymmetrization of
nucleons between different clusters. Taking into account the most important role of the anti-
symmetrization operator ̂A as an exclusion of the Pauli-forbidden states, the Orthogonality
Condition Model (OCM) was proposed by S. Saito. In this model, we can solve the relative
motion between clusters using appropriate inter-cluster interactions so as to reproduce the
binding energies of sub-cluster systems. Although this model treats the antisymmetrization
for nucleons approximately, it has been extensively applied to various cluster systems, es-
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pecially to multi-cluster systems because of substantial reduction of complicated numerical
calculations.

Different realizations of the cluster model strongly connected with the generating func-
tions which are expressed by the Slater determinants constructed with the single particle
Brink-Bloch orbitals. Such the Slater determinant allows us to take into account (i) the
Pauli principle for identical particles, (ii) necessary type of two-or many-cluster configura-
tions, and also (iii) significantly simply construction of the dynamic equations, as shown in
the AVRGM.

One of the merits of the RGM is that there is a straightforward extension of the method
to three- and more-cluster systems. For instance, the AMD is a limiting case of an A-
cluster model in which every A nucleon is described by a wave packet like as an individual
cluster. In particular, recently many applications of the three-cluster RGM have been used
to analyze bound and continuous states of light nuclei. Usually experiments of nuclear
reactions are performed with two-clusters in the entrance channel, but exit channels can
include three-cluster processes. Furthermore, in a specific condition, which are observed
or expected to take place in neutron stars and other objects in the Universe, three-cluster
collisions are known to play an important role in processes of the nucleosynthesis.

There are some cases when two-cluster reactions do not have any contributions to nu-
clear formation, for example, in processes of the nucleosynthesis over the so-called A = 5
and 8 valleys. For such cases, the three-cluster reaction processes play an important role,
theoretical studies are indispensable for evaluation of the reaction cross sections because of
difficulties of experiments. In this respect, the most famous case is the triple α production
of 12C in which a resonance state, called as the Hoyle state, plays the essential role.

In this Chapter, we explain the recent developments of cluster models in association
with nucleosynthesis in environments of neutron stars. These developments concentrate
much interests on three subjects. The first one is concerned with a better description of the
internal structure of interacting clusters, especially when the distance between them is small
and an impact of the inter-cluster interaction, generated by a nucleon-nucleon potential, is
large. The second one is connected with improving and advancing of the Resonating Group
Method, which aims at formulating of reliable approximations for boundary conditions
of wave functions of many-cluster continuous states. This is a very important aspect for
application of the Resonating Group Method to describe, for instance, the synthesis of light
nuclei in triple collisions of clusters or in reactions with three and more clusters in exit
channels. The third problem is concerning with the above issues of many-cluster problems
for complicated boundary conditions of unbound states. The Complex Scaling Method
(CSM) provides us with a very promising way to solve such an intricate problems and to
obtain resonant states corresponding directly to complex poles of the S-matrix.

In the present Chapter we are going to demonstrate new tendencies of development of
the cluster model and their power by applying them for solving physical problems con-
nected with important issues of the nuclear astrophysics.

In the first section of the present Chapter, we present a microscopic three-cluster model,
which allows to take into account polarizability of interacting clusters. This model is ap-
plied to study the set of nuclear reactions and photonuclear reactions in seven nucleon
systems. Such reactions are very important for astrophysical applications. We are going to
demonstrate that cluster polarizability has a strong impact on cross sections of nuclear and
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photonuclear reactions, especially at an energy range determined by so-called the Gamow
window, i.e., at energy range which is most probable energy range in the entrance channel
of these reactions at stellar environments.

The second section of the Chapter is devoted to study resonance states in three-cluster
continuum, which are key elements for enhancement of synthesis of light nuclei in stars. For
this aim a three-cluster model, which is a combination of cluster model and the Complex
Scaling Method, is advanced and applied, for instance, to study the nature of the mysterious
1/2+ resonance state in 9Be, which is a gateway for a reaction of 9Be synthesis α+α+n⇒9

Be+ γ.

1. Cluster Polarization

The aim of the section is to study how strongly cluster polarization affects the cross section
or astrophysical S-factor of the capture reactions 3He(α,γ)7

Be, 3H (α,γ)7
Li, 6Li (p,γ)7

Be

and 6Li (n,γ)7
Li in 7Be and 7Li nuclei. This investigation are stimulated by two factors.

First, the radiative capture and photonuclear reactions are a source of interesting and
valuable information about the dynamics and structure of nuclear systems. This informa-
tion is of great importance for fundamental and applied investigations. It well known that
cross section of the radiative capture and photodisintegration reactions (within the stan-
dard approximations) are determined by wave functions of bound and continuous spectrum
states of a compound nucleus. Thus these reactions are good testing site for numerous mi-
croscopic and semi-microscopic models to check quality of wave functions obtained within
the models. And this test verifies both the internal and asymptotic parts of wave functions.
From other side, these reactions are a basic stage of processes unfolding inside the Sun and
other stars and in the Universe. Astrophysical aspects of the reactions under consideration
(connected, for instance, with the problem of solar neutrino and abundance of light elements
at the Universe after the Big Bang) are thoroughly discussed in Refs. [1–6]. Thus, theoret-
ical analysis of the reactions are of great importance for understanding and revealing main
factors, which have a great impact on the processes, and for prediction behavior of cross
section of these reactions to the energy range which are dominates in the Sun and Universe.
Numerous experiments have been performed [7–18] to determine the astrophysical S-factor
of the reactions at energies which are relevant to astrophysical applications. And huge the-
oretical efforts have been applied within microscopic and semi-microscopic methods (see
for instance [19–37]) to analyze these reactions and to determine the cross section of the
reactions at the energy range is still inaccessible for experiments. These efforts are also
aimed at establishing general features of the radiative reactions and revealing main factors
which are of a great importance for formation of the cross sections.

Second, in our papers [38,39] we formulated a microscopic three-cluster model which
was specially designed to take into account polarizability of interacting clusters. We called
it as cluster polarization. It was shown that polarization of nuclei 3He(3H) and 6Li, which
were considered as two-cluster system: 3He = d + p, 3H = d +n and 6Li =4 He+d, play
an important role and effects to the great extend position of bound and resonance states in
7Be and 7Li nuclei. It was demonstrated that the smaller is binding energy (with respect to
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the lowest two-body disintegration threshold) of interacting cluster, the larger is polarizabil-
ity of the cluster. We demonstrated that cluster polarization increases interaction between
clusters and thus results in increasing of the binding energy for bound states and substantial
decreasing of energy and width of resonance states.

Based on the arguments, which were put forward above, we decided to study the capture
reactions in 7Be and 7Li nuclei. The main attention will be devoted to investigation of
polarizability of the clusters involved in these reactions. In our early papers [40], [41], [42]
we demonstrated that the collective monopole and quadrupole polarizations have very large
effects on the radiative capture and photodisintegration reactions. In the present section
we consider more important and prominent type of polarization, as it was shown in Refs.
[38,39]. As in Refs. [38,39], we will use three-cluster configuration 4He+d + p (4He+d +

n) to consider binary channels 4He+3 He and 6Li+ p (4He+3 H and 6Li+n) in 7Be (7Li).
And as in [38], [39] we take into account polarizability of clusters 6Li and 3He (3H) which
are represented by the two-cluster configurations 4He+d and d + p (d +n) respectively. We
assume that polarizability of these clusters effects cross section or the astrophysical S-factor
of the capture reactions at low energy range.

We must admit that the three-cluster microscopic model has been used to study the ra-
diative capture and photodisintegration reactions (see, for instance, [43], [44], [45]). How-
ever, cluster polarization was not taking into account.

The present section is organized in the following way. In 1.1. section we briefly con-
sider main ideas of the microscopic model designed to take into account cluster polarization.
Some basic formulae are discussed which we use to calculated the capture reactions. In the
1.2. section we justify our choice of the input parameters and present main results for bound
and continuous spectrum states. Detail analysis of effects of the cluster polarization on the
astrophysical S-factor of the capture reactions are also carried out in this section.

One can find more detail about formulation of the model and its applications for study-
ing light nuclei in Refs. [38], [39], [46], [47].

1.1. Model Formulation

We slightly modify the microscopic model, details of which are presented in [38], [39].
We will refer to this model as the GOB model. The novelty of the present model is that
we included mixture of states with different total spin S and total orbital momentum L.
In [38], [39] we restricted ourselves with the total spin S = 1/2 and thus the total orbital
momentum was a good quantum number. In this section we involve states with values of the
total spin S = 1/2 and S = 3/2. It means, for instance, the ground state of 7Be or 7Li with
the total angular momentum J = 3/2 will be presented by the following combination of the
total spin S and total orbital momentum L: (L,S) = (1,1/2)+ (1,3/2). Note that channels
with the total spin S = 3/2 are realized when spins of deuteron and proton (neutron) are
aligned at the same direction and thus within the model suggested there is no bound state
in 3He (3H). Or, in other words, this spin state gives no contribution to the bound state of
3He (3H).

A trail wave function for three-s–cluster system has a form

ΨJ = ̂A {[Φ1 (A1)Φ2 (A2)Φ3 (A3)]S . (2)

× [ f1 (x1,y1)+ f2 (x2,y2)+ f3 (x3,y3)]L}J
,
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where Φα (Aα) is a shell-model wave function for the internal motion of cluster α (α =
1,2,3) and fα (xα,yα) is a Faddeev amplitude. In Table 1 we specify all values connected
with the Faddeev amplitudes. Note that the Jacobi vector xα connects center of mass of clus-
ters indicated in the column "2C system", while the Jacobi vector yα determines distance
between clusters indicated in the column "Binary chan.". We wish to underline that the
binary channels, mentioned in Table 1, are dominant binary configurations in 7Be and 7Li.
They are obtained by projection of three-cluster configurations 4He+d + p and 4He+d +n

onto space of two-cluster configurations. This projection is a necessary step to incorporate
proper boundary conditions which is of paramount importance for scattering states. Clus-
ters, indicated in the column "2C system", are subject for cluster polarization. They are
represented as two-cluster subsystems.

Table 1. Correspondence between the Faddeev amplitudes and binary channels in 7Be

and 7Li

7Be 7Li

Amplitude Binary chan. 2C system Binary chan. 2C system
f1 (x1,y1)

4He+3 He 3He = d + p 4He+3 H 3H = d +n

f2 (x2,y2)
6Li+ p 6Li =4 He+d 6Li+n 6Li =4 He+d

f3 (x3,y3)
5Li+d 5Li =4 He+ p 5He+d 5He =4 He+n

One notices, that the wave function (2) is written for the LS coupling scheme, when
the total spin S is vector sum of spin of individual clusters and total orbital momentum L

is vector sum of partial orbital momenta and total angular momentum is J = L + S. This
scheme can be used to calculate spectrum of three-cluster systems. However, one has to use
the JJ coupling scheme to study continuous spectrum states.

To proceed further we need to construct a wave function of two-cluster subsystems. We
denote this function as ΨJα

α and represent as

ΨJα
α = ̂Aα

{

[

Φβ

(

Aβ

)

Φγ

(

Aγ

)]

Sα

[

gαλα
(xα)

]

λα

}

Jα

, (3)

where ̂Aα is the antisymmetrization operator, Sα is the total spin, λα is the orbital momen-
tum and Jα is the total angular momentum of two-cluster systems. This system consists
from two clusters with numbers β and γ. (The indexes α, β and γ form a cyclic permutation
of 1, 2 and 3). Wave function ΨJα

α has to be determined by solving the Schrödinger equa-
tion for a particular two-cluster subsystem. By solving this equation, one obtain spectrum
and wave functions of bound state(s) if any and continuous spectrum states. However, by
using any discrete scheme to expand the wave function over a finite set of square-integrable
functions, one obtains a set of the pseudo-bound states. These pseudo-bound states, be-
ing specific states of the two-cluster continuous spectrum, allow one to study flexibility or
polarizability of the two-cluster compound system.

In [38], [39] we made use of the Gaussian basis to expand an unknown function
gαλα

(xα) and to reduce the Schrödinger equation for the two-cluster subsystem to a sim-
ple matrix form, which can be easily solved numerically. The advantage of the Gaussian
basis is that it allows to describe bound states of weakly bound nuclei with minimal set of
functions.
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Let us numerate eigenstates of the two-cluster hamiltonian by index σ. Thus we have

got energy E
(α)
σ and wave functions gσαλα

(xα). Having got the set of two-cluster functions
gσαλα

(xα), we can use them to expand three-cluster function:

ΨJ = ∑
α,σ

A

{

{

[

Φβ

(

Aβ

)

Φγ

(

Aγ

)]

Sα

[

gσαλα
(xα)

]

λα

}

Jα

(4)

×
[

[Φα (Aα)]sα
[ϕσαlα (yα)]

]

lα

}

J
.

This is the typical and rather popular way of solving many-particle problems.
Now we have to determine a set of wave functions ϕσαlα (yα), which connected with

relative motion of a cluster with number α with respect to center of mass of two-cluster
subsystem, formed by clusters with numbers β and γ. Sum of energy Eα of internal motion

of cluster α (Eα is eigenenergy of a single cluster hamiltonian) and energy E
(α)
σ of two-

cluster system determine energy of the two-body threshold. Thus by using expansion (4),
we reduced our three-cluster system to the set of coupled multi-channel two-body systems.
In these three-cluster and two-body systems, the Pauli principle is treated in exact manner
and interaction within each two-body system and coupling of the channels are determined
by superposition of the nucleon-nucleon potential.

It should be note that the present model provides more advanced description of internal
structure of clusters, which are described by functions (4) and listed in Table 1 in the column
"2C system". If we take only function of bound state(s) of two-cluster subsystems, we have
got rigid or nonflexible clusters. They don’t change their shape and size while interacting
with a third cluster. If one or more wave functions of pseudo-bound states are involved, we
have got flexible cluster and thus have got all tools to study cluster polarization. In what
follows we will distinguish two cases. First case corresponds to a rigid cluster and it will
be denoted as "N", which means that polarizations is not taken into account for selected
two-cluster subsystem. In this case only one function gσαλα

(xα) with σ = 0 is involved in
calculations. Second case is denoted by "Y" what says that polarizability of the subsystem
is taking into account. In this case all functions gσαλα

(xα) are involved in calculations.
To determine the energy and wave functions of bound states or the S-matrix and wave

functions of continuous spectrum states, we make use of the oscillator basis. The basis is
incorporated to expand functions ϕσαlα (yα) and to simplify solutions of the Schrödinger
equation by reducing it to the set of linear equations. Main advantage of the oscillator basis
is that it allows to impose proper boundary conditions for bound and scattering states (see
details in Refs. [48–51]).

Cross section of the radiative capture for electric transition is

σ(E) = ∑
liJi,l f J f ,λ

σEλ
liJi→l f J f

= ∑
liJi,l f J f ,λ

8π

~

k2λ+1
γ

(2S1 +1) (2S2 +1)

(λ+1)

λ [(2λ+1)!!]2
(5)

× (2J f +1)

(2li +1) ∑
S

∣

∣

∣

〈

Ψ
J f

l f

∥

∥

∥

̂MEλ

∥

∥

∥
ΨJi

liS
(E)

〉
∣

∣

∣

2
,
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where S1 and S2 are spins of incident clusters, Ji and J f stand for total angular momenta
of incident and final states respectively, li and l f denote the orbital momentum of relative
motion of two clusters in initial and final states. Thus to calculated cross section or the
astrophysical S-factor, which is convenient to use at astrophysical energies and is related to
the cross section by the relation

S(E) = σ(E)E exp{2πη} ,

(η = Z1Z2e2/~v is the Sommerfeld parameter), one need to calculated matrix element of the
operator ̂MEλ between wave functions of initial and final states. Such form for the S-factor
is used when both clusters in the entrance channel are charged. When one of the clusters is
neutron, then the following definition for the S-factor is used

S(E) = σ(E)
√

E,

(see details for instance in [52]). The electric λ-pole operator

̂MEλ = e
A

∑
i=1

1
2

(1+̂τiz) rλ
i Yλµ (̂ri) ,

here ri is a coordinate of ith nucleon in the center mass system. It is assumed in (5) that
the wave function of a bound state is normalized by the condition

〈

Ψ
J f

l f
|ΨJ f

l f

〉

= 1,

and the wave functions of a continuous spectrum is of the unit flux and has an asymptotic
form

ΨJi

liSi
(E) =

√

π(2li +1)

v
∑
Mi

C
JiMi

li0;SiMS

̂A

{

[

[Φ1 (A1)Φ2 (A2)]
S
Yli (̂y)

]JiMi

gliJi
(y)

}

→
√

π(2li +1)

v
∑
Mi

C
JiMi

li0;SiMS

[

[Φ1 (A1)Φ2 (A2)]
S
Yli (̂y)

]JiMi

(6)

× 1
2

1
(k0y)

exp{iδlJ}
[

ψ
(−)
l (k0y,η)−SlJψ

(+)
l (k0y,η)

]

,

where ψ
(−)
l and ψ

(+)
l are the standard incoming and outgoing Coulomb wave functions

ψ
(±)
l

= Gl ± iFl ,

and k0 and v are the wave number and relative velocity, respectively, of two incident nuclei.
More details about calculations cross section of the radiative capture or photodisinte-

gration can be found, for instance, in [20,21,23,24,52–54].
In this investigation we take into account only electrical dipole and quadrupole transi-

tions which, as was shown repeatedly, dominate at the low energy region.
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1.2. Results

To find spectrum and wave functions of discrete and continuous spectrum states of 7Be and
7Li, we employ the Minnesota potential (MP) (central part is taken from [55] and spin-
orbital one is from [56] (set number IV)). In [38], [39] parameter u of the Minnesota po-
tential was chosen u = 0.956 to reproduce experimental difference between the 4He+3 He

and 6Li + p (4He +3 H and 6Li + n) threshold energies. It was done in order to be consis-
tent with the experimental situation for the reactions 6Li(p,3 He)4He and 6Li(n,3 H)4He.
In present investigation we use other value of u. As we increased the Hilbert space by
including states with the total spin S = 3/2, bound state energies of 7Be and 7Li became
overbound (0.5 MeV for 7Be and 0.6 MeV for 7Li) with the parameter u = 0.956. Thus
here we chose parameter u to optimize interactions between alpha-particle and deuteron,
deuteron and proton(neutron) and alpha-particle and proton (neutron). It is achieved by
fixing the parameter u = 0.9255. We will see later that the energies of the bound states of
7Be and 7Li, calculated with the parameter u = 0.9255, are close to the experimental data.

As in [38], [39], we chose the oscillator length b = 1.311 fm, which is common for
deuteron and alpha-particle, to minimize energy of the three-cluster threshold 4He + d + p

(4He + d + n). We don’t involve binary configurations 5Li + d and 5He + d as the subsys-
tems 5Li and 5He have no bound state.

(Preliminary results of this investigation with the parameter u = 0.956 were published
in [57]. With this parameter we obtained overbound ground states of 6Li, 7Li and 7Be.)

We make use of 4 Gaussian functions and 130 oscillator functions to construct wave
functions of bound and continuous spectrum states of 7Be and 7Li. The same set of oscillator
lengths are used to describe bound and pseudo-bound states of 6Li, 3He and 3H as in [38],
[39]. In [38], [39] and in this calculations we made sure that this amount of basis functions
is large enough to provide convergent solutions for scattering states and cross section of the
nuclear rearrangement processes and radiative capture reactions.

In what follows we present four types of calculations which will be distinguished by
two letters: (N,N), (Y,N), (N,Y) and (Y,Y). First letter indicates whether polarization of
3He(3H) is regarded (Y) or disregarded (N) in calculations. Second letter is associated with
polarization of 6Li cluster in the same way. For sake of reader’s convenience, in Table 2 we

Table 2. Four types of calculations and flexibility of clusters 3He (3H) and 6Li

Case 3He(3H) 6Li

(N,N) rigid rigid
(Y,N) soft rigid
(N,Y) rigid soft
(Y,Y) soft soft

display these four types of calculations and flexibility of clusters.

1.2.1. Two-Cluster Subsystems

For new value of the parameter u we study bound and scattering states of two-cluster sub-
systems. Consider 6Li which we represent as a two-cluster system. With the parameter
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u = 0.9255 we obtain the bound state energy of 6Li (with respect to the α + d threshold)
-1.473 MeV (compare with experimental data -1.475 MeV). Parameters of the 3+ reso-
nance are E = 0.846 MeV and Γ = 0.028 MeV and quite close to the experimental values:
E = 0.712 MeV and Γ = 0.024 MeV. Parameters of the 3

2
−

resonance in 5Li are E = 1.928
MeV and Γ = 2.001 MeV (experimental values: E = 1.69 MeV and Γ = 1.23 MeV). Pa-
rameters of the 3

2
−

resonance in 5He are E = 1.073 MeV and Γ = 1.215 MeV (experimental
values: E = 0.89 MeV and Γ = 0.648 MeV). The bound state energy of 3He (3H) with re-
spect to the d + p (d +n) threshold is -5.849 (-6.530) MeV and agrees with the experimental
value -5.494 (-6.257) MeV. These results indicates that two-cluster effective potentials, gen-
erated by the Minnesota NN potential with the exchange parameter u = 0.9255, are optimal
ones. They reproduce the main features (bound state energy, energy and width of resonance
state) of two-cluster subsystems.

However, difference between energies of two-body thresholds 3He +4 He ( 3H +4 He)
and 6Li+ p (6Li+n) is 4.376 MeV (5.057 MeV), which is slightly different from the exper-
imental values 4.020 MeV (4.783 MeV). We found out that it is impossible to obtain cor-
rect value of the ground state and difference of the two-body thresholds within the present
model.

1.2.2. Bound State

We start our calculations from the ground Jπ = 3/2− state of 7Be and 7Li, we find out en-
ergy and wave function of the state, and then calculate the quadrupole moment, the r.m.s.
proton, neutron and matter radii. We also determine a spectroscopic factor (SF) (see def-
inition of the SF, for instance, in [58]) for clusterization 4+3 and 6+1. These quantities
and correlation between them will be discussed later at the end of this section. We be-
gin discussion with results of calculations of the S-factor for the reactions 3He(α,γ)7

Be,
3H (α,γ)7

Li, 6Li (p,γ)7
Be and 6Li (n,γ)7

Li.
In Table 3 we display the energy of the 3/2− (bound) ground state, and the energies and

widths of the resonance states of 7Be obtained with the MP interaction. All the energies are
relative to the 4He +3 He threshold. There is good agreement between theory and experi-

Table 3. Ground state energy and resonance parameters (E + iΓ) in the GOB model

of 7Be with MP interaction (all in MeV and relative to the 4He+3 He threshold)

State Theory Experiment [59]
L = 1, Jπ = 3/2− −1.702 −1.587
L = 3, Jπ = 7/2− 2.820+ i0.130 (2.983±0.05)+ i (0.175±0.007)
L = 3, Jπ = 5/2− 5.040+ i1.343 (5.143±0.10)+ i1.20

ment for the 3/2− ground state. It is however slightly overbound by 0.115 MeV, and the
spin-orbital splitting energy is 0.16 MeV less than the experimental value. The energies and
widths of the lowest two resonances (7/2− and 5/2−) are very close to the experimental
value. The positions of the ground state and resonances of 7Be are displayed in Fig. 1.

We now turn to the effect of the polarization of the two-cluster subsystems 6Li and 3He

on the ground state energy of 7Be. We do so comparing results with ( marked ”Y”) and
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Figure 1. Spectrum (relative to the 4He+3 He threshold) of the ground and resonance states
of 7Be in the GOB model with MP interaction. Theory (right) and experiment (left).

without (marked ”N”) polarization of the subsystem in Table 4. We suppress the polar-
ization by using only a single function instead of all eigenfunctions of the corresponding
two-cluster hamiltonian in the calculations. This corresponds to a rigid cluster throughout
the calculation, whereas using the full set of eigenfunctions allows for adapting the size and
shape of the subsystem to the presence of the third cluster. One notices that the polarization
of 6Li has a stronger impact than that of 3He.

Table 4. Polarization (Y: included, N: suppressed) effect on the 7Be ground state

energy

3He 6Li E(MeV)
N N -0.971
Y N -1.413
N Y -1.666
Y Y -1.702

1.2.3. 7Be and 7Li Ground State Properties

The electromagnetic observables can be calculated by using the explicit ground state wave
function. In Tabless 5 and 6 we list root-mean-square radii (proton (Rp), neutron (Rn) and
mass (Rm)) and the quadrupole moments (proton (Qp), neutron (Qn) and mass (Qm)) for the
3/2− ground state in 7Be and 7Li. As one expects, the proton radius is larger than the neutron
one in 7Be, while in 7Li the neutron radius is larger than the proton radius. The quadrupole
moment is an indicator of the deformation of the nucleus, and a negative value corresponds
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to a prolate deformation. The differences in these moments reflect the pronounced cluster
structure of the 7Be and 7Li ground state.

Table 5. Radii (fm) and quadrupole moments (e·fm2) of the 7Be 3/2− ground state

GOB MCRGM SCRGM SVM NCSM Experiment
Jπ [37] [60] [61] [62] [63]
Rp 2.457 2.74 2.41 2.342 2.53±0.03
Rn 2.263 2.50 2.31
Rm 2.375 2.36
Qp -6.245 -6.4 -6.125 -6.11 -5.153
Qn -3.739
Qm -9.984

In Tables 5 and 6 we compare our GOB results with those of the multi-channel RGM of
Arai et al (MCRGM) [37]), of the single-channel RGM of Kajino et al. (SCRGM) [60,64],
of the Stochastic Variational Method (SVM) [61] and of the No-Core Shell Model (NCSM)
calculations [62], [65].

The GOB results are close to those of SVM [61], and of the multi-channel RGM [37].
These results have also been obtained with the MP interaction.

The single-channel SCRGM results of [60] have been obtained with the modified
Hasegawa-Nagata potential. The ground state quadrupole moment is comparable, whereas
the charge radius is much larger in the SCRGM.

The No-Core Shell Model calculation of has been performed with the Bonn nucleon-
nucleon potential in [62] and with the Argonne potential in [65]. Its results for the charge
radius and quadrupole moments are smaller than those in the cluster models (MCRGM,
SCRGM, SVM,GOB). This can be attributed to the fact that the Shell Model, involving
a 10~Ω or 12~Ω state space, confines the inter-cluster distances in the 7Be nucleus. In
comparison, the GOB model uses a model space of 200~Ω for the inter-cluster behavior of
the dominant 4He +3 He cluster configuration in 7Be or 4He +3 H cluster configuration in
7Li.

Table 6. Proton, neutron and mass root-mean-square radii and quadrupole moments

of the 7Li ground state. Radii are in fm and quadrupole momenta are in e·fm2

GOB MCRGM SCRGM SVM NCSM Experiment
[37] [60,64] [61] [65] E [32]

Rp 2.23 2.55 2.28 2.10 2.43±0.02
Rm 2.34 3.04 2.34 2.78±0.03
Rn 2.41 2.38
Qp -3.59 -3.42 -4.41 -2.68 -3.83±0.13
Qm -9.55
Qn -5.96
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1.2.4. Comparing Polarization Methods

Previously, two different methods have been used to take into account polarization of in-
teracting clusters. The first method, introduced by Tang et al. [66–71], considers internal
monopole excitations to describe the polarization. The second one, introduced by the Kiev
group and Kiev-Antwerp collaboration [41, 42, 72–78], is based on collective monopole
and quadrupole polarizations of the compound nucleus. Here, we consider the third type of
polarization.

Thus, one can distinguish collective polarization (quadrupole and monopole) for the
compound nucleus as a whole (QM), RGM models with monopole excitations of the in-
dividual clusters (MRGM), and cluster polarization as described in the GOB model. It is
interesting to compare these different polarization methods to gauge their impact on the
ground state energy.

A detailed study in MRGM is only available for 7Li [79], so we investigate the three
methods applied to this nucleus, as it should have deformation properties comparable to
7Be.

To make the comparison consistent, we use the MP interaction parameters which were
usud by T. Kaneko et al in [79], i.e., u = 1.0174 and a spin-orbital strength of 0.821 (it is
1.0 for the other calculations in this section, as suggested in [56]). With this interaction,
we have performed the QM calculations along the lines reported in [78] and [77], GOB
calculations for a single α + t channel (SGOB) and a full GOB calculation as outlined in
this section. A standard RGM calculation without cluster polarization (SRGM) has been
included as a benchmark.

Table 7. The ground state energy of 7Li calculated without polarization (Standard

RGM) and with different types of polarization (see text)

SRGM MRGM SGOB QM GOB
-31.465 -32.027 -33.227 -33.777 -34.150

In Table 7 the results for the different polarization models are displayed. One notices
that the collective QM and SGOB models, which are comparable in terms of the model
space, improve with respect to the MRGM that includes only monopole cluster polarization.
Clearly the full GOB calculation (including cluster polarization of 6Li in the 6Li+n channel)
provides the best results. This was to be expected from the above 7Be results.

We notice that in the MRGM calculation, the monopole polarization of 3He is obtained
by using four Gaussian functions of the monopole excitations resulting in -5.906 MeV of
the binding energy. In the SGOB model four Gaussian cluster functions are used to describe
cluster polarization of 3He, and yields a binding energy of -5.953 MeV. This confirms the
above results.

We can thus state that the cluster polarization of the channel subsystems described in
the GOB model indeed plays an important role in seven-nucleon systems, and currently
represents most prominent polarization type.
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1.2.5. Three-Cluster Geometry

By solving the dynamic equations of the GOB model, we determine the three-cluster wave
function ΨJ in Eq. (2) and also the Faddeev components fα (xα,yα) (α = 1,2,3) given in
Eq. (4). We use the latter representation to analyze the wave function.

The correlation function for the ground state is

Pα (xα,yα) = x2
αy2

α

Z

| fα (xα,yα)|2 d̂xαd̂yα, (7)

where the integration runs over the unit vectors ̂xα and ̂yα.

Figure 2. Correlation function for the 4He +3 He binary channel. r1 is a distance between
p and d clusters and S1 is a distance between 4He and 3He clusters.

To interpret the polarizability in terms of the three-cluster structure, we introduce the
root-mean-square radii Rα:

Rα (yα) =

√

Z

d̂yα

Z

x2
α | fα (xα,yα)|2 dxα/Nα (yα) (8)

and

Nα (yα) =

Z

d̂yα

Z

| fα (xα,yα)|2 dxα. (9)
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They represent the root-mean-square radius of a two-cluster subsystem as a function of its
distance to the third cluster (i.e., the distance of the centre-of-mass of the two-cluster system
to the centre-of-mass of the third cluster).

Figure 3. Correlation function for the 6Li+ p binary channel. Here r2 is a distance between
4He and d clusters and S2 is a distance between 6Li and p.

We introduce new coordinates rα and Sα whose norms (rα and Sα correspond to the
distances between the centers of mass of the clusters, that allow for a proper interpretation
of the quantities (7) and (8). They relate to the original Jacobi coordinates as:

xα =

√

AβAγ

Aβ +Aγ
rα, yα =

√

Aα

(

Aβ +Aγ

)

Aα +Aβ +Aγ
Sα. (10)

Fig. 2 displays the correlation function for the 4He +3 He channel and Fig. 3 for the
6Li+ p channel. One notices from Fig. 2 that the distance between 4He and 3He is approxi-
mately 8 fm, and much larger than the separation of d and p. From Fig. 3 one observes that
the binary cluster configuration 6Li+ p is surprisingly compact. Both the distance between
4He and d and between 6Li and p are around 1 fm. These different geometric configurations
can be related to the ground state energy relative to the thresholds of the corresponding bi-
nary channel. Indeed, the ground state is positioned at -1.702 MeV from the 4He +3 He
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threshold and at -5.722 MeV with from the 6Li + p threshold. This agrees with a very
dispersed 4He+3 He and a compact 6Li+ p configuration.

Figure 4. Dependence of the root-mean square radius Rα of the two-cluster subsystems on
the distance Sα from the third cluster.

In Fig. 4 we show the dependence of the root-mean-square radius of the two-cluster
subsystems on the distance from the third cluster. One notices how 6Li strongly adapts its
size when the proton is at large distances (more than 15 fm) from 6Li. When the 6Li and the
proton are near, the 6Li 1+ ground state gets compressed approximately 1.5 times, and the
2+ excited state approximately two times. The 3He nucleus, in a two-cluster configuration
d + p, is strongly affected when the α-particle is closer than 6 to 7 fm. Note that without
polarization all three curves in Fig. 4 would be horizontal lines, as the two-cluster subsys-
tems then have a constant size. The figure illustrates the impact of cluster polarization of
6Li and 3He in the description of 7Be.

1.2.6. Resonance States

We calculated parameters of Jπ = 7/2− and Jπ = 5/2− resonance states of 7Be. Energy
of resonance Jπ = 7/2− state is 3.130 MeV (with respect to the 3He +4 He threshold)
and width is 0.194 MeV. One should compare with experimental data: E = 2.983±0.050
MeV and Γ = 0.175± 0.007 MeV. Energy of resonance Jπ = 5/2− state is 5.321 MeV
(with respect to the 3He +4 He threshold) and width is 1.628 MeV. Experimental data:
E = 5.143±0.100 MeV and Γ = 1.200±0.000 MeV.

We also calculated parameters of Jπ = 7/2− and Jπ = 5/2− resonance states of 7Li.
Energy of resonance Jπ = 7/2− state is 2.374 MeV (with respect to the 3H +4 He threshold)
and width is 0.122 MeV. One should compare with experimental data: E = 3.790 MeV and
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Γ = 0.069 MeV. Energy of resonance Jπ = 5/2− state is 4.556 MeV (with respect to the
3H +4 He threshold) and width is 1.364 MeV. Experimental data: E = 5.742 MeV and
Γ = 0.918 MeV. We concluded these results in Table 8.

Table 8. Energy and width (both in MeV) of Jπ resonances in 7Be and 7Li

7Be 7Li

Theory Exp. Theory Exp.
Jπ E Γ E Γ E Γ E Γ

7/2− 3.130 0.194 2.983 0.175 2.374 0.122 2.185 0.069
5/2− 5.321 1.628 5.143 1.200 4.556 1.364 4.137 0.918

Using the same (Y,N) approach we study the effects of cluster polarization on the phase
shift of 4He+3 He elastic scattering with total momentum Jπ = 7/2− (L = 3) in Fig. 5.

Figure 5. Polarization effects on the phase shift of 4He+3 He elastic scattering.

Similarly, in Table 9 we demonstrate the effect of cluster polarization on the parame-
ters for the 7/2− and 5/2− resonance states in 7Be. Similar results are obtained for these
resonance states in 7Li.

The cluster polarization substantially decreases the resonance energy and width, which
points to an increase in the effective interaction between the clusters. The same observation
has been made in [41, 42, 72–75, 77, 80] for collective monopole and quadrupole polariza-
tions. One again notices that the polarization of the 6Li cluster is more important than that
of the of 3He cluster. The resonance properties, obtained with 6Li polarization are only
marginally different from those calculated with both 6Li and 3He polarizations.
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Table 9. Polarization effects on the resonance properties of 7Be

Jπ = 7/2− Jπ = 5/2−
3He 6Li E + iΓ(MeV) E + iΓ(MeV)
N N 4.01+ i0.51 5.86+ i2.42
Y N 3.69+ i0.37 5.74+ i2.24
N Y 2.87+ i0.14 5.08+ i1.38
Y Y 2.82+ i0.13 5.04+ i1.34

1.2.7. The Reaction 6Li
(

p,3 He
)4

He

The astrophysical S-factor of the reaction 6Li
(

p,3 He
)4

He is obtained from the total cross
section, which has been computed with four values of the total orbital momentum L = 0,
1, 2 and 3. We have observed that zero angular momentum contribution dominates the low
energy range 0 ≤ E ≤ 1 MeV of the cross section.

Fig. 6 displays the S-factor of the 6Li
(

p,3 He
)4

He reaction calculated for L = 0. In
contrast to the analysis of the ground state and resonance energies, the effects of cluster
polarization are less evident here. In Fig. 6 it is seen that 3He polarization increases the
S-factor, thus increasing the coupling between the channels. The 6Li polarization only has
a small effect on the S-factor.

Figure 6. Astrophysical S-factor of the reaction 6Li(p,3 He)4He for the dominant L = 0
component with and without 3He and 6Li polarization.
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In Fig. 7 we compare the results for the S-factor with both 6Li and 3He cluster polariza-
tion with the available experimental data [81–89]. Notations and data are taken from [1] and
the web site http://pntpm.ulb.ac.be. One observes that our model somewhat overestimates

Figure 7. S-factor of the reaction 6Li
(

p,3 He
)4

He. Experimental data are taken from [81]-
MA56, [82]-FA64, [83]-GE66, [86]-GO74, [87]-LI77, [88]-EL79, [89]-EN92.

the S-factor in the low energy range [87]. A similar result was obtained in [37]. A possible
reason is the lack of tensor components in the MP interaction. These would couple channels
with different total spin and total angular momentum, and thus reduce the coupling between
entrance and exit channels.

1.2.8. Capture Reactions

In Fig. 8 and 9 we show effects of cluster polarization on the S-factor of the reactions
3He(α,γ)7

Be and 3H (α,γ)7
Li at the energy range 0 ≤ E ≤ 1 MeV in the entrance channel.

In these and figures 10, 11 we display the astrophysical S-factor which is originated only
from the dipole transition from the 1/2+ continuous spectrum state to the ground state 3/2−

of the compound nucleus. Similar effects are observed the dipole transition from the 1/2+

continuous spectrum state to the first excited state 1/2− of the compound nucleus. One
immediately notices that cluster polarization effects to a great extent the astrophysical S-
factor of the reactions 3He(α,γ)7

Be and 3H (α,γ)7
Li. It changes not only the S-factor at

zero energy but it also change dependence of the S factor on energy at low energy range.
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Figure 8. The astrophysical S-factor for the reaction 3He(α,γ)7
Be with effect of cluster

polarization.

Figure 9. Effects of cluster polarization on the S-factor of the reaction 3H (α,γ)7
Li.

For both reactions, effects of polarization of 6Li is more stronger than polarization of 3He

or 3H.
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Effects of cluster polarization on the astrophysical S-factor of the reaction 6Li (p,γ)7
Be

are shown in Fig. 10. One can see that in this case influence of the cluster polarization

Figure 10. Effects of cluster polarization on the reaction 6Li (p,γ)7
Be.

is not so strong as for the reactions 3He(α,γ)7
Be and 3H (α,γ)7

Li. Besides, effects of
cluster polarization on the reaction 6Li (n,γ)7

Li is much more smaller than for the reaction
6Li (p,γ)7

Be (see Fig. 11). Note, that a similar picture was observed in [38], [39] for the
reactions 6Li (p,α)3

He and 6Li (n,α)3
H: cluster polarization effected more cross section

of the reaction 6Li (p,α)3
He than cross section of the reaction 6Li (n,α)3

H.

1.2.9. Correlations

Now we consider correlations between the zero energy S-factor of the reactions and param-
eters which are connected with the ground state of the compound nucleus. For this aim the
zero energy S-factor is determined as a sum of the dipole transitions from continuous spec-
trum state Jπ

i = 1/2+ to the bound states Jπ
f = 3/2− and Jπ

f = 1/2−. Tables 10 and Figures
11, 8, 10 and 9 reveal nonlinear effects of cluster polarization on the S-factor of the capture
reactions under investigations. Polarization of 6Li and 3He, taking into account separately
(case - (Y,N), and case - (N,Y)), increases the S-factor, obtained without polarization (case
- (N,N)). And having this results, one may expect that the more polarization, the large is the
S-factor of the capture reactions. However, if we involve both polarization simultaneously
(case - (Y,Y)), then the S-factor is decreases (one need to compare it with the case - (N,Y)).

This conclusion is also confirmed by considering dependence of the zero-energy S-
factor on parameters of the ground state. In Fig. 12, 13, 14 and 15 we demonstrate
correlations between the zero-energy S-factor (S(0)) and energy ((Eg.s.)), the r.m.s. proton
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Figure 11. Effects of cluster polarization on the S-factor of the reaction 6Li (n,γ)7
Li.

radius (Rp) and the quadrupole moment (Q) of the ground state. Experimental data for these
figures are taken from the references indicated in Tables 10 and 11. If we take three cases,
namely (N,N), (Y,N) and (Y,Y), we observe simple, almost linear correlations between the
S(0)-factor and energy Eg.s., the radius Rp, the quadrupole moment Q of the ground state.
Polarization of 6Li, taking into consideration alone, violates such a simple correlation.

In Figures 12, 13, 14 we display not only theoretical values of S(0), Eg.s., Rp, but
also available experimental data. The ground state energy of 7Be and 7Li nuclei is taken
from [59]. The proton radius of 7Be was determined in [63]. Analysis of the experimental
data, carried out by Angulo et al in [1] and by Adelberger et al in [2], yielded two adopted
values for the S-factor of the reaction 3He(α,γ)7

Be which are equal S(0) = 0.54± 0.09
keV b and S(0) = 0.53±0.05 keV b respectively. We use both of these values for S(0).
The recommended value of the zero-energy S-factor for the reaction 3H (α,γ)7

Li is S(0) =

0.10±0.02 keV b and was deduced in [1].
Note that some types of these correlations have been discussed in literature. For in-

stance, Kajino [29] investigated correlations between the S-factor for the 3He(α,γ)7
Be

reaction and r.m.s. proton radius and the quadrupole moment of 7Be, calculated within two-
cluster microscopic model with 7 different nucleon-nucleon potentials. He demonstrated
approximate linear correlations between these quantities. In [36] Csótó and Langanke used
the two-cluster extended model to calculate the S-factor of the reactions 3He(α,γ)7

Be

and 3H (α,γ)7
Li. They considered correlation between the zero-energy S-factor and the

quadrupole moment Q. Different values of S(0) and Q were obtained by varying parameter
u of the Minnesota potential, the Majorana parameter m of the modified Hasegawa-Nagata
potential and size parameter of interacting clusters.
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Figure 12. Correlation between the astrophysical S-factor of the reaction 4He
(

3He,γ
)7

Be

and energy of 7Be ground state. Error bar marks correlation between experimental values
of the S-factor and energy of the ground state.

Figure 13. Correlation between the astrophysical S-factor of the reaction 4He
(

3H,γ
)7

Li

and energy of 7Li ground state.
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Figure 14. The zero-energy S-factor of the reaction 4He
(

3He,γ
)7

Be as a function of the
r.m.s. proton radius.

Figure 15. The astrophysical S-factor of the reaction 4He
(

3He,γ
)7

Be as a function of the
quadrupole moment of the ground state.

We have no room to discuss other correlations for reactions 3He(α,γ)7
Be and

3H (α,γ)7
Li and to say nothing of the reactions 6Li (p,γ)7

Be and 6Li (n,γ)7
Li. That is

why in Table 10 we summarize results for 7Be, obtained within the model, to demonstrate
correlations between value of the S-factor for the reaction 3He(α,γ)7

Be at zero energy and
other quantities, connected with the ground state. The same quantities for the 7Li ground
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Table 10. Correlations between the astrophysical S-factor S(0) (keV b) and energy

(MeV) of the 7Be ground state E( 3
2
−
), quadrupole moment Q (e fm2), r.m.s. proton

radius Rp (fm), the spectroscopic factor SF for the clusterization 4He+3 He and 6Li+ p

Polarization 7Be

3He 6Li S(0) E

(

3
2
−)

Q Rp SF (4+3) SF (6+1)

N N 0.140 -0.710 -8.026 2.670 1.012 0.748
Y N 0.296 -1.234 -7.097 2.539 0.998 0.727
N Y 0.415 -1.594 -6.967 2.446 0.988 0.715
Y Y 0.428 -1.629 -7.008 2.458 0.986 0.715

state and for the S-factor of the reaction 3H (α,γ)7
Li are displayed in Table 11.

Table 11. Correlations between the zero-energy S-factor (keV b) of the reaction
4He(3H,γ)7Li and energy (MeV) of the 7Li ground state E( 3

2
−
), the quadrupole mo-

ment Q (e fm2), r.m.s. proton radius Rp (fm), the spectroscopic factor SF for the

clusterization 4He+3 H and 6Li+n

Polarization 7Li

3H 6Li S(0) E
(

3
2
−)

Q Rp SF (4+3) SF (6+1)

N N 0.052 -1.497 -4.436 2.427 1.022 0.756
Y N 0.071 -2.0517 -3.943 2.315 1.007 0.728
N Y 0.089 -2.428 -4.003 2.231 0.996 0.715
Y Y 0.091 -2.465 -4.046 2.234 0.994 0.715

One can deduce visually or qualitatively from Fig. 8, 9 and 10 that polarization effects
very much the astrophysical S-factor of the radiative capture reactions. Tables 10 and 11
allow us to quantify these effects. Note that, like in [38], [39], polarization of 6Li is more
pronounced than polarization of 3He (3H). Indeed, if we compare the S-factor at zero
energy for the reaction 3He(α,γ)7

Be with polarization (case - (Y,N), and case - (N,Y))
and without polarization (case - (N,N)), we see that polarization of 6Li almost triple S(0),
while polarization of 3He increases the zero-energy S by factor 2 times. For the reaction
3H (α,γ)7

Li, polarization of 6Li increases S(0), obtained without polarization, 1.72 times,
and polarization of 3H increases it only 1.37 times.

1.2.10. Experiment and Theory

In this subsection we compare experimental data and results of our model. First of all we
show parameters of bound states of 7Be and 7Li nuclei in Table 12. Second we demonstrate
parameters of resonance states. Third, we compare the S-factor for the capture reactions
3He(α,γ)7

Be, 3H (α,γ)7
Li, 6Li (p,γ)7

Be and 6Li (n,γ)7
Li.

From Table 12, one can see that the present model reproduce fairly good experimental
data for the ground and first excited states of 7Be and 7Li. Energy of the ground state in
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Table 12. Parameters of the bound states in 7Li and 7Be

7Li 7Be

Theory Exp. Theory Exp.

E
(

3
2
−)

, MeV -2.465 -2.468 -1.629 -1.587

E
(

1
2
−)

, MeV -2.314 -1.990 -1.472 -1.1579

Rp, fm 2.234 2.41±0.10 [90]; 2.458 2.38±0.03 [63];
2.27±0.02 [59] 2.647±0.017 [91]

Rm, fm 2.335 2.380
Qp, e·fm2 4.046 4.06±0.03 [92]; 7.008

3.70±0.08 [90,93]

Table 13. The spectroscopic factors SF for clusterization 4+2 and 6+1 of the 7Be and
7Li bound states

Method Our model Arai [37] Experiment

Partition 3
2
− 1

2
− 3

2
− 1

2
− 3

2
− 1

2
−

4He+3 He 0.98 0.95
6Li+ p 0.73 0.92 0.72 0.84

4He+3 H 0.99 0.95 1.03±0.10 [59]
6Li+n 0.72 0.93 0.73±0.05 [94] 0.90±0.09 [94]

7Be and 7Li is very close to experimental value. However, energy of the first excited state
in these nuclei is 0.3 MeV smaller then experimental energy. Note that our results for the
proton r.m.s. radius of 7Be and 7Li and the quadrupole moment of 7Li are close to the
experimental results.

In Table 13 we compare the spectroscopic factors SF for the bound states in 7Be and 7Li

nuclei, calculated within the present model and multi-cluster model of Arai et al [37], with
available experimental data ( [59], [94]). It was shown (see, for instance, Burkova et al [95])
that the spectroscopic factors of the ground state of mirror nuclei for the decomposition
4He +3 He and 4He +3 He are close to each other. This is confirmed by our calculations.
One can see that the theory agrees well with the available experimental data.

Note that Mohr et al [31] took the spectroscopic factor SF for clusterization 4+3 of the
ground state in 7Be equal SF = 1.174. Our largest value of the spectroscopic factor is equal
SF = 1.008 when we neglect polarizability of 3He and 6Li, if we take polarization into
account, then SF = 0.981.

In Figures 16 and 17 we compare the S-factor of the reactions 3He(α,γ)7
Be and

3H (α,γ)7
Li, calculated within the model suggested, with the available experimental data.

Here KR82 is taken from [96], CO07a is taken from [13], CO07p is taken from, NS04 is
taken from [18] and BR07 is from [12], SC87 is from [97] and BR94 is from [98]. In Fig-
ures 16 and 17 we display the total S-factor of the reactions and partial contributions from
transition to the ground state (1/2+=>3/2−) and to the first excited state (1/2+=>1/2−) of
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Figure 16. The astrophysical S-factor of the reaction 3He(α,γ)7
Be. Theoretical results are

compared with the available experimental data.

Figure 17. Comparison of the theoretical and experimental S-factor of the reaction
3H (α,γ)7

Li.

the compound nucleus. One can see that the present model yields fairly good description
of experimental situation for the reaction 3H (α,γ)7

Li and a little more large values of the
S-factor for the reaction 3He(α,γ)7

Be comparing with recent experimental data.
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1.3. Conclusion

We have introduced a fully microscopic three-cluster model in which an expansion in terms
of Faddeev components is used. The set of equations for the Faddeev amplitudes is derived
and solved within the Coupled Reaction Channel Formalism. The dynamics of the three-
cluster system is described by an effective two-body nucleon-nucleon potential, and takes
into account the Pauli exchange principle correctly.

We have used two different expansion bases: (1) a Gaussian basis suitable for the de-
scription of the different two-cluster subsystems, and (2) an oscillator basis to incorporate
the appropriate boundary conditions for bound and continuous states in a many-channel
compound system. Only a few Gaussian states are required to describe the ground state of
the the two-cluster subsystems, such as 6Li which has a high degree of α+d clusterization.
This allows us to reduce the computational effort involved in the calculations. As for the
three-cluster results, many more oscillator states (typically 70 to 100) are needed to guaran-
tee both the convergence of the ground state, and the unitarity of the many channel S-matrix
to sufficient precision.

The proposed model has been applied to investigate the cluster polarizability in the
ground and resonance states of 7Be for which the three-cluster configuration 4He + d + p

was used. This provides for (i) the two binary channels 3He +4 He and 6Li + p, which are
prominent in the low energy region of 7Be, and (ii) two bound two-cluster subsystems (6Li

as 4He + d, 3He as d + p). The latter are modeled with a Gaussian basis expansion, and
allow to study the relative behavior of the containing clusters when 6Li (respectively 3He)
collides with a proton (respectively an α-particle). We refer to this behavior as “cluster
polarization”. The inclusion of cluster polarization in 7Be leads to a strong decrease of the
energy of the ground and resonance states, and reduces the resonance widths two to four
times. The 6Li polarization is more important in this respect than the 3He one.

The effect of cluster polarizability was also studied in the reaction 6Li
(

p,3 He
)4

He by
considering the S-factor, for which the 3He polarization was seen to be more important.

We have advanced the three-cluster microscopic model formulated in [38], [39] to study
the radiative capture reactions in 7Be and 7Li nuclei. We extended Hilbert space and in-
cluded states with different values of the total spin and orbital momentum. The selected
three-cluster configurations allowed to take into account the dominant binary channels 7Be

and 7Li nuclei. Moreover, the configurations also allowed to consider cluster structure of
interacting clusters and thus provide a realistic description these clusters.

Effects of cluster polarization on the capture reaction cross sections have been inves-
tigated in detail. It was shown that cluster polarization effects very much cross section
of the capture reactions 3He(α,γ)7

Be, 3H (α,γ)7
Li, 6Li (p,γ)7

Be and 6Li (n,γ)7
Li. Po-

larization of 6Li cluster had a much stronger impact on the cross section of the radiative
capture reactions, than polarization 3He(3H) cluster. And this is confirmed for the re-
action 6Li (p,γ)7

Be, when 6Li + p channel is open and dominant, and also for the reac-
tion 3He(α,γ)7

Be where this channel is closed. We have discovered that the reactions
3He(α,γ)7

Be and 3H (α,γ)7
Li were much more strongly affected by cluster polarization,

than the reactions 6Li (p,γ)7
Be and 6Li (n,γ)7

Li.
We have investigated correlations between the astrophysical S-factor of the reactions

3He(α,γ)7
Be and 3H (α,γ)7

Li at zero energy S(0) and the r.m.s. proton radius and the
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quadrupole moment of the bound state, the spectroscopic factor SF for clusterization
4He +3 He (3H) and 6Li + p (6Li + n). There was observed almost linear dependence of
the zero-energy S-factor on these quantities in our calculations.

Our model results in a fairly good description of the reactions 3He(α,γ)7
Be and

3H (α,γ)7
Li.

2. Unified Treatments of Bound, Resonant and Continuum

States

In the last quarter century, there has been a remarkable development in the description
of resonances in quantum many-body systems through application of the complex scaling
method (CSM) [99, 100]. Here we refer to quantum phenomena of many-body systems
decaying into n bodies (n ≥ 3) as “many-body resonances”. A significant development in
the treatment of resonances from two-body systems to many-body systems has been brought
about by the use of “direct methods” like CSM. It is expected that CSM will play a more
vital role in investigations of the problems of three-body and many-body resonances in the
common framework of bound-state problems. With this in mind, the aim of this section is to
give a brief review of CSM and its well-suited applications to an interesting problem of the
9Be 1/2+ state in association with the astrophysical nuclear reaction α+α+n ⇒9 Be+ γ.

2.1. Complex Scaling Method

2.1.1. Historical Developments

The CSM was proposed by Aguilar, Combes and Balslev in 1971, [101, 102] and Simon
advocated it as a direct method to derive resonances in many-body systems [103]. Here,
“direct” means that we can directly obtain the resonance energy and the decay width of
a resonance in the quantum many-body system by solving the eigenvalue problem for the
complex scaled Schrödinger equation with a scaling angle θ, H(θ)Ψθ = E(θ)Ψθ, where the
boundary condition of the outgoing wave [104] is automatically satisfied for the resonance,
which is an eigenstate with a complex eigenvalue, E(θ) (|arg(E)| ≤ 2θ). It has been shown
theoretically that solutions of bound and resonant states correspond to poles of the S-matrix:
For a bound state, the binding energy EB is obtained as the real eigenvalue which is not
changed by the complex scaling, and for a resonant state, the resonance energy Er and the
decay width Γ are obtained as the complex eigenvalues E(θ) = Er − iΓ/2. The resonant
eigenstates are described by square-integrable wave functions, whose norms are definable,
like the bound states.

The CSM has first been applied to atomic and molecular physics extensively, and there
is a review paper by Ho [99]. Furthermore, the CSM has been developed for obtaining not
only the resonance parameters but also scattering cross sections [100]. In nuclear physics,
the same transformation (r → reiθ, p → pe−iθ) that plays a basic role in complex scaling
was introduced in calculations of three-body Green functions by Nuttal and Cohen [105])
in 1969, prior to the paper of Aguilar, Combes and Balslev. Gyarmati and Vertse [106,107]
showed in 1971 that the complex scaled wave functions for resonances have the same matrix
elements as those calculated using the convergence factor method [108–110] introduced
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to regularize the asymptotic singular behaviour of resonant wave functions. Even though
various resonant phenomena [111] have been studied since Gamow’s pioneering work [112,
113] for α decay, applications of the CSM in nuclear physics were not so common until
recent years, unlike in the case of atomic and molecular physics.

Because resonances appear at positive energies above thresholds, resonant states are
usually described as scattering solutions of the Schrödinger equation. Their properties have
been studied in the framework of the theory of nuclear reactions, as seen in a series of early
papers by Humblet and Rosenfeld [114]. On the other hand, Berggren attempted to de-
scribe the resonance as an extension of the bound state [115,116] and proposed an extended
completeness relation [117, 118] to include the resonant poles of the S-matrix by taking
deformed contours in the complex momentum plane. Recently, the complex contour de-
formation method has been employed for single particle orbits in the shell model approach
(the so-called Gamow shell model) to describe weakly bound states coupled strongly with
continuum states [119]. In the CSM, every branch cut corresponding to various continuum
states is rotated simultaneously, instead of deformation of the contour. Then the poles of
bound and resonant states included in the same domain of the complex momentum plane
are solved as eigen-solutions of the complex-scaled Schrödinger equation. Therefore the
CSM, which treats bound states and resonant states equally in many-open channel systems
as shown in the following, is considered as a generalization of the Berggren approach for
resonant states regarded as extensions of the bound states.

In the CSM, various kinds of bound states and resonances of the many-body Hamil-
tonian H can be derived by diagonalizing the complex-scaled Hamiltonian H(θ) within
the space of L2 basis functions. In Fig. 18, we present a schematic eigenvalue distri-
bution (spectrum) of the many-body Hamiltonian H(θ). In addition to the bound states
below thresholds, the bound states embedded in continuum states are obtained, if they ex-
ist. Above the thresholds, resonances are obtained as eigenstates with complex eigenvalues:
In the case of a three-body system, two-body and three-body resonances can be obtained
above the two-body and three-body thresholds, respectively. It is worthwhile to notice that
we need not worry about boundary conditions for two-body and three-body asymptotic
resonant wave functions, as such asymptotic behaviour of the resonances are properly de-
scribed by the complex scaled L2 wave functions. The similar eigenvalue distributions are
also obtained in the cases when n ≥ 3 for n-body systems.

Another important advantage of the CSM is concerned with continuum states. As seen
in Fig. 18, the continuum spectra of H(θ) start from two types of thresholds. First, there are
real thresholds for decaying into two clusters (the two-body threshold), three clusters (the
three-body threshold), and so on. Second, there are resonant thresholds for decaying into
resonating clusters. For the original Hamiltonian H(θ), all continuum states starting from
these thresholds are degenerate on the real energy axis. However, for the complex scaled
Hamiltonian H(θ), they are separately obtained on the rotated cuts starting from different
thresholds with a common angle of 2θ. This fact allows the unique identification of all types
of continuum states on the 2θ-rotated lines displayed in Fig. 18. These rotated continuum
states do not include any resonant contribution from the resonant poles uncovered by the
rotated branch cuts.
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2θ

b1 b2 t1 t2 c2c1

d1 d2r1
r2

r3

2θ

Figure 18. Schematic spectrum of the complex scaled Hamiltonian H(θ). Here, symbols
(b1, b2, · · ·), (c1 c2, · · ·), ( r1, r2, r3, · · ·), (t1, t2, · · ·) and (d1, d2, · · ·) represent eigenvalues
of bound states, bound states embedded in the continuum, resonances, real thresholds and
resonant thresholds, respectively. The lines of angles of 2θ from the thresholds are the
rotated branch cuts.

2.1.2. Eigen-Value Problem of H(θ)

The complex scaling is defined by the following transformation U(θ) for the radial coordi-
nate r and its conjugate momentum k:

U(θ)r = reiθ, U(θ)k = ke−iθ. (11)

The Hamiltonian H is transformed as

H(θ) = U(θ)HU(θ)−1, (12)

where U(θ)−1 = U(−θ). The Schrödinger equation, HΨ = EΨ, is written as

H(θ)Ψθ = E(θ)Ψθ, (13)

where Ψθ = U(θ)Ψ.
The properties of solutions of the complex scaled Schrödinger equation (Eq. (13)) were

explained (in the so-called ABC theorem) by Aguilar, Combes and Balslev [101, 102] as
follows:

1. The resonant solutions are described by square-integrable functions, just like the nor-
malizable bound states.

2. The energies of the bound states are not changed by the scaling.

3. If the scaling parameter θ is chosen to be larger than the angle θr =

(1/2)tan−1(Γ/2Er) corresponding to the position of the resonance, then its energy
Er and half-width Γ/2 are obtained as the real and imaginary parts of the complex
eigenvalue E(θ), e.g., E(θ) = Er − iΓ/2.

4. The continuum spectra are obtained along beams in the complex energy plane. They
start at the threshold energies of decays of the system into its subsystems, and are
rotated clockwise by an angle of 2θ from the positive real axis.
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Concerning the norms of resonant states, we should note that the complex scaled Hamil-
tonian H(θ) is not Hermitian, and hence the scalar product cannot be expressed in terms of
Hermite-conjugate states [108, 120]. We must construct bi-orthogonal basis states, which
are defined [100] by (Ψ|= Ψ̃∗ and satisfy the following equation:

H†(θ)Ψ̃θ = E∗(θ)Ψ̃θ. (14)

Then the scalar product, defined as

(Ψθ|Ψθ) =

Z

dτΨ̃∗
θΨθ. (15)

For three-dimension case of an coordinate r (= (r,θ,φ)), while the angular part does not
change by the complex scaling, the radial wave function ψθ

l (r,k) of an angular momentum
l and a linear momentum k is normalized as

(

ψθ
l (r,k)|ψθ

l (r,k)
)

=

Z

drψ̃θ
l (r,k)

∗
ψθ

l (r,k) =

Z

drψθ
l (r,k)

2
, (16)

where we used the relation ψ̃θ
l
(r,k) = ψθ

l
(r,−k∗) and E∗(θ) = (~2/2µ)(−k∗)2. To solve

Real (E)

Imag. (E)

continuum

states

bound

states

scattering states (θ=0)

2θ
resonance

Figure 19. Schematic eigenvalue distribution of the complex scaled H(θ) for two-body
systems. The gray circles on the negative horizontal axis represent the bound state’s eigen-
values, and the gray circles on the fourth quadrant represent the resonant ones. Continuum
solutions (open circles) are obtained on the 2θ-line (solid line).

Eq. (13), we expand the wave functions Ψθ in a finite number of L2 basis functions, { ui,
i = 1, 2, · · · , N }:

Ψθ =
N

∑
1

ci(θ)ui, where
〈

ui|u j

〉

= δi j. (17)

The expansion coefficients ci and the eigenvalue E(θ) are obtained by solving

N

∑
j=1

Hi j(θ)c j(E,θ) = E(θ)ci(E,θ), (18)

where matrix elements Hi j(θ) is calculated as

Hi j(θ) =
〈

ui|H(θ)|u j

〉

. (19)
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A schematic distribution of the eigenvalues of H(θ) as asserted by the ABC theorem is
shown in Fig. 19. In addition to the eigenvalues of the bound states and resonances, when
the number N of basis states is finite, discretized spectra of the continuum states are obtained
as eigenvalues on the 2θ-line. The exact eigenvalues of the bound states and resonances
are independent of the scaling parameter θ. Therefore, when the basis set is appropriate to
obtain accurate solutions for bound states and resonances, their eigenvalues are not expected
to move significantly, even if the value of θ increases.

2.1.3. Extended Completeness Relation

Bound and scattering (continuum) states form a complete set that is represented by the
completeness relation

1 = ∑
b

|Ψb 〉 〈 Ψb|+
Z +∞

−∞
dk|Ψk 〉 〈 Ψk|,

= ∑
b

|Ψb 〉 〈 Ψb|+
Z ∞

0
dE|ΨE 〉 〈 ΨE |, (20)

where Ψb and ΨE are the bound (the discrete negative part of the energy spectrum) and
continuum (the continuous positive part) states, respectively, on the first Riemann sheet
of the energy plane. The continuum states (Ψk, Ψ−k) in the momentum representation
belong to the states on the real k axis. Therefore, integration over the k axis corresponds to
that along the rims of the cut of the first Riemann sheet of the energy plane, as shown in
Fig. 20(a). In the case of a potential problem, the mathematical proof of the completeness
relation (Eq. (20)) was given by Newton [121] using the Cauchy theorem.
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2θ
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Figure 20. The Cauchy integral contours in the momentum and energy planes for the com-
pleteness relation (a) without and (b) with the complex scaling method. b1, b2, · · · and s1,
s2, · · · are the bound and resonant poles, respectively.

For the solutions of the complex scaled Hamiltonian H(θ), it is also interesting to con-
sider the completeness relation. Recently, a mathematical proof for the completeness rela-
tion in CSM was given by Giraud et al. [122,123] for the single- and coupled-channel cases.
In the case of the complex scaling, the momentum (real k) axis is rotated by θ, and the res-
onant poles enter the semicircle used in the Cauchy integration (Fig. 20(b)). Therefore, the
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resonances appear in the completeness relation for the complex scaled Hamiltonian H(θ),

1 = ∑
b

|Ψθ
b)(Ψθ

b|+
nθ

r

∑
r

|Ψθ
r )(Ψθ

r |+
Z

LE
θ

dE|Ψθ
E)(Ψθ

E|,

= ∑
b

|Ψθ
b)(Ψθ

b|+
nθ

r

∑
r

|Ψθ
r )(Ψθ

r |+
Z

Lk
θ

dk|Ψθ
k)(Ψθ

k |, (21)

where Ψθ
b

and Ψθ
r are the complex scaled bound states and complex scaled resonant states,

respectively. Only those complex scaled resonant states that enter the semi-circle rotated
by θ are taken into consideration, and their number is expressed by nθ

r . Furthermore, con-
tinuum states Ψθ

E and Ψθ
k are located on the rotated cut LE

θ of the Riemann plane and on the
rotated momentum axis Lk

θ, respectively. We call this equation as the extended completeness
relation (ECR) [124].

Applying ECR to calculations of physical quantities enables us to see the contributions
from bound, resonant and continuum states. The strength function S(E) is expressed in
terms of response function R(E) as

Sλ(E) = ∑
ν

〈

χi|Ô†
λ|χν

〉

〈

χν|Ôλ|χi

〉

δ(E −Eν) (22)

= −1
π

ImRλ(E), (23)

Rλ(E) =

Z

drdr′ χ∗
i (r) Ô

†
λ G (E,r,r′) Ôλ χi(r′), (24)

where E is the energy on the real axis, and |χi >, |χν > and Ôλ are the initial states, final
states and an arbitrary transition operator of rank λ, respectively. The quantities Eν are the
energies of the final state. In this expression, we assume that the bound (initial) and final
states form a complete set of the Hamiltonian H:

1 = ∑
ν(i)

|χν〉 〈χν| , (25)

where the summation includes the initial state (i) as an element of the complete set.
Using the complex scaled initial wave functions Ψθ

i , the Hamiltonian H(θ) and the
transition operator Ôθ

λ, the response function is expressed as

Rλ(E) =

Z

drdr′ Ψ̃θ ∗
i (r) (Ô

†
λ)

θ G θ(E,r,r′) Ôθ
λ Ψθ

i (r′), (26)

where the complex scaled Green function is written

G θ(E,r,r′) =

(

r

∣

∣

∣

∣

1

E −H(θ)

∣

∣

∣

∣

r′
)

. (27)

Here, it is worth noting that Rλ(E) does not depend on the scaling. Substituting Eq. (21)
into Eq. (27), we can separate the Green function into three terms, as

G θ(E,r,r′) = ∑
b

Ψθ(r,kB)Ψ̃∗θ(r′,kB)

E −EB

+
nθ

r

∑
r

Ψθ(r,kR)Ψ̃∗θ(r′,kR)

E −ER

+

Z

Lk
θ

dkθ
Ψθ(r,kθ)Ψ̃∗θ(r′,kθ)

E −Eθ
, (28)
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where EB and ER (= Er− i
2Γ) are the energy eigenvalues of the bound states and resonances,

respectively. From Eq. (26), we obtain the following relations for the response function:

Rλ(E) = Rλ,B(E)+Rθ
λ,R(E)+Rθ

λ,k(E), (29)

Rλ,B(E) = ∑
b

(Ψθ
i |(Ô

†
λ)

θ|Ψθ
b)(Ψθ

b|Ôθ
λ|Ψθ

i )

E −EB

, (30)

Rθ
λ,R(E) =

nθ
r

∑
r

(Ψθ
i |(Ô

†
λ)

θ|Ψθ
r )(Ψθ

r |Ôθ
λΨθ

i )

E −ER

, (31)

Rθ
λ,k(E) =

Z

Lk
θ

dkθ
(Ψθ

i |(Ô
†
λ)

θ|Ψkθ
)(Ψkθ

|Ôθ
λ|Ψθ

i )

E −Eθ
. (32)

The strength function given in Eq. (22) is similarly separated as

Sλ(E) = Sλ,B(E)+S θ
λ,R(E)+S θ

λ,k(E). (33)

The matrix elements of the scaled operator are independent of θ [110]. The θ dependence
of Rθ

λ,R(E) and Rθ
λ,k(E) comes only from nθ

r , Lk
θ and Eθ, respectively. The strength function

Sλ(E) is an observable, and it is positive definite for any energy and independent of θ.

2.2. 1/2+ State Just Above the 8Be+n Threshold in 9Be

It is a longstanding problem to determine its resonance energy and width of the first excited
1/2+ state of 9Be, which is closely connected with the problem to clarify whether it is a
resonant state or not [125–131]. It is very interesting problem to study the 1/2+ state of
9Be and the photo-disintegration cross section (PDXS) applying the CSM [99–102] to the
α+α+n three-cluster model [132].

The neutron capture (n, γ) and its inverse (γ, n) reactions are interesting topics in nu-
clear physics and in nuclear astrophysics. In neutron capture reactions, the 4He(αn, γ)9Be
reaction is one of the most interesting topics. It has been suggested that the reaction rate of
this reaction is crucial to understand the productions of heavy elements in supernova explo-
sions [133,134]. To determine the reaction rate of 4He(αn, γ)9Be, the 9Be(γ, n)8Be reaction
has been performed in several experiments [135–141]. In the 4He(αn, γ)9Be reaction, a se-
quential process, 4He(α,γ)8Be(n,γ)9Be, has been considered as a dominant one. However,
owing to the short lifetime of the 8Be ground state (∼ 10−16 s), a direct measurement of the
8Be(n,γ)9Be reaction is impossible. For an alternative way, the cross section of its inverse
reaction, 9Be(γ,n)8Be, has been measured to deduce the cross section of 8Be(n,γ)9Be.

However, there is an inconsistency among the observed cross sections of 8Be(n,γ)9Be,
in particular the peak just above the 8Be+n threshold [138,140,141]. The main difference
among the cross sections comes from the contribution from the first excited 1/2+ state
of 9Be via the E1 transition. This 1/2+ state just above the 8Be+n threshold have an
impact on the reaction rate of 8Be(n,γ)9Be in stellar environments and supernova explosions
[133,134].

Theoretically, the structure and the reaction mechanism of 9Be have been studied by
using the α+α+n three-body models [127,129–131,142–147]. Efros et al. [127] discussed
the property of the 1/2+ state from the scattering length of the 8Be+n scattering. They show
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that the scattering length is obtained as a large negative value, which characterizes the first
excited 1/2+ state as a virtual state. Arai et al. [129] also show the virtual-state character of
the 1/2+ state from the R-matrix analysis. On the other hand, in Refs. [130, 131], the first
excited 1/2+ state is discussed as a three-body resonance of α + α + n. Okabe et al. [148]
also calculated 8Be+n scattering phase shifts and discussed the strong coupling between
8Be(0+)+ n(s1/2) and 8Be(2+)+ n(d5/2). There exists contradictions among the theories
and the structure of the first 1/2+ is still unclear. Additionally, recently in Refs. [142,143],
the importance of the direct three-body capture for 9Be below the 8Be+n threshold has been
suggested. To solve these problems, it is necessary to investigate the relation between the
structure of the first excited 1/2+ state and the mechanism of the capture reaction carefully,
and to obtain a comprehensive understanding of the structure of the 1/2+ state in 9Be.

2.2.1. α+α+n Model

We briefly explain the α + α + n three-body model discussed here, whose details are given
in Ref. [132]. We solve the Schrödinger equation for the α+α+n system using the orthog-
onality condition model [149,150]. The Schrödinger equation is given as

ĤΨν
Jπ = EνΨν

Jπ , 〈ΦPF |Ψν
Jπ〉 = 0, (34)

where Jπ is the total spin and parity of the α + α + n system and ν is the index of eigen-
states. The second equation means the orthogonality condition for the solution Ψν

Jπ to be
orthogonal to the Pauli forbidden states ΦPF in the relative motion of α-α and α-n. The
Pauli forbidden state is defined as the harmonic oscillator wave functions by assuming the
(0s)4 configuration whose oscillator length is fixed to reproduce the observed charge radius
of the α particle. The energy eigenvalue Eν is measured from the α + α + n threshold of
9Be.

The Hamiltonian for the relative motion of the α+α+n three-body system is given as

Ĥ =
3

∑
i=1

ti −Tc.m. +
2

∑
i=1

Vαn(ξi)+Vαα +Vααn, (35)

where ti and Tc.m. are kinetic operators for each particle and the centre-of-mass of the sys-
tem, respectively. The interaction between the neutron and the ith α particle is given as
Vαn(ξi), where ξi is the relative coordinate between them. We here employ the KKNN
potential [151] for Vαn. For the α-α interaction Vαα we employ the folding-type potential
constructed from an effective NN interaction and the Coulomb interaction:

Vαα(r) = v0 exp(−ar2)+
4e2

r
erf(βr), (36)

where v0 = −100.09 MeV, a = 0.2009 fm−2, and β = 0.5972 fm−1. The orthogonality
condition is realized by introducing the pseudo-potential VPF = λ|ΦPF〉〈ΦPF| as additional
term in the Hamiltonian [152]. In numerical calculations, we take λ as 106 MeV.

Furthermore, we introduces the α + α + n three-body potential Vααn so as to reproduce
the binding energy of 9Be. The explicit form of Vααn is given as

Vααn = v3 exp(−µρ2), (37)
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where ρ is the hyper-radius of the α + α + n system. The hyper-radius is defined as ρ2 =
2r2 +(8/9)R2, where r is the distance between two α’s and R is that between the neutron
and the centre-of-mass of the α-α subsystem. To reproduce the ground-state properties, we
take the strength v3 and the width µ as 1.10 MeV and 0.02 fm−2, respectively. For other
spin-parity states, we employ the common value of µ =0.02 fm−2 and different strengths v3

are used so as to reproduce the energy positions of the observed peaks in the PDXS.
We solve the Schrödinger equation with the coupled rearrangement-channel Gaussian

expansion method [153]. In the present calculation, the 9Be wave function Φν
Jπ is described

in the Jacobi coordinate system as

Φν
Jπ = ∑

ci j

Cν
ci j(Jπ)

[[

φi
l(rc)φ

j
L(Rc)

]

I
,χ1/2

]

Jπ
, (38)

where Cν
ci j(Jπ) is a expansion coefficient and χ1/2 is the spin wave function of the neutron.

The relative coordinates rc and Rc are those in three kinds of the Jacobi coordinate systems
indexed by c (= 1,2,3), and the indices for the basis functions are represented as i and j.
The spatial part of the wave function is expanded with the Gaussian basis functions [153].

Figure 21. Schematic picture of energy eigenvalue distribution on the complex energy plane
for the α+α+n system.

By applying the CSM to the Schrödinger equation Eq. (34), we obtain the energy
eigenvalues Eθ

ν and eigenstates Ψν
Jπ(θ) (their biorthogonal states Ψ̃ν

Jπ (θ)) [154, 155]. The
energy eigenvalues Eθ

ν obtained on the complex energy plane are governed by the ABC
theorem [101,102]. For the α+α+n three-body system, the energy eigenvalue distribution
is expected as shown in Fig. 21 corresponding to Fig. 18. The complex-scaled continuum
states are obtained on branch cuts rotated down by 2θ as shown in Fig. 21. The branch cuts
start from the different thresholds for two- and three-body continuum states in the case of
the α + α + n system. This classification of the continuum states is useful for investigation
of properties observed in the 9Be photodisintegration.

Using the energy eigenvalues and eigenstates of the complex-scaled Hamiltonian H(θ),
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we can construct the complex-scaled Green’s function defined in Eqs. (27) and (28) as

G θ(E;ξ,ξ′) =

(

ξ

∣

∣

∣

∣

1
E −H(θ)

∣

∣

∣

∣

ξ′
)

= ∑
ν

Z

Ψν
Jπ(θ)Ψ̃ν

Jπ(θ)

E −Eθ
ν

. (39)

We also can calculate the cross section of 9Be(3/2−)+γ→α+α+n in terms of the electro-
magnetic multi-pole responses. In the present calculation, we focus on the low-lying region
of the PDXS taking into account only the dipole responses. The PDXS σγ is given by the
sum of those by the E1 and M1 transitions as

σγ(Eγ) = σE1(Eγ)+σM1(Eγ), (40)

where Eγ is the incident photon energy. The energy E of Eq. (39) is related to Eγ as
E = Eγ −Egs, where Egs is the binding energy of the 9Be ground state measured from the
α+α+n threshold. The cross sections for the electro-magnetic dipole transitions σEM1 are
expressed as the following form:

σEM1(Eγ) =
16π3

9

(

Eγ

~c

)

dB(EM1,Eγ)

dEγ
. (41)

Using the CSM and the complex-scaled Green’s function in Eq. (39), the electro-magnetic
dipole transition strength is given as

dB(EM1,Eγ)

dEγ
= −1

π

1
2Jgs +1

Im

[

∑
ν

Z

〈Ψ̃gs(θ)||Ôθ
EM1||Ψν(θ)〉 1

E−Eθ
ν

×〈Ψ̃ν(θ)||Ôθ
EM1||Ψgs(θ)〉

]

, (42)

where Jgs and Ψgs(θ) are the total spin and the wave function of the ground state, respec-
tively, and Ôθ

EM1 is an electro-magnetic dipole transition operator.

2.2.2. Photo-Disintegration Cross Section at Energies Just Above the 8Be+n

Threshold

We first show the calculated 3/2− ground-state properties of 9Be, which are obtained with
different values of the strength v3 of the three-body potential in Eq. (37). The calculated
binding energy and charge and matter radii are listed in Table 14. Without the three-body
potential (v3 = 0.0 MeV), the binding energy of the 9Be ground state is over bound and
the charge radius is slightly small compared to experiments. To reproduce the observed
quantities, we need the repulsive three-body potential whose parameters are given as v3 =
1.10 MeV and µ = 0.02 fm−2. As a result, we can reproduce the binding energy and charge
radius of the 9Be ground state simultaneously, while the matter radius is slightly larger than
the observed one.

Next we confirm that no resonance of the 1/2+ excited state is found with the three-
body potential given in Table 14 for the θ = 15◦ case. While we have no separated resonant
solutions for the 1/2+ state, we can calculate the PDXS to 1/2+ states using the continuum
solutions. In the present calculation, we fix the ground-state wave function obtained with
the three-body potential in Table 14. In Fig. 22, we show the calculated cross sections using
Eq. (41) in comparison with the two sets of the observed data [140,141] which commonly



Cluster Model Description of Nuclear Astrophysical Processes 211

Table 14. 9Be ground-state properties in comparison with experiments. The calculated

binding energies Egs in MeV, charge radii Rch, and matter radii Rm with different three-

body potential strengths v3 are listed

v3 (MeV) Egs (MeV) Rch (fm) Rm (fm)
0.0 2.14 2.50 2.39

1.10 1.57 2.53 2.42
exp. 1.5736 [156] 2.519±0.012 [91] 2.38±0.01 [157]

have peaks just above the 8Be+n threshold. The dashed and dotted lines show the cross
sections with (v3 = 1.10 MeV) and without (v3 = 0.0 MeV) the three-body potential for
excited 1/2+ states, respectively, whose parameters are the same as those for the ground
state shown in Table 14. In both results, the calculated cross sections underestimate the low-
lying peak above the 8Be+n threshold and have no sharp peak such like the experiments.

Figure 22. Calculated photo-disintegration
cross sections in comparison with exper-
imental data. The arrow indicates the
threshold energy of the 8Be(0+)+ n chan-
nel.

Figure 23. Distribution of energy eigenval-
ues of 1/2+ states solved with the strength
v3 = −1.02 MeV and scaling angle θ =

15◦.

To reproduce the observed sharp peak just above the 8Be+n threshold in the PDXS,
we change the strength v3 for the 1/2+ state, while its range µ is fixed as µ = 0.02 fm−2.
Taking the strength as v3 = −1.02 MeV for the 1/2+ state, we obtain the cross section as
shown by the solid line in Fig. 22. The result well reproduces the observed peak by using
the attractive three-body potential.

The origin of the three-body potential would be a strong state-dependent tensor force
and an antisymmetrization of the nucleons among different three clusters. It can be es-
timated that the tensor force gives a repulsive effect for a p-shell neutron around two α
clusters but an attractive one for a higher s-shell neutron [158].

We confirm that the calculated cross section rapidly increases just above the 8Be+n
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threshold and there is negligibly small strength below this threshold. We also find that the
calculated cross sections show the strong dependence on the strengths of the three-body
potentials as shown in Fig. 22. This result is interesting and suggests the existence of the
three-body unbound state of 9Be(1/2+), such as a resonance or virtual state. In relation to
the cross section, we discuss the character of the 1/2+ state.

To see the origin of the low-lying peak above the 8Be+n threshold in more detail, we
present the distribution of the energy eigenvalues of the 1/2+ states obtained by using the
CSM. A resonance is obtained as a solution with a complex energy of Er

ν − iΓν/2 which
is isolated from the continuum states. However, the virtual states and broad resonances,
which are located on the second Riemann sheet covered by the rotated first Riemann sheet,
cannot be obtained as the isolated pole in the CSM. The contributions from these states to
the cross section are scattered into the continuum states located on the 2θ lines. In Fig.
23, we show the distribution of the energy eigenvalues for the 1/2+ states calculated with
v3 = −1.02 MeV, which reproduces the observed peak as shown in Fig. 22. In the present
calculation, we find no resonance solutions in the energy eigenvalue distribution. All energy
eigenvalues are located on the 2θ lines, corresponding to the branch cuts for the α+α+n,
8Be(0+)+n, and 5He(3/2−)+α continuum states.

Figure 24. Decomposed photo-
disintegration cross sections. The solid
and dashed lines are contributions of the
α + α + n and 8Be+n continuum states.
The black thin line is the same as that in
Fig. 22.

Figure 25. Pole trajectory of the 9Be 1/2+

state in a complex energy plane by chang-
ing the three-body potential. The closed
circles represent the poles obtained as iso-
lated three-body resonances in the CSM.
The open circles and crosses are specu-
lated pole positions for the virtual states
and broad resonances, respectively.

We investigate the contributions of two- and three-body continuum states to the cross
section to understand the mechanism of the photo-disintegration. We decompose the cross
section calculated with v3 = −1.02 MeV into 8Be+n and α + α + n components as shown
in Fig. 24, to see the dominant contribution in the cross section. From this result, we see
that the 8Be+n component is almost identical to the total cross section. The contribution
from the α + α + n component is seen to be very small. The 5He+α contribution is found
to be negligible in the low-lying region, and we do not show it in Fig. 24. In conclusion, it
is said that the 8Be+n breakup is dominant in the PDXS, and the breakup process should
be related to the structure of the 1/2+ state of 9Be.
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To investigate the structure of the 1/2+ state of 9Be, we calculate the energy eigenvalues
of the α + α + n system by changing the strength of the three-body potential v3, which is
shown in Fig. 25. In the present calculation, when the strength of the three-body potential
v3 =−1.3 MeV, the resonance pole suddenly appears just below the 8Be(0+)+n threshold.
This resonance pole with a narrow decay width moves smoothly to the bound state region as
the three-body potential becomes more attractive, and we finally obtain the 9Be bound state
with the region of v3 <−1.8 MeV. On the other hand, we consider the pole trajectory in the
opposite case of the three-body potential with v3 > −1.3 MeV. If the resonance exists, the
pole with a narrow decay width should appear above the 8Be+n threshold as the analytical
continuation from the resonance pole as shown with the crosses in Fig. 25. However, we
found that no resonances appear above the 8Be(0+)+n threshold for v3 >−1.3 MeV of the
three-body potential. These facts in the pole trajectory suggest the possibility of the virtual
state of the 1/2+ state consisting of 8Be(0+) + n when we take v3 = −1.02 MeV, which
reproduces the experimental cross section. The existence of the virtual state is consistent
with the dominant decay into the 8Be+n two-body channel in the PDXS of 9Be.

Tanaka et al. [159] also calculated a pole trajectory for the 1/2+ state of 9Be by varying
the u parameter in the two-nucleon interaction used in the microscopic α + α + n model.
Although their calculation changes the relative energy between 8Be+n and α+α+n thresh-
olds, their result suggests the existence of the 1/2+ virtual pole dominated by the 8Be+n

channel, which changes to a physical resonant pole as u is decreased. In Fig. 25, we
schematically plot the pole trajectory in the region of v3 > −1.3 MeV, considering the
analogy with the 10Li case as shown in Fig. 3(b) of [160] and the microscopic calculation
shown in Fig. 6 of [159]. This trajectory is located on the second Riemann sheet of the
8Be+n system which cannot be obtained as an isolated solution in the CSM.

Figure 26. Decomposed photo-disintegration cross sections by using the three-body poten-
tial with v3 = −1.3 MeV. The solid and dashed lines are contributions of the α+α+n and
8Be+n continuum states. The dotted line is that of the resonance pole. The black thin line
represents the sum of them. The arrow indicates the threshold energy of the 8Be(0+)+ n

channel.
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We consider the different case when there exists the 1/2+ resonance to see how the
resonance contributes to the PDXS. By using the three-body potential with v3 = −1.3 MeV,
the 1/2+ resonance is obtained with the energy Er and decay width Γ being Er = 0.091
MeV and Γ = 0.002 MeV, respectively, just below the 8Be+n threshold at 0.0918 MeV
measured from the α + α + n threshold. In Fig. 26, we show the cross section in this case,
which shows quite a sharp peak at the resonance energy. From the decomposition of the
cross section, we find that the peak in the cross section is dominated by the resonance while
the 8Be+n continuum states have a sizable contribution to the cross section. This trend is
much different from that in Fig. 24. In the result of Fig. 24, the peak in the cross section
is constructed by several low-lying eigenstates located on the 8Be+n continuum 2θ line in
Fig. 23. For v3 > −1.3 MeV, the decomposition of the PDXS shows the similar trend to
the result of Fig. 24. We confirm that the cross sections with v3 = 0.0 MeV and 1.10 MeV
shown in Fig. 22 also show the dominant components from the 8Be+n continuum states.

2.3. Conclusion

In this section, we explained a unified description of bound, resonant and continuum states
within the complex scaling method (CSM), all these states are obtained by solving an eigen-
value problem for many-body systems in an L2 basis-function set. The CSM has been
studied for the purpose to obtain the resonant states of many-body systems without any
auxiliary boundary condition but in the same way as bound state problems. Furthermore,
we presented that the continuum solutions obtained in the CSM play very important role
in description of many-body unbound states, including scattering states. These advantages
of the CSM are demonstrated in description of nuclear reactions, including three-body pro-
cesses which are considered to be important in nucleosynthesis in the Universe.

As a typical example of the CSM applications, we presented the 1/2+ state problem
in 9Be using the photo-disintegration reaction with the α + α + n three-body model. The
experimental cross section shows a sharp peak just above the 8Be+n threshold, which is
nicely reproduced by the α + α + n model with the attractive three-body potential. We
cannot find any resonance poles for the 1/2+ states in explaining the peak in the cross
section. From the decomposition of the calculated cross section, it is shown that the 8Be+n

continuum states dominate the cross section to the 1/2+ states. These results indicate the
possibility of the virtual-state nature of the first excited 1/2+ state. In addition, the pole
trajectory suggests that the pole of the 1/2+ state is located on the second Riemann sheet
of 8Be+n instead of the broad resonances of α+α+n.
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[110] M. Homma, T. Myo, and K. Katō, “Matrix Elements of Physical Quantities Associ-
ated with Resonance States,” Prog. Theor. Phys., vol. 97, pp. 561–567, Apr. 1997.

[111] G. Breit and E. Wigner, “Capture of Slow Neutrons,” Phys. Rev., vol. 49, pp. 519–
531, Apr. 1936.

[112] G. Gamow, “Zur Quantentheorie des Atomkernes,” Z. Phys., vol. 51, pp. 204–212,
Mar. 1928.

[113] G. Gamow, “Zur Quantentheorie der Atomzertrümmerung,” Z. Phys., vol. 52,
pp. 510–515, July 1929.

[114] J. Humblet and L. Rosenfeld, “Theory of nuclear reactions. I. Resonant states and
collision matrix,” Nucl. Phys. A, vol. 26, pp. 529–578, Sept. 1961.

[115] T. Berggren, “On a probabilistic interpretation of expansion coefficients in the non-
relativistic quantum theory of resonant states,” Phys. Lett. B, vol. 33, pp. 547–549,
Dec. 1970.

[116] T. Berggren, “Expectation value of an operator in a resonant state,” Phys. Lett. B,
vol. 373, pp. 1–4, Feb. 1996.

[117] T. Berggren, “On the use of resonant states in eigenfunction expansions of scattering
and reaction amplitudes,” Nucl. Phys. A, vol. 109, pp. 265–287, Feb. 1968.

[118] T. Berggren and P. Lind, “Resonant state expansion of the resolvent,” Phys. Rev. C,
vol. 47, pp. 768–778, Feb. 1993.

[119] B. R. Barrett, G. Papadimitriou, N. Michel, and M. Płoszajczak, “The No-Core
Gamow Shell Model: Including the continuum in the NCSM,” ArXiv e-prints, Aug.
2015.
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method for many-body resonances and continua in light nuclei,” Progr. Part. Nucl.

Phys., vol. 79, pp. 1–56, Nov. 2014.

[156] D. R. Tilley, J. H. Kelley, J. L. Godwin, D. J. Millener, J. E. Purcell, C. G. Sheu,
and H. R. Weller, “Energy levels of light nuclei A=8, 9, 10,” Nucl. Phys. A, vol. 745,
pp. 155–362, Dec. 2004.

[157] I. Tanihata, T. Kobayashi, O. Yamakawa, S. Shimoura, K. Ekuni, K. Sugimoto,
N. Takahashi, T. Shimoda, and H. Sato, “Measurement of interaction cross sections
using isotope beams of Be and B and isospin dependence of the nuclear radii,” Phys.

Lett., vol. B206, pp. 592–596, 1988.
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Abstract

I review theoretical and experimental aspects of quasibound states in the three- and

four-body K̄-nuclear system: K̄ NN and K̄ NNN. The status of experimental searches

for bound kaonic clusters with two or three baryons is presented. A summary of theo-

retical studies for the K̄ NN and K̄ NNN systems within variety of approaches such as

variational methods, the method of Faddeev and Faddeev-Yakubovsky equations, and

the method of hyperspherical harmonics are presented. Results of calculations for the

quasibound states for the K̄ NN and K̄ NNN are addressed and discussed.
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1. Introduction

Neutron stars are dense, neutron-packed remnants of stars that pack their mass inside of the

volume about 5×103 km3 and their surface gravity is around 2–3×1014 cm/s2. Neutron stars

are one of the three possible endpoints of stellar evolution. The power from the supernova

that birthed neutron star gives the star an extremely quick rotation, causing it to spin several

times in a second. Neutron stars can spin as fast as 43,000 times per minute. The most

rapidly spinning, currently known neutron star is pulsar PSR J1748-2446ad, which has a

period of rotation 1.39 ms [1]. Depending on star mass and rotational frequency, the matter

∗E-mail address: rkezerashvili@citytech.cuny.edu
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in the core regions of neutron stars may be compressed to densities that are up to an order

of magnitude greater than the density of ordinary atomic nuclei.

At high density, when the sum of masses of a proton and electron and Fermi energy

goes over the neutron mass it is energetically favorable to combine a proton and an electron

into a neutron. Therefore, at higher densities matter becomes more and more neutron-rich.

A progressive neutronization of matter at higher and higher densities makes a lower energy

state. An attractive pairing interaction between neutrons, can couple them to form a state

with integral spin, and therefore, paired neutrons act like bosons. These "bosons" can form

a condensate-like state in which all of the bosons occupy the same quantum state and form a

superfluid. While the pairing of protons that are charged fermions forms a superconductor.

Therefore we can have superconductivity and superfluidity in neutron stars. Thus, in outer

core we can have superconductivity and superfluidity in neutron stars. Superconductivity

and superfluidity, if observed in neutron stars, could tell us a lot about the pairing and hence

inform us about aspects of nuclear physics that are mighty difficult to get from laboratories.

At higher densities about nearly 1015 g/cm3 the neutron Fermi energy could become

high enough that it is favorable to have other particles appear. In high-density environment

numerous subatomic particle processes compete with each other. This leads to a complex

interior structure of neutron stars. In the case for relatively isospin symmetric nuclear mat-

ter that is in equilibrium with condensed K− mesons, the latter may prevail in neutron

stars interior [2]. The idea that, above some critical density, the ground state of baryonic

matter might contain a Bose-Einstein condensate of negatively charged kaons belongs to

Kaplan and Nelson [3]. Physically, the strong attraction between K− mesons and nucleons

increases with density and lowers the energy of the zero-momentum state. A condensate

forms when this energy becomes equal to the kaon chemical potential. The existence of

kaon-condensed phase in neutron stars would soften the hadronic equation of state and

modify bulk properties of neutron stars such as the mass-radius relation [4]. The latter

means that by measuring the mass and radius of a neutron star, or by establishing the maxi-

mum mass of a neutron star, one gets valuable information about the equation of state, and

hence about nuclear physics at very high density. This is just one of many ways in which

study of neutron stars has direct implications for nuclear and particle physics.

From the astrophysical point of view kaonic nuclei could be a seed for the understand-

ing of the dense nuclear matter in the neutron stars. They could affect the features of strange

nuclear matter as constituents of neutron star cores. The reasonable estimates also suggest

the possible formation of a kaon condensate at high densities and, therefore, on the possi-

bility of kaon condensation in dense nuclear matter [5]. It is energetically advantageous for

the star to replace the fermionic electrons with the bosonic K− mesons and the condensation

of K− mesons in neutron stars is initiated by the reaction e− → K−+ν. Whether or not this

happens depends on the behavior of the K− mass in neutron star matter. For neutron-rich

matter the density 3-times as much as the normal nuclear density would bring the K− mass

down to about 200 MeV, which lies in the vicinity of the electron chemical potential. By

the conversion n + e− → p + K− + ν the nucleons in the cores of formed neutron stars can

become half neutrons and half protons, which lowers the energy per baryon of the matter [2]

with the neutrinos leaving the star. It is theoretically expected that, at very high baryon den-

sities, chiral symmetry is likely to be restored, and that baryon matter can be converted into

quark matter [6]. The existence of kaonic nuclei is related the kaon condensate also known



Strange Dibaryonic and Tribaryonic Clusters 229

Figure 1. The structures and phases of subatomic matter predicted by theory to make their

appearance in the cores of neutron stars. Figure is reprinted from Ref. [7].

as a strangeness condensate and to the physics of the core of neutron stars that by today’s

understanding are built up from exotic matter: pion and kaon condensates and quark mat-

ter. It is expected that an interior of a neutron star is formed by the pion condensate as well

as by the strangeness condensate. The calculation of strangeness condensation in neutron

stars has got into great complexity because the necessary interactions, especially those of

strange hadrons, are only partially known. An overview of the conjectured composition of

neutron stars is shown in Fig. 1 taken from Ref. [7]. The study of the K̄N system at very

low energies and bound states of K̄ in few-body nuclear clusters plays a key role for the

understanding of the strong interaction between hadrons in the strangeness sector.

In the present chapter I review theoretical and experimental aspects of quasibound states

in the three- and four-body K̄-nuclear systems: K̄ NN and K̄ NNN. The review is organized

in the following way. General information related to kaonic atoms and kaonic nuclei is

presented in Sec. 2.. A description of K̄N and NN interactions that one is using for calcu-

lations of quasibound K̄NN and K̄NNN states is given in Sec. 4.. In Sec. 3. we present the

status of experimental research studying K̄ induced interactions with the aim of searching

for bound kaonic clusters with two or three baryons. In Secs. 5. and 7. we introduce and

review theoretical approaches and discuss results of calculations for quasibound states of

the K̄NN and K̄NNN systems. Finally, our conclusions follow in Sec. 8..

2. Kaonic Atoms and Kaonic Nuclei

Nowadays the study of kaonic atoms and nuclei is a hot topic in nuclear physics. In early

sixtieths the problem of muonic and pionic atoms were extended to kaonic atoms [8] when

no experiments on K-meson atoms have been reported. A kaonic atom is a system in which

a negatively charged kaon is bound to a nucleus by the Coulomb force. The energy levels

are shifted from the pure electromagnetic values due to the kaon-nucleus strong interaction
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and the width is increased due to the absorption. A kaonic atom is formed when a negative

kaon enters the target, loses its kinetic energy through ionization and excitation processes,

and is eventually captured, replacing the electron, in an excited orbit. Via different cascade

processes such as Auger effect, radiative transitions, molecular dissociation, the kaonic

atom deexcites to lower states. When a state with small angular momentum is reached, the

strong interaction with the nucleus comes into play. This strong interaction is the reason for

the finite lifetime of the state corresponding to an increase in the observed level width and

for the shift in energy of the lowest level from the purely electromagnetic value.

Although kaonic atoms have been experimentally studied using many different target

from Z = 3 through Z = 92, little was known about kaonic atoms with Z = 1 and 2. The

kaonic hydrogen and deuterium atoms are of particular importance because one can ob-

tain information about the elementary kaon-nucleon interaction by measuring the energy of

X−rays of those kaonic atoms. The study of the K̄N system at very low energies plays a key

role for the understanding of the strong interaction between hadrons in the strangeness sec-

tor. At the DAΦNE electron-positron collider of Laboratori Nazionali di Frascati are studied

kaonic atoms with Z = 1 and Z = 2, taking advantage of the low-energy charged kaons from

φ−mesons decaying nearly at rest. It was reported the results on kaonic hydrogen by the

DEAR (DAΦNE Exotic Atom Research) experiment by measured the energy of X−rays

emitted in the transitions to the ground state of kaonic hydrogen [9, 10] and most precise

measurement done by the SIDDHARTA collaboration [11]. Kaonic-hydrogen X−ray data

are important for theories of the KN system because the measurement of the strong inter-

action induced energy-level shift and width of the kaonic hydrogen ground atomic state

provides direct information on the K̄N s−wave interaction at K−p threshold. The DEAR

and SIDDHARTA experiments used X−ray spectroscopy and reported the results for the

kaonic deuterium [9,12]. Concerning kaonic helium, no data was available for kaonic 3He,

while, until recently the first observation of the kaonic 3He at the DAΦNE e+e− collider

using slow K− mesons stopped in a gaseous 3He target were presented in Ref. [13]. For

kaonic 4He there was a discrepancy between experimental results and theoretical predic-

tions [14–19]. The width of kaonic 4He determined in Ref. [19] is much smaller than the

value of 55± 34 eV determined by the experiments [14], [15] and [16] performed in the

70’s and 80’s and long-standing puzzle known as the "kaonic helium puzzle" provided by

the E570 group [17] is now firmly established based on the results of Ref. [19] that con-

firmed the small shift.

A kaonic nucleus is a nuclear system with anti-kaons that strongly interact with nucle-

ons and make them bound. Today the attractive nature of the K̄N interaction is undeniable.

In 1963, in [20] Nogami first examined three possible isospin configurations of the K̄NN

system and discussed the possible existence of the bound state using a rather crude calcu-

lation. The first speculation about the possible existence of bound kaonic clusters was put

forward in Ref. [21], based on the observation that the driving K̄N interaction in the isospin

I = 0 channel is strongly attractive near threshold. This fact allows to assume the Λ(1405)

to be a K−p bound state due to the strong interaction. Based on this assumption the first

calculations performed by Akaishi and Yamazaki in Refs. [22, 23] have predicted the pos-

sible existence of discrete nuclear bound states of K̄ in few-body nuclear systems and were

followed by several subsequent publications [24–30] that confirmed this prediction. The

most spectacular prediction, presented in Ref. [23], is that light nuclei involving a K̄ as a
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constituent are shrunk to dense baryonic objects with densities about 3-times as much as

the normal nuclear density. The K̄-nucleus potential was derived from a phenomenological

K̄-nucleon potential so as to account for free K̄N scattering lengths, the K−p atomic shift

and the energy and width of Λ(1405), together with the supposition that Λ(1405) is a bound

state of K̄N. The existence of such exotic K̄-nuclear states results from the strongly attrac-

tive K̄N interaction in the two-body state with isospin I = 0. With an optical model type of

approach it was shown that the K-meson optical potential at the center of small nuclei may

be as strong as 500 MeV generating very strong binding of the meson and a strong contrac-

tion of the few-nucleon systems. Therefore, the interaction causes not only a large binding

but also an enormous shrinkage of kaonic nuclei against the hard nuclear incompressibility.

Thus, a K̄ produces a bound state with a ”condensed nucleus” [27]. This extremely in-

teresting possibility for studying dense and cold nuclei is worth pursuing theoretically and

experimentally. Today the fields of K̄N and K-nucleus interaction are abundant with open

questions and problems. From nuclear physics point of view the elucidation of K̄-nuclear

properties would help considerably to derive significant information on the in-medium K̄N

interaction and deeply bound states of mesons formed in a nucleus could offer a way to

study the mechanism of spontaneous chiral symmetry breaking in a nuclear medium, as

well as the interaction of Goldstone bosons with nucleons in the presence of different nu-

clear densities.

Kaonic nuclei composed by nucleons strongly bound to one K̄ have a strangeness

S = −1 and deeply bound K̄ nuclear states. However, after publication of Ref. [24], a con-

siderable interest has arisen about the possible existence of strange systems with S = −2

composed by nucleons strongly bound to two K̄, known as a double K̄ nuclear clusters that

also have the deeply bound kaonic states.

3. Experimental Search of the Strange Dibaryonic

and Tribaryonic Clusters

The theoretical prediction of the kaonic nuclei stimulated the experimental search of the

deeply bound states of K̄ in few-body nuclear clusters though different nuclear processes.

There are claims of the existence of deeply bound kaonic states in nuclei from different ex-

perimental groups and collaborations. Particularly, the experimental search of quasibound

kaonic states run, currently on floor or proposed at the KEK 12 GeV proton synchrotron in

Japan, at the e+e− collider DAΦNE in Frascati, using a proton beam of the Saturne acceler-

ator in Saclay, France, at the Japan Proton Accelerator Research Complex (J-PARC), at the

LEAR complex at CERN, at FAIR, GSI facility, Germany. In the most experimental studies

two type analysis techniques have been used to search for kaon bound states: the missing

mass method, when the analysis is based on the study of inclusive or semiinclusive spectra

in A(K−,N)X reactions, deducing the existence of possible structures from the presence

of peaks in the momentum spectrum of the X recoiling particle and the method based on

invariant mass spectroscopy when the features of a possible K̄-cluster are deduced from the

invariant mass spectrum obtained by its decay products, in the general hypothesis that a

kaon-nuclear bound state could decay in a Y N pair.



232 Roman Ya. Kezerashvili

3.1. K̄-Nuclear Clusters with Two Baryons

In the simplest antikaon-nucleon system the presence of the K− meson attracts two un-

bound protons to form a K−pp cluster. Both experimental and theoretical advances have

been made in the last decade for study kaonic nuclear K−pp state. The first experimental

evidence for a lightest kaonic nuclear system K−pp was claimed by the FINUDA group

by measurement of the invariant mass distribution of the Λp produced in K− absorption by
6Li, 7Li and 12C nuclei at the e+e− rings of the DAΦNE machine in Frascati in 2005 [31].

The analysis gave the value (2255±9) MeV/c2 for the mass of the peak, corresponding to

the binding energy 115+6
−5(stat)+3

−4(syst) MeV and the width 67+14
−11 (stat.)+2

−3 (syst.) MeV,

respectively. Latter, in a new data set of much improved statistics the structure of the ob-

serving spectrum has been confirmed. The search of bound K− nuclear states in antiproton

-4He annihilations at rest was performed at the LEAR complex at CERN using the OBELIX

spectrometer [32]. The observed Λp narrow peaks in the pπ−p invariant mass distributions

was analyzed. By considering the Λp peak as the signature of the two-body decay of the

K−pp bound state, its mass, binding energy and decay width were reported as 2212.1±4.9
MeV, 160.9±4.9 MeV and <24.4 ± 8.0 MeV, perspectively, with a statistical significance

of 3.7σ. The obtained binding energy is higher more than 5σ than that measured in [31],

while the width value is lower. In spite of the low statistics authors of Ref. [32] claim that

the differences could be due to the fact that in [31] the target nuclei are other then 4He,

namely 6Li, 7Li, 12C. The presence of a narrow peak in the Λp invariant-mass distribution

observed in the
_
p annihilation on 4He reaction at rest is discussed again in Ref. [33]. The

peak centred at 2223.2±3.2 (stat.)±1.2 (syst.) MeV has a statistical significance of 4.7σ,

values compatible with those published previously [32]. If interpret the result of the decay

into Λp of a K−pp bound system, the corresponding binding energy should be 151.0±3.2
(stat.)±1.2 (syst.) MeV and the width less than 33.9±6.2 MeV. After the FINUDA collab-

oration observation [31], there have been reports on a possible experimental evidence for

the kaonic K−pp state in heavy ion collision. Results were obtained by the FOPI group

experiment [34] at GSI in the study of Ni+Ni and Al+Al collisions with the production of

Λp and Λd. In relativistic heavy-ion collisions a quark–gluon plasma (QGP) is produced

and the s-quarks can act as seeds for K−-nuclear clusters through their direct formation

from QGP [35]. Alternatively, in the ion collisions there is an abundant production of KK̄

pairs and individual antikaons can be captured by nucleons producing hyperons and then

forming K−−nuclear clusters via cascade collisional capture processes. The DISTO col-

laboration have analyzed their dataset of the experiment performed at SATURNE machine

on the exclusive pp → pΛK+ reaction at 2.85 GeV to search for a strongly bound compact

K−pp state to be formed in the pp → K+ +(K̄pp) reaction [36,37]. The analysis of the old

DISTO experimental data of exclusive events of p + p → p + Λ + K+ at 2.85 GeV/c for

the spectra of the invariant-mass show for large transverse-momenta of protons and kaons,

a distinct broad peak with a mass 2265±2 MeV/c2 and a width 118±8 MeV/c2. The enor-

mously large cross section indicates a possible candidate for formation of a compact K−pp

system with a large binding energy of 103±3(stat)±5(syst) MeV. Therefore, two collabo-

rations [31, 36, 37] claim that K−pp is strongly bound with a binding energy of more than

100 MeV, although the decay width is rather different between these two.

Interestingly enough that an alternative, conventional explanation for the observed



Strange Dibaryonic and Tribaryonic Clusters 233

bump in the Λp invariant-mass spectrum was put forward. In Ref. [38, 39] the bump in

the invariant-mass spectrum was explained as an artifact of the angular cuts applied to the

flat spectrum of invariant mass of Λp events resulting from genuine back-to-back pairs

formed in simple K̄−(np) interactions in the target nuclei that suffered a final state interac-

tion. There exists a further counter-argument [40] against the interpretations of stopped-K−

experimental data of KEK and FINUDA by [38,39]. Even though such a mechanism cannot

be completely excluded, other arguments are contradicting it. A first one is the shape of the

angular correlation in the approach of Refs. [38, 39], showing a strong disagreement [40]

with the steepness measured experimentally. A second one is a possible inadequacy of the

final state interaction calculations leading to an overestimation of these interactions. Also

it is important to mention that the authors of Ref. [41] critically review the results of the

DISTO collaboration, repeated their analysis and report possible problems in the interpre-

tation of the DISTO data.

Theoretical models disagree about the possibility to observe kaonic quasibound states

and theoretical values of the binding energy and decay width have a large ambiguity de-

pending on the K̄N interaction models and the calculation methods. Only scarce experi-

mental measurements in the nuclear medium, which is insufficient to discriminate among

a variety of conflicting interpretations are available. In order to clarify this controversial

issue more and new experiments in different environments would be useful for a compar-

ative analysis of the results. Two experiments performed at the Japan Proton Accelerator

Research Complex are reported: J-PACK E15 [42–45], and J-PACK E27 [46]. The J-PARC

E15 experiment has the aims to search for the simplest kaonic nuclear bound state, K−pp,

by the in-flight 3He(K̄,n) reaction using a 1.0 GeV/c K− beam. In this reaction, neutron

backgrounds from non-mesonic two-nucleon absorptions or hyperon decays are expected

to be substantially suppressed and kinematically separated. In addition, a large acceptance

detector surrounding a liquid 3He target allows detect decay particles from K−pp cluster

to fully reconstruct the reaction kinematics [43]. Also his experiment has the advantage

that the exclusive measurement can be performed by a simultaneous measurement of the

missing mass spectrum using the knocked out neutron and invariant mass spectroscopy via

the expected decay K−pp → Λp → pπ−p.
One of the objectives in the J-PARC E27 experiment [46] is to search for a K−pp

bound state via the d(π+, K+) reaction. The J-PARC E27 collaboration [46] have observed

a ”K−pp”−like structure in the d(π+,K+) reaction at 1.69 GeV/c. The experiment is de-

signed so that allows to tag the two high-momentum protons from the K−pp decay, which

will suppress the quasi-free background, such as quasi-free hyperon production. In this

reaction, a Λ(1405) hyperon resonance is expected to be produced as a doorway to form

K−pp through the process Λ∗p → K−pp. A broad enhancement in the proton coincidence

spectra is observed around the missing mass of 2.27 GeV/c2, which corresponds to the

K−pp binding energy of 95+18
−17 (stat.)+30

−21 (syst) MeV and the width of 162+87
−45 (stat.)+66

−78

(syst.) MeV, respectively. Recent HADES Collaboration [47] partial-wave analysis of the

reaction pp → pK+Λ at 3.5 GeV to search for the K−pp bound state shows that at a con-

fidence level 95% such a cluster cannot contribute more than 2%−12% to the total cross

section with a pK+Λ final state.

The first search results using the γd → K+π−X reaction at the range of photon energy

1.5–2.4 GeV were reported in [48]. A statistically significant peak structure was not ob-
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served, however, the upper limits of the differential cross section of the K−pp bound state

production were determined with the assumed widths of 20, 60 and 100 MeV.

Recently it was propose to search for deeply bound kaonic states at the future SuperB

factory, which will be built in the Tor Vergata University Campus in Rome. At an energy

below the bottonium BB̄ threshold it will be possible to select the rest mass of ϒ(1S), ϒ(2S)

and ϒ(3S) in order to study the production of the deeply bound antikaonic clusters in the

decays which proceed through the hadronization of three gluons [49]. The K−pp deeply

bound kaonic state can be identified through its Λp decay mode, searching for a narrow peak

at a mass of about 2.25 GeV/c2 in the Λp invariant mass spectrum and measuring the Λ− p

angular correlations, which can give important hints on the nature of the event [49]. One of

the advantages to search of the light K−-nuclear clusters at the SuperB factory is that search

could be extended from the nuclear medium to the vacuum, looking for its production in

the strong decays of ϒ(1S) at future B-factories by taking advantage of the high luminosity

of these machines. Also all problem related to influence of the medium as well as final state

interaction will be away.

An overview of the results achieved so far by FINUDA collaboration and other exper-

iments for studying K− induced interactions with the aim of searching for deeply bound

antikaonic clusters with two or three baryons are given in Refs. [50,51].

Thus, based on the results of experimental search of the K−pp cluster, one can conclude

that the situation is still controversial and the existence of the K−pp bound state has not

yet been established. New experiments using different reactions could help to resolve this

controversial situation.

3.2. K̄-Nuclear Clusters with Three Baryons

The existence of K−−nuclear bound states, such as K−pp, K−ppn and K−ppnn has been

predicted by Akaishi and Yamazaki [23]. The several years ago on the experimental side,

possible candidates of K̄-nuclear clusters with three baryons reported in stopped K− exper-

iments were investigated in relation to their non-mesonic decay modes. The KEK collabo-

ration (KEK PS E471 experiment) [52–54], measured proton and neutron energy spectra by

means of time-of-flight from 4He(K−
stopped

, p) and 4He(K−
stopped

,n) reactions, respectively,

induced by stopping negative kaons in a superfluid helium target. In this experiment a

stopped K− forms a kaonic atom and is absorbed by the nucleus after an electromagnetic

cascade: (K− 4He)atomic → S+ +n (in this reaction both T = 0 and T = 1 tribaryonic states

can be populated) and (K− 4He)atomic → S0 + p (in this reaction T = 1 neutral tribaryonic

state can be exclusively populated). The authors of Refs. [52,54] announced the experimen-

tal discovery of the bound state K−pnn, named S0(3115), with quantum numbers I(JP) =

1
(

3
2

+
)

, the binding energy 193.4+2.0
−3.8 (syst.)±0.9 (stat.) MeV (mass 3117.7+2.0

−2.0 (syst.)±2.3

(stat.) MeV/c2) and the width constrained by < 21.6 MeV/c2. According to [52, 54], the

main decay channels of the S0(3115) for the four non-mesonic modes are S0 → Σ−pn,

S0 → Σ0nn, S0 → Σ−d, and S0 → Λ0nn. However the decay channel S0 → Λ0nn is sup-

pressed. The result of a detailed analysis of the the neutron spectrum of the reaction (K−
4He)atomic → S+ + n shows a mono-energetic peak, which was assigned to the formation

of another kind of strange tribaryon S+(3140) with the mass and width of the state to be

3140.5+3.0
−0.8 (syst.)±2.3 (stat.) MeV/c2 and < 21.6 MeV/c2 respectively, with the possible
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kaonic bound state 169.3+0.8
−3.0 (syst.)±2.3 (stat.). As it is described, the signal of S0(3115)

observed in E471 [52] is most likely due to the experimental artifact and this experimental

problem exist only in case of proton, but not neutron spectroscopy [55].

From the analysis of the proton inclusive spectrum in the 6Li(K−
stopped, p)X reaction

studied by FENUDA collaboration [56] observed a peak at about 500 MeV/c, quite sim-

ilar to the observations seen by KEK-PS-E471 in a stopped K− induced reactions on a
4He target, which lead to the claim that the peaks observed by the two experiments could

have the same nature, - the neutral tribaryonic state S0(3115). On the other hand, the peaks

observed by the two experiments maybe are simply due to a two-body reaction where a

K− interacts on a “quasi deuteron", both in 6Li and in 4He and this possibility makes the

claim for a deeply bound state unnecessary. The study of the correlated Λd pairs from the
6Li(K−

stopped,Λd)X and 12C(K−
stopped ,Λd)X reactions [57] followed an earlier Λp survey

on light and medium-light nuclei made by the FINUDA collaboration [31] supported the

view that negative kaons gather nucleons to form bound systems. In 6Li(K−
stopped,Λd)X

the detected Λd pairs and their momentum distribution shows that the Λd events are emit-

ted from K−ppn clusters and a bump was found with a peak at 3251± 6 MeV/c2 and a

width 36.6± 14.1 MeV/c2. The similar bump was found in the 12C(K−
stopped,Λd)X reac-

tion. The corresponding binding energy of the cluster K−ppn is ∼ 58±6 MeV and width

is 37 MeV/c2. Recently FINUDA Collaboration [58] in order to clarify the experimental

situation, performed the analysis of the data coming from the second FINUDA data-taking,

which could rely on a statistics ∼ 8 times higher than that collected during the first run, as

well as each target examined separately, instead of dealing with a mixture of light targets

and improving the tracking reconstruction performance.

The ambiguity situation with the search of kaonic clusters has lead KEK-PS collab-

oration, experiment E549 [59, 60] to carry out a new experimental search with improved

resolution and higher statistics compared with the E471 experimental setup. Since the ex-

perimental setup of E471 was originally designed to be optimized for the neutron tme-of-

flight measurement, and the experimental resolution for protons was not satisfactory. The

search for the neutral tribaryon with strangeness S = −1 and isospin 1 by missing-mass

analysis of the inclusive 4He(K−
stopped , p) reaction with the quite high statistics for protons

(more than one million was accumulated in the momentum range of 300–700 MeV/c) no

statistically significant signal of the narrow structure was observed. In order to check the

previous observation of the tribaryonic state, S+(3140), in the 4He(K−
stopped ,n) reaction, in

Ref. [61] have remeasured the neutron spectrum in the reaction with improved resolution

and 6 times higher statistics than those of the previous experiment [52,54]. However, even

with such improvements was not observe any significant narrow peak structure such as the

one previously reported around 3140 MeV/c2 in the missing mass spectrum. The authors

concluded that either the width of the state is much broader than ∼ 20 MeV/c2, the value ex-

perimentally indicated in the previous experiment, or the formation probability of the state

in the reaction is much lower than indicated in the previous low statistics experiment [61].

The search of bound K− nuclear states in
_
p−4He annihilations at rest was performed

at the LEAR complex at CERN using the OBELIX spectrometer [32]. The observed Λp

and Λd narrow peaks in the pπ−p and pπ−d invariant mass distributions were analyzed.

By considering the Λd narrow peak as the signature of the two-body decay of the K−ppn

bound state, its binding energy and decay width were reported as 121±15 MeV and <60
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MeV, respectively with a statistical significance of 2.6σ. The authors also discussed the

alternative explanations of the narrow peak.

The DAΦNE electron–positron collider at Frascati has made available a unique quality

low-energy negative kaons to study the kaon-nucleus interactions at low energies and search

K−nuclear clusters. Particularly, the AMADEUS (Antikaon Matter at DAΦNE: an Exper-

iment with Unraveling Spectroscopy) experiment will perform the first complete study of

the low-energy kaon–nuclei interactions by using a series of gaseous targets as 2H, 3He,
4He, and solid ones as C, Be or Li. Among the aims of AMADEUS are the measurement of

Λ(1405) decaying to Σπ in all possible combinations and to give a definite confirmation of

the existence as well as to measure binding energies, width and decay channels of the K̄NN

and K̄NNN kaonic nuclei. The AMADEUS experiment already started a data taking with

a dedicated carbon target, plans to perform in the coming years precision measurements

on kaon–nuclei interactions at low-energies, in particular to study the possible formation

of kaonic nuclei and the generation of Λ(1405) which can decay into three channels Σ0π0,
Σ+π− or Σ−π+ in the same data taking [62, 63]. AMADEUS present analysis deals with

the major open questions in hadron nuclear physics in the strangeness sector, namely how

hadron masses and interactions change in nuclear environment, with a search ranging from

kaonic nuclear clusters to strange baryon resonances and in-medium modification of the

resonance parameters [63].

4. K̄N and NN Interactions

Any mathematical description of few-body K̄−nuclear systems requires knowledge of NN

and K̄N interactions or off-shell scattering amplitudes. Though for calculations of few-

body systems involving antikaons within the potential approach NN potentials are relatively

well known, one must use realistic effective K̄N interaction, preferentially in the form of

a potential. The open question is related to the strength and range of K̄N interaction. The

experimental and theoretical studies of kaon interactions with strangeness S = −1 and S =

+1 with nucleons indicate that the isospin I = 0 s−wave K̄N interaction is quite strongly

attractive around and below K̄N threshold, while the K+N interaction is weakly repulsive.

The effective K̄N interaction can be constructed based on the phenomenological approach

so as to reproduce the existing experimental data for K−N scattering length, the mass and

width of Λ(1405) hyperon and the 1s level shift caused by the strong K̄N interaction in

the kaonic hydrogen atom. The effective K̄N interaction can be derived within the chiral

SU(3) effective field theory, that presents the low-energy realization of QCD with strange

quarks and identifies the Tomozawa-Weinberg terms as the main contribution to the low-

energy K̄N interaction [64]. While higher order terms in the low-energy expansion of the

chiral effective Lagrangian are not negligible, the Tomozawa-Weinberg term nonetheless

dominates the K̄N s−wave.

A phenomenological K̄-nucleon potential was derived in Refs. [23, 65] using for free

K̄N scattering data for scattering lengths, the data of kaonic hydrogen atomic shift and the

energy and the decay width of Λ(1405) is also taken into account in this potential, together

with the ansatz that Λ(1405) resonance is a bound state of K̄N system, as reported PDG

[66]. We refer to this as the Akaishi-Yamazaki (AY) potential. Using a coupled-channels

calculation K̄N interaction was deduced to the single-channel complex potential. Based on
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the results of three-body calculations [65] this single-channel complex AY potential of K̄N

interaction, transformed from three coupled-channels interactions, and has the following

form:

V I=0
K̄N

(r) = (−595−83i)exp
[
−(r/b)2

]
, (1)

V I=1
K̄N

(r) = (−175−105i)exp
[
−(r/b)2

]
,

where the range parameter in the Gaussian distributionb = 0.66 fm is related to the observed

proton rms radius. This single-channel complex AY potential has strong attraction in the

I = 0 channel because it was adjusted to generate a K̄N (I = 0) quasibound state at ∼1405

MeV. The AY potential is a static energy-independent. Based on the phenomenologically

constructed K̄N potentials [23, 65] have been predicted light K̄−nuclear systems [22–30,

65,67,68].

Apart from the constraints provided by K̄N threshold data and low-energy cross sec-

tions, the only piece of information related to the interaction below K̄N threshold is the π

mass spectrum that is dominated by the (1405) resonance. The subthreshold extrapolation

of the effective K̄N interaction was studied in Ref. [69] from the viewpoint of chiral SU(3)

dynamics. In this approach the off-shell K̄N amplitude below threshold is governed by the

dynamic coupling of the K̄N and πΣ channels and by the strong attraction in these chan-

nels. These couplings are determined by the Tomozawa-Weinberg chiral low-energy theo-

rem. The chiral SU(3) meson-baryon effective Lagrangian is a starting point to construct

leading low-energy K̄N interaction terms, because the amplitudes are energy-dependent.

An effective energy-dependent K̄N interaction based on chiral SU(3) coupled-channels dy-

namics have derived by Hyodo and Weise [69] This effective interaction was translated to

an equivalent local potential in coordinate space (hereafter we refer to this interaction as the

HW potential), where the spatial distribution of the potential is chosen in a Gaussian form

V I
K̄N

(r) = vI
K̄N

(
√

s)exp
[
−(r/b)2

]
. (2)

In Eq. (2) b is the range parameter in fm and the strength vI
K̄N

(
√

s) of the potential has

energy dependence and is a function of the center-of-mass energy Mandelstam variable
√

s

of the K̄N system. The strength vI
K̄N

(
√

s) is parametrized in terms of a third-order poly-

nomial in the energy for the isospins I = 0 and I = 1. The coefficients of the polynomial

as well as range parameters b of the local potential are chosen for four different variants

of chiral dynamics calculations [70–73] that reproduce the total cross sections for elastic

and inelastic K−p scattering, threshold branching ratios, and the πΣ mass spectrum asso-

ciated with the Λ(1405). The values of the coefficients of the polynomial of the effective

interaction and range parameters b are determine. Also in Ref. [74] were considered two

cases describing the balance of the antikaon energy between the two nucleons of the K−pp

three-body system by introducing an auxiliary antikaon “binding energy” BK to control the

center-of-mass energy
√

s of the K−p subsystem within the K−pp cluster:
√

s =MN −mK̄

−BK and
√

s =MN −mK̄ −BK/2, where MN and mK̄ are the masses of the nucleon and

antikaon, respectively. The first case corresponds to the situation encountered in the limit

of infinitely heavy nucleon sources, while in the second one the antikaon energy is split

symmetrically between the two nucleons. In calculations with the energy-dependent HW
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potential usually follow Ref. [74] and use a “corrected” energy-dependent complex poten-

tial, where the strength for each channel is determined so as to reproduce the K̄N scattering

amplitude predicted in Ref. [71] and is parametrized by polynomial in terms of the K̄N

energy.

The comparison of AY and HW potentials shows that AY potential is a static, while the

HW effective interaction is the energy-dependent. The effective HW interaction deduced

from SU(3) dynamics is less attractive than AY potential in the deep sub-threshold region.

The qualitative differences between these potentials is that if the AY potential was intro-

duced based on phenomenological grounds by fitting the K̄N scattering data and the PDG

value of the Λ(1405) resonance, the HW potential is based on chiral SU(3) dynamics and

includes a direct πΣ → πΣ coupling since the attractive interaction in the diagonal π chan-

nel is sufficiently strong to generate a resonance. Let’s also mention that the HW potential

reproduces the feature of K̄N scattering amplitudes, and therefore, the coupled-channel

dynamics leads to the location of quasibound structure in the K̄N system at around 1420

MeV. Thus it is actually shifted to about 1420 MeV in the K̄N amplitude as a consequence

of coupled-channel dynamics. This implies that the effective single-channel K̄N interac-

tion is substantially weaker than anticipated in the simple phenomenological AY potential.

One should nonetheless note that both phenomenological and chiral potentials reproduce

the existing experimental data around threshold. Their qualitatively different subthreshold

extrapolations result from the fact that the coupled-channel framework, constrained by the

chiral effective Lagrangian, induces off-shell dynamics that is very different from that of

the purely phenomenological approach [74].

In calculations within the Faddeev and Faddeev-Yakubovsky equations usually are us-

ing separable potentials, and the corresponding T -matrices for K̄N and NN interactions, for

reducing the dimension of integrals in the equations. A phenomenological strong isospin-

dependent coupled-channels K̄N-πΣ potential suitable for using in few-body calculations

is constructed in Ref. [75]. This potential simultaneously reproduces the following exist-

ing experimental data for the level shift and width of the kaonic hydrogen 1s level from

KEK [76], K−p threshold branching ratios [77, 78], elastic and inelastic K−p scattering,

and Λ(1405) resonance in one- and two-pole form. The phenomenological separable po-

tentials for the coupled-channels K̄N − πΣ interaction in momentum representation used

in [79, 80] has only one pole. Interesting enough that in Ref. [75] one- and two-pole

form of Λ(1405) resonance was considered assuming that Λ(1405) is a mixture of I = 0

and I = 1 states and the sets of parameters for one- and two-pole variants of the potential

were obtained. Also a chirally-motivated energy-dependent coupled-channel K̄N potential,

reproducing low-energy experimental data on K−p scattering and kaonic hydrogen was

constructed [81]. A static separable potential with Yamaguchi form factors was used in

Faddeev-Yakubovsky calculations [82].

To describe a nucleon-nucleon interaction were used diverse set of NN potentials such

as the realistic Argonne V14 (AV14) and Argonne V18 (AV18) [83, 84] potentials, the

semi-realistic Malfliet and Tjon MT-I-III (MT) [85] potential, the Tamagaki G3RS potential

[86] which we refer to as the T potential and the Minnesota (M) potential [87]. Due to a

consideration of the s-wave model for the K̄N interaction, the choice for the T and MT

potentials are reasonable. It was considered consider the MT s-wave potential to compare

how the binding energy depends on the shape of the s-wave NN interaction. The MT s-wave
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potential has only two components in spin-isospin channels (s, t)=(1,0), and (s, t)= (0,1).

The potential allows one to reproduce and obtain an acceptable description of experimental

data for bound states and scattering in three and four nucleon systems. The realistic AV14

and AV18 potentials perfectly fits both the pp data, as well as the np data, low-energy

nn scattering parameters and the deuteron properties. These potentials allow to study the

influence of the orbital partial wave components of the NN interaction with l > 0 on the

energy of the K−pp cluster. In calculations the other components (spin-orbital, tensor and

other) of the realistic potentials have not been taken into account due to their weak effect

on the system. Moreover, in the model with one spin-isospin channel (s, t)=(0,1), the other

components of the potential do not make contributions to the nucleon-nucleon interaction.

Thus, the use of all of these potentials allows the validity test against various NN potentials.

5. Theoretical Approaches

Today refinements of the existing methods to study of few-body systems, on one hand and

developments of new methods, on the other hand, as well as advances in computational

facilities, allow carry very precise calculations for few-body nuclear systems. Recently

and in the recent past much of the effort has focused on the calculations bound states of

three-nucleon and four-nucleon systems. A variety of methods have been used in momen-

tum space, configuration space, and a combination of these spaces to obtain eigenvalues

for a diverse set of realistic NN interactions. These include but not limited by the methods

of the Faddeev equations, Faddeev-Yakubovsky equations, method of hyperspherical har-

monics, variational method based on Gaussian-basis and hyperspherical harmonics-basis

expansions, the stochastic variational method, the Green’s function approach and Monte

Carlo method. Benchmark calculations based on different algorithms and approaches for

the three-nucleons system both below and above the deuteron threshold, and four-nucleons

systems already exist and can be found in Refs. [88–92].

The light kaonic strange dibaryon and tribaryon K̄NN and K̄NNN clusters represent

a three- and four-body systems and theoretically have been treated in the framework of a

few-body physics approaches: the variational method, method of Faddeev equations in mo-

mentum and configuration representation and methods of hyperspherical harmonics (HH) in

configuration space and momentum representation. Below we discuss the main approaches

that carry out the study of the quasibound and dense kaonic nuclear cluster states.

5.1. The Variational Method

In a variational approach to investigate the K̄−nuclear clusters the lowest energy state of

the K̄−nuclear system is found by performing a variational calculation,

δ〈Ψ |H −E|Ψ〉 = 0, (3)

where H is a non-relativistic Hamiltonian of the K̄−nuclear cluster and |Ψ〉 represents a

suitably parametrized variational wave function. In general, the trail wave function |Ψ〉 is

constructed by the sum of the products of the spatial wave functions, the spin state wave

function and the isospin state wave function of the total system.
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Akaishi and Yamazaki [22–24] predicted the existence of deep and narrow K̄ bound

states in K̄−nuclear few body clusters by calculating their binding energy within the frame-

work of the Brueckner-Hartree-Fock (BHF) theory, by defining the K̄N g matrix in a nuclear

medium as

g = v+v
QN

Est −QNT QN

g, (4)

where Est is the starting energy, which is to be self-consistent and QN is Pauli projec-

tion with the QNT QN prescription for intermediate states in the g-matrix equation [93].

The bound-state energy for K̄−nuclear clusters is obtained by solving the equation for the

K̄ - nuclear core relative motion repeatedly in such a way that Est , g, and binding en-

ergy become to be self-consistent. Within the framework of the same BHF approach in

Ref. [94] were studied deeply bound kaonic states in nuclei by using a phenomenological

static K̄N potential that includes πΣ decay. The first calculations performed by Akaishi and

Yamazaki in Ref. [23] for a solution of the three-body system was used a variational method,

called amalgamation of two-body correlations into multiple scattering process (ATMS) [95]

and was exploited essentially the s− wave resonant attraction related to the validity of the

Λ(1405) ansatz. The ATMS method allows to construct a realistic wave function of few

body systems with correlation functions of each constituent pairs on the basis of Watson’s

multiple scattering theory. The correlation functions are variationally determined from a

given Hamiltonian by using Euler-Lagrange’s equation.

Different authors used the different ansatz for the spatial functions. The simple version

of antisymmetrized molecular dynamics (AMD) was used to study the light K̄−nuclear

clusters in Refs. [26,96,97]. In Ref. [26] kaonic clusters systematically studied based on a

new framework of AMD, where is introduced the degree of freedom of K̄0 into the AMD

framework to treat “pK̄/nK̄0mixing”. The total wave function is constructed by antisym-

metrizing a set of nucleon wave function and combining it with the kaon wave function

|Ψ〉= A [|φi〉]⊗|φK̄〉 . The trial wave function of each nucleon |φi〉 is described as a product

of the spin-isospin wave functions |σi〉 |τi〉 and spatial wave function that is a superposition

of Gaussian wave packets whose centers are different from each other. This wave function

is projected onto an eigenstate of angular momentum, spin, isospin and parity.

The Hamiltonian in Refs. [74, 98] for the study of K−pp system is of the form H =

T +VNN+ReVK̄N −Tc.m., where T is the operator of total kinetic energy, VNN is a realistic

nucleon-nucleon interaction, VK̄N is the effective K̄N interaction, and Tc.m. is the operator

of the energy of the center-of-mass motion of the system. Interestingly enough, to perform

the variational calculation of the bound state the real part of the potential, ReVK̄N , is used

as a starting point. The ansatz used in Refs. [74, 98] for the variational trial wave function

constructed as the linear combination of two functions |Φ±〉 , the spatial part of that Φ± are

even or odd under exchange of two nucleons, is the following:

Φ± = φ(r1)φ(r1)φ(rK̄)G(r1,r2) [H1(r1,rK̄)H2(r2,rK̄)±H2(r1,rK̄)H1(r2,rK̄)] , (5)

where the trial functions φ(ri) and φ(rK̄) describe the localization of the nucleons and the

kaon, respectively and are chosen as a single Gaussians. Let us mentioned that in order

to describe a system more precisely, the trial functions φ(ri) and φ(rK̄) can be given with

superposition of several Gaussian wave packets [96]. The correlation function G(r1,r2)
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between the two nucleons in Eq. (5) takes into account NN correlations due the strong

short-distance repulsion in the NN interaction, while the correlation functions H1(ri,rK̄)

and H2(ri,rK̄) describe the correlations between the K̄ and each nucleon, and give the flexi-

bility to adjust themselves appropriately to the attractive antikaon-nucleon interaction. The

correlation functions H1(ri,rK̄) and H2(ri,rK̄) are chosen as a sum of 1 and a sum of Gaus-

sians, while the correlation function G(r1,r2) is a difference between 1 and a sum of Gaus-

sians. The energy dependence of the VK̄N interaction requires a self-consistent variational

procedure to minimize the energy of the K−pp system and the variational calculations to

find the state of minimal energy done in the same way as in Ref. [97] by introduce an auxil-

iary antikaon “binding energy” to control the center-of mass energy of the K−p subsystem

within the K−pp system.

Variational calculations of deeply bound K̄NN, K̄NNN, and K̄NNNN states of K̄−few-

nucleon clusters were presented in Ref. [99] by using the following ansatz for the trial wave

function: Ψ(rK̄ ,r1,r2,r3) = χK̄(rK̄ ,r1,r2,r3)χN(r1,r2,r3), where χK̄ is the meson wave

function and χN is the wave function of strongly correlated nucleons. A two step calcu-

lations were performed. First, the meson wave function involving strongly correlated K̄N

subsystems is found in a fixed nucleon approximation by extended the method developed

by Brueckner in Ref. [100] to the bound-state problem. In the next step, the Schrödinger

equation for K̄−few-nucleon clusters with a realistic NN interaction is projecting on χK̄

and one obtains the Schrödinger equation for the few-nucleon wave function χN . In the

K̄NN case the binding energy and width are found by solving the Schrödinger equation.

The procedure presented in the K̄NN system is extended to systems consisting of K̄−few-

nucleon clusters. In this case the trial wave function for the few-nucleon is chosen in the

form to give the correct asymptotic limit for large nucleon-nucleon distances and also gives

a vanishing wave function for small nucleon-nucleon distances as expected for a strong

repulsion in the NN potential. This trial wave function is used as the input in variational

calculations for the K̄−few-nucleon clusters binding energies and widths.

The system K̄K̄N and K̄KN within the framework of a nonrelativistic three-body poten-

tial model was studied using the variational approach [101,102]. The method of finding the

wave function and binding energy for K̄K̄N and K̄KN clusters was the same. For example,

the K̄KN wave function is calculated by solving the three-body Schrödinger equation with

a Gaussian expansion method. The trial three-body K̄KN wave function is constructed as a

linear combination of three spatial functions each of that corresponds to the rearrangement

of three Jacobi coordinates for K̄KN. Each of this function was expanded in terms of the

Gaussian functions follow and adopting the method given in of Ref. [103]. By applying the

variational principle to solve the three-body Schrödinger equation the coefficients for the

expansion were determined and the state of minimal energy was found.

Recently, in order to treat resonant states in a coupled-channel system properly, in Ref.

[104,105] propose a coupled-channel complex scaling method combined with the Feshbach

projection. In this method, the Feshbach projection is realized with the help of the so-called

extended closure relation held in the complex scaling method, and a complicated coupled-

channel problem is reduced to a simple single-channel problem, which one can treat easily.

It was confirmed that this approach completely reproduces the results of a full coupled-

channel calculation in the case of the two-body K̄N-πY system. A trial wave function

of the K̄NN system is constructed in a similar way to an earlier study with a variational
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approach [74,98].

5.2. Method of Faddeev Equations

Since the developments of the Faddeev [106] and the Faddeev-Yakubovsky [107] methods

to solve the three- and four-body Schrödinger equations, respectively, in the form of integral

equations or differential equations, they have been successfully applied in many areas of

few-body physics because of their nature to give rigorous solution for T matrix or wave

function of the three- or four-body system under assumed two-body interactions. This is

due to the appropriate division of the three-body (four-body) T -matrix and accordingly of

the wave function into the Faddeev (Faddeev-Yakubovsky) components. The Faddeev and

Faddeev-Yakubovsky equations exactly describe the dynamics of three and four particles

and provide a proper theoretical and computational framework to study a few-body system.

Therefore, this approach offers the advantage to a rigorous study and understanding the

details of a few-body K̄−nuclear clusters. In the Faddeev formalism, the T matrix of the

three- or four-body system is presented as a sum of partition matrixes that describe the

interaction of two particles in the present of the others. For example, the T matrix of three-

body system is the sum of three partition matrixes T1, T2 and T3

T = T1 +T2 +T3, (6)

that are satisfy the equations:

Ti = ti + tiG(Tj +Tk). (7)

Each partition Ti, i = 1,2,3 in Eq. (7) corresponds to the interaction of particles j and k,
with i 6= j 6= k = 1,2,3 when particle i is a spectator and contributes to the total T matrix.

In Eq. (7) G is the three-body Green’s function, while ti represents two body subsystem’s t-

matrix in the absence of particle (i is a spectator). Faddeev equations, including the coupled-

channels K̄NN → πΣN for K−pp system has been treated in Refs. [79, 80] and [108, 109]

in the integral equation formalism. Latter the Faddeev calculations of the K̄NN system

with an energy-independent and chirally motivated versions K̄N interaction were reported

in Refs. [110, 111]. In these calculations, authors used the Faddeev equations [106] in the

formulation of Alt-Grassberger-Sandhas (AGS) [112] to find the resonance energies and

widths. Three-body Faddeev equations in the AGS form are the following

Ui j = (1+δi j)G−1
0 +

3

∑
k=1

(1+δik)tkG0Uk j. (8)

where operators Ui j describe the elastic and rearrangement processes j + (ki) → i + ( jk)
and G0 is the free three-body Green’s function. The AGS equation is directly connected to

the scattering matrix elements via the channel resolvents, and is thus fit to calculate reaction

quantities, but is not directly connected to the wave function. This is one of the reasons why

these authors derived only the energies and widths of K−pp.

In approach developed in Refs. [113–115] to study the system πK̄N, KK̄N and KKK̄

the Faddeev partitions are written as

Ti = tiδ
3(k

′
i −ki)+

3

∑
j 6=i=1

T
i j

R , (9)
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where i = 1,2,3, ki ( k
′
i) are the initial (final) momentum of the particle i and ti is the

two-body t matrix. In Eq. (9) the T
i j

R partitions contain all the different contributions to

the three-body T matrix in which the last two interactions are given in terms of the two-

body t matrices t j and ti , respectively, are satisfied the set of coupled equations that are

discussed in detail in Refs. [116–118]. For the solution of Faddeev equations is crucial to

know two body subsystem t-matrix. Once these t matrices are obtained, one can proceed the

solution of Faddeev equations. However, it is well known that different potentials leading

to exactly the same on-shell two-body scattering amplitudes lead to different results in the

Faddeev equations due to their different off-shell extrapolation. In the most conventional

studies of three-body systems including a strange dibaryon K̄NN system use potentials in

the momentum space, usually separable potentials to make the solution of the Faddeev

equations feasible. In Refs. [113–115] were used on-shell two particle t matrices generated

from the solution of the Bethe-Salpeter equation in its on-shell factorization form. The

latter has the form:

ti = (1−Vig)−1Vi, (10)

where the kernel Vi is obtained from the lowest order chiral Lagrangian describing the

interaction between the particles and g represents a two-body loop function that is calcu-

lated by using the dimensional regularization scheme of Ref. [119] divergent in nature and

which is regularized using a natural cut-off or subtraction constant when using dimensional

regularization. Equation (10) is solved within a coupled channel approach, that allows gen-

eration different hadron resonances where the hadron-hadron interaction is essential for

understanding the properties of the states found.

One of the effective approximate approach to solve three-body problem using the Fad-

deev equations is the fixed center approximation (FCA). This approximation was success-

fully used for description of resonances [120]. The review of the FCA in connection with

the evaluation K̄d scattering length can be found in Ref. [121]. In the FCA to the Faddeev

equations for K̄NN system is assuming that K̄ scattering against a NN cluster [122–124].

In this approximation the input from the NN system comes through the nucleon-nucleon

form factor. In the FCA the three body T matrix in Eq. (6) can be written in terms of two

partitions, T1, and T2, summing all the terms which begin with the K̄ interaction with the

nucleon 1 or nucleon 2, respectively. Under the assumption that for two particle t matrix

t1 = t2 it can be easily shown that

T =
2t1

1− t1G̃2
0

(11)

where G̃0 is defined through the form factor FNN(q) of the NN system [122].

It is very perspective to treat of the K̄NN and K̄NNN kaonic nuclear clusters by solving

the three-body Faddeev and the four-body Faddeev–Yakubovsky differential equations in

the configuration space. These approaches have shown their effectiveness for description of

bound states of a few-body system in the strangeness sector in nuclear physics [125, 126].

The wave function of the three–body system can be obtained by using the Faddeev method

in configuration space. In the Faddeev method the total wave function can be decomposed

into three components: Ψ = Φ1 + Φ2 + Φ3 [127–129]. The Faddeev components Φi cor-

respond to the separation of particles into configurations i +(kl), i 6= k 6= l = 1,2,3. Each
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Faddeev component Φi = Φi(xi,yi) depends on its own set of the mass-scaled Jacobi coor-

dinates xi and yi. The components satisfy the Faddeev equations in the coordinate repre-

sentation written in the form:

(
H i

0 +vi(xi)−E
)

Φi(xi,yi) =

= −vi(xi) (Φk(xk,yk)+Φl(xl,yl)) , i 6= k 6= l = 1,2,3, (12)

where H i
0 =−(∆xi

+∆yi
) is the kinetic energy operator and vi is the potential acting between

the particles (kl), i 6= k 6= l. We refer to Eqs. (12) as the differential Faddeev equations

(DFE). The mass-scaled Jacobi coordinates xi and yi are expressed in terms of the particle

coordinates ri and masses mi by the following form:

xi =

√
2mkml

mk +ml

(rk −rl), yi =

√
2mi(mk +ml)

mi +mk +ml

(ri −
mkrk +mlrl)

mi +mk +ml

). (13)

It is well know the orthogonal transformation between three different sets of the Jacobi

coordinates.

Faddeev equations (12) can be rewritten for a case with two identical particles: ABB.

The kaonic cluster K−pp represent such case. In this case the total wave function of the

system is decomposed into the sum of the Faddeev components U and W corresponding

to the K−(pp) and (K−p)p types of rearrangements: Ψ = U +W −PW , where P is the

permutation operator for two identical fermions. For a three–body system with two identical

fermions the set of the Faddeev equations (12) can be reduced to the system of two equations

for the components U and W [130,131] :

(HU
0 +VNN −E)U = −VNN(W −PW ),

(HW
0 +VK̄N −E)W = −VK̄N(U −PW ).

(14)

The wave function of the system K̄NN is antisymmetrized with respect to two identical

fermions. The partial wave analysis of the DFE (14) can be performed by the LS coupling

scheme given in Refs. [129,130,132].

Recently non-relativistic Faddeev and Faddeev-Yakubovsky equations were used for

the study of K−pp, K−ppn, K−K−p and K−K−pp kaonic nuclear clusters, where the qua-

sibound states were treated as bound states by using real separable potential models for the

K−K− and the K−-nucleon interactions as well as for the nucleon-nucleon interaction [82].

For systematic calculations of the ground-state energies and the density distributions for

kaonic system with two and three baryons in [82] authors put emphasis on the derivation

and detailed analysis of the wave functions. The motivation for that was the following that

the bound-state energy arises as a strong cancellation between the kinetic energy and the

potential energy, and since the dense structure of the system may be linked to a large ki-

netic energy expectation value, the calculation of this quantity employing the wave function

may contain important information about the shrinkage behavior of the K̄-nuclear systems.

While approaches related to the AGS or the FCA are directly connected to the scattering

matrix elements via the channel resolvents, and is thus fit to calculate reaction quantities,

but is not directly connected to the wave function. Therefore, the starting point in [82] was
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to present the bound state wave function Ψ of a four-particle system as a sum of two kind

Faddeev-Yakubovsky components ψ and χ as

Ψ =
12

∑
α

ψ(kα,pα,qα)+
6

∑
β

χ(kβ,pβ,qβ), (15)

where (kα,pα,qα) and (kβ,pβ,qβ) are two kind of Jacobi momenta for the four particle

system, and α, and β correspond to different choices of these sets of Jacobi momenta.

Recently it was outline a new perspectives on the use of Faddeev equations for the de-

scription and analysis of the K̄NN system [133]. Particularly, in Ref. [133] authors have

reported a new chiral approach to Faddeev equations where an explicit cancellation of the

two-body off-shell amplitude with three-body forces stemming from the same chiral La-

grangians takes place. The elimination of the unphysical off-shell parts renders the ap-

proach unambiguous, showing that only on-shell two-body amplitudes need to be used for

more accurate description and analysis of the K̄NN system. This approach was utilized

to study the K̄NN kaonic cluster by using the Faddeev equations within the fixed center

approximation.

6. Method of Hyperspherical Harmonics

The hyperspherical harmonics (HH) method represents a technique to describe the bound

and scattering states for a few-body system. The main idea of this approach is the expan-

sion of the wave function of the corresponding nuclear states in terms of hyperspherical

harmonics that are the eigen functions of the angular part of the Laplace operator the six-

dimensional space (three-body problem) or in the nine-dimensional space (four-body prob-

lem). This method has a long history. Starting from the pioneering work of Morpurgo [134],

Delves [135] and Smith [136] the method of the HH became very popular starting from sev-

entieth [137]. The review of the research performed within this method can be found in

the monographs [138–140]. In the HH method after the introduction of the trees of Jacobi

coordinates for three- or four-particle system

xi =
1√

l(l +1)

[
l

∑
j=1

m jr j − lr j+1

]
, l = 1,2,3, ...N, (16)

where m j and r j are the particles masses and position vectors, respectively and N is the

number of particles, one can separate the center of mass and write the nonrelativistic

Schrödinger equation for a three- or four-particle as a system of differential equations for

the relative motion of the three or four particles. The next step is the introduction of the

hyperspherical coordinates in the six-dimensional space for the three-body problem or in

the nine-dimensional space for the four-body problem and one introduces the hyperspher-

ical coordinates in 3(N −1)-dimensional configuration space, given by the hyperradius ρ2

=
N

∑
l=1

x2
l and a set of angles Ωρ, which define the direction of the vector ρ in 3(N − 1)-

dimensional space and rewrite in the hyperspherical coordinates the Schrödinger equation
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for the relative motion of N−particles. By expanding the wave function of N bound parti-

cles in terms of the hyperspherical harmonics one obtains

Ψ(ρ,Ωρ) = ρ− 3N−4
2 ∑

µ λ

uλ
µ(ρ)Φλ

µ(Ωρ,σ,τ), (17)

where Φλ
µ(Ω,σ,τ) are fully antisymmetrized functions constructed from spin-isospin and

the hyperspherical harmonics. The HH are the eigenfunctions of the angular part of the

3(N−1)-dimensional Laplace operator in configuration space with eigenvalue LN(LN +1),

where LN = µ + 3(N −2)/2 and they are expressible in terms of spherical harmonics and

Jacobi polynomials [138–140]. In Eq. (17), for the sake of simplicity, we denote by λ

the totality of quantum numbers on which the N−body hyperspherical harmonics depend

and the integer µ is the global momentum in the 3(N −1)-dimensional configuration space,

which is the analog of angular momentum in case of N = 2. Introducing the expansion (17)

in the Schrödinger equation for N−bounded particles one can separate the radial and an-

gular variables that results in a system of coupled differential equations for the hyperradial

functions uλ
µ(ρ)

d2uλ
µ(ρ)

dρ2
+

[
κ2− LN(LN +1)

ρ2

]
uλ

µ(ρ) = ∑
µ
′
λ
′
V

µµ
′

λλ
′ (ρ)uλ

′

µ
′ (ρ), (18)

where

Vµµ
′

λλ
′ (ρ) =

2M

}2

Z [
Φλ

µ(Ωρ,σ,τ)
]∗
(

∑
i< j

Vi j

)
Φλ

′

µ
′ (Ωρ,σ,τ)dΩρ. (19)

is the N−particle effective potential energy defined by the two-body interaction potentials

Vi j, κ2 = 2MB/}
2, and M is total mass of the system. The system of coupled differen-

tial equations (18) for the hyperradial functions uλ
µ(ρ) is infinite and the main difficulty

in applying the HH technique to nuclear systems is the slow convergence of the expan-

sion due to the strong repulsion between the particles at short distances. To simplify the

problem it was suggested a variational approach [142] that was modified and widely used,

for example, in Refs. [143–145]. There were performed the numerous precise calculations

within the method of HH for three- and four-nucleon nuclei by different groups. See, for

example, Refs. [146–150] and references herein. However, there are only two approaches

where the method of HH was employed to study K̄-nuclear clusters with two- and three

baryons [151–153]. In the approach of Ref. [151] the bound state wave function was ex-

panded in terms of the spatial basis functions of the form Rλ
n(ρ)Φλ

K(Ωρ,σ,τ), where Rλ
n(ρ)

are hyper-radial basis functions expressible in terms of Laguerre polynomials. The authors

of Ref. [151] were presented three- and four-body nonrelativistic calculations for K̄NN

cluster and for the K̄ nuclear clusters K̄NNN and K̄K̄NN by using realistic NN interactions

and effective subthreshold K̄N interactions derived within a chiral model [69] are used.

The energy dependence of the subthreshold K̄N interactions is treated self-consistently,

extending a procedure suggested and practised in Refs. [154–157]. The other calcula-

tions within the hyperspherical harmonics in momentum representation were reported re-

cently [152, 153]. In this case following Refs. [138, 140, 141] the authors start from the
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integral form of the Schrödinger equation for three or four particles, respectively, and then

rewriting this equation in momentum representation using the set of the Jacobi momenta qi

in 3(N−1)-dimensional momentum space conjugated to the coordinate (16). After that one

can introduce the set of the hyperspherical coordinates in the momentum space given by the

hyperradius κ2=
N

∑
l=1

q2
l and the set of angles Ωκ, which define the direction of the vector

κ in 3(N −1)-dimensional momentum space, as well as the hyperspherical harmonics in

momentum representation Φλ
µ(Ωκ,σ,τ) that are conjugated to the HH Φλ

µ(Ωρ,σ,τ). For the

next step, following the procedure given in [138,140,141] and expanding the wave function

of N bound particles in terms of the hyperspherical harmonics in momentum space

Ψ(κ,Ωκ) = κ
− 3N−4

2 ∑
µ λ

uλ
µ(κ)Φλ

µ(Ωκ,σ,τ), (20)

and substituting Eq. (20) into the integral Schrödinger equation in momentum represen-

tation one obtains a system of coupled integral equations for the hyperradial functions

uλ
µ(κ). In Eq. (20), Φl1l2

µ (Ω,σ,τ) are the antisymmetrized hyperspherical functions that

are written as a sum of products of spin and isospin functions and hyperspherical functions

Φl1l2L
µ (Ωi) = ∑

m1m2

〈l1l2m1m2| LM〉Φl1l2m1m2
µ (Ωκ), where Φl1l2m1m2

µ (Ωκ) are hyperspherical

harmonics in the six-dimensional space, using the Raynal-Revai coefficients [158]. The HH

Φl1l2m1m2
µ (Ωκ) are the eigenfunctions of the angular part of the six-dimensional Laplace op-

erator in momentum space with eigenvalue µ(µ+4), and are expressible in terms of spheri-

cal harmonics and Jacobi polynomials. This coupled integral equations, for example, in the

case of three-body system (λ = l1, l2,L, where l1 and l2 are angular momenta related to the

Jacobi coordinates x1 and x2 for three-body system, and L is the total angular momentum)

have the following form [153] :

(κ2 +κ
2
0 )ul1l2L

µ
(κ) = −2M

~2

1

κ2 ∑
µ′i

∑
l
′
1l

′
2 l̄1 l̄2A

j〈l̄1l̄2|l1l2〉i
µL (21)

j〈l̄1l̄2|l
′
1l

′
2〉i

µ
′
L

Z

ρdρJµ+2(κρ)Jµ
′
+2(κ

′
ρ)×

Φl̄1 l̄2
µ (α

i
)VA(xi)Φl̄1 l̄2

µ
′ (α

i
)ul′1l′2L

µ′
(κ′)κ′3dκdΩ j, (22)

where κ2
0 = 2MB

}2 , and B is the bounding energy of the three-particle system and the in-

dex A is related to the type of interaction A ∈ NN, K̄N. In Eq. (22) j〈l̄1l̄2|l1l2〉i
µL are the

Raynal-Revai coefficients [158] for the unitary transformation of HH from one set of Ja-

cobi coordinate to another, Jµ+2(κρ) are the spherical Bessel functions and

Φl1l2
µ (αi) = Nl1l2

µ (cosαi)
l1(sinαi)

l2 P
l1+1/2,l2+1/2
n (cos2αi),

Nl1l2
µ =

√
2n!(µ+2)(n+ l1 + l2 +1)!

Γ(n+ l1 +3/2)Γ(n+ l2 +3/2)
, (23)

where 2n = µ− l1 − l2, n=1, 2, 3,... and Pl1l2
n is the Jacobi polynomial [138–140]. By

solving the coupled integral equations (22) one can find the hyperradial functions ul1l2L
µ

(κ)
for a given L.
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7. Results and Discussion

Results of three-body nonrelativistic calculations within the framework of a potential mod-

els as well as coupled-channels three-body calculations for the K−pp cluster within the dif-

ferent approaches are presented in this section. Calculations for a binding energy and width

of the kaonic three-body system are performed using different potentials for the NN interac-

tion, as well as different potentials for the description of the kaon–nucleon interaction. The

latter are the energy-independent phenomenological K̄N potential and the energy-dependent

chiral K̄N interaction. Usually the K−pp system was considered in the framework of var-

ious theoretical approaches and using different starting assumptions. A comparison of the

results obtained in the framework of different methods but the same assumptions related

to the interparticle interactions, on one hand, and results obtained using the same theoret-

ical approach but different assumptions about the interparticle interactions, on other hand,

allows one to estimate the accuracy of the theoretical methods, and to understand the im-

portance of nucleon–nucleon interaction, and the key role of the kaon–nucleon interactions.

A variational calculation of the K−pp system based on chiral SU(3) dynamics was

performed in Ref. [74]. Several versions of energy-dependent effective K̄N interactions

derived from chiral coupled-channel dynamics are employed and the phenomenological

energy-independent AY interaction as input, together with a realistic NN potentials. Such

an approach allowed to examine how the K−pp cluster’s structure depends on different

choices of the K̄N interactions for the same NN potential, as well as dependence from

different choices of the NN interaction for the same K̄N interaction. Therefore, this enable

to understand the sensitivityof the system to the input interactions. To study the dependence

on the NN potential test calculations have been performed using the AV18 [84] and the

soft-core Minnesota [87] NN potentials. The M potential and the more realistic AV18

interaction that reproduce low-energy NN data such as scattering lengths, effective ranges,

and deuteron properties. Results of calculations for the binding energy and the width for

the K−pp cluster are summarized in Table 1 for the chiral motivated K̄N potential and for

the phenomenological AY potential.

Having the same objectives to test how the K−pp cluster’s structure depends on differ-

ent choices of the K̄N interactions for the same NN potential, as well as dependence from

different choices of the NN interaction for the same K̄N interaction in Ref. [153] for the

calculations of the binding energy and the width with the methods of HH and DFE authors

use for the NN interaction MT, T and AV14 potentials, while for the K̄N interaction they use

the single-channel phenomenological AY K̄N potential and the energy-dependent effective

HW potential. By solving the system of equations (22) one finds the binding energy of the

K−pp cluster. The hyperradial functions u
lplqL
µ (κ) for three-body system can be found from

the coupled integral equations (22) and use them to construct the corresponding wave func-

tion (20). To solve the coupled integral equations for the hyperradial functions u
lplqL
µ (κ)

in [153] consider only the real part of the K̄N interaction, quite in the same way as the vari-

ational studies [74,98,151]. The results of the calculations with the method of HH strongly

depend on the number of terms in the expansion of the wave function (20). A reasonable

convergence is reached for µmax = 10 with the accuracy about 0.2 MeV and expectation is

that consideration of the higher values of the grand angular momentum µ would not dramat-

ically change the binding energy of the K−pp cluster. It was mentioned that much faster
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convergence occurs for considered NN potentials when the AY potential is chosen for the

K̄N interaction, while for the HW K̄N interaction the binding energy calculations converge

more slowly.

The results for the binding energy and the width of the K−pp system using the method

of HH for different K̄N and NN interactions are presented in Table 2.

In the framework of a variational method the detailed ansatz for the variational trial

wave function is chosen. An advantage of the standard hyperspherical function treat-

ment is its capability to obtain the wave function of the K−pp cluster. By solving

the system of equations (22) one finds the binding energy as well as the correspond-

ing hyperradial functions. The latter allows one to construct the wave function Ψ for

the K−pp system. Using the wave function within the variational method and HH ap-

proach, the width of the bound state can be evaluated in a perturbative way from the imag-

inary part of the K̄N interaction as Γ ≈ −2
〈
Ψ
∣∣Im
(
VK−p(r12)+VK−p(r13)

)∣∣Ψ
〉
. Since∣∣ImVK−p(r)

∣∣�
∣∣ReVK−p(r)

∣∣, this is a reasonable approximation for the width. As it is

stated in Gal’s review [159], as well as demonstrated in the recent calculations of the width

for the K−pp system [105] using a coupled-channel complex scaling method with Fesh-

bach projection, this is a good approximation. For an approximate evaluation of the width

the imaginary part of the complex potential has often been treated perturbatively by many

authors [26,30,74,97–99,102,151,152]. Recently this approach was used in Ref. [160] for

few-body calculations of η-nuclear quasibound states. In Ref. [153] the latter expression

was used to find the width and the calculated values of the width for different K̄N and NN

interactions are listed in Table 1 and Table 2. The quite large values for the width possibly

are related to their perturbative determination. The analysis of the results presented in Table

1 and Table 2 shows that, for the chiral HW K̄N interaction, the binding energy is less than

half that of the phenomenological AY interaction and the HW interaction also leads to a

much smaller width. However, the binding energy and the width are not sensitive to the

form of NN potentials for the same type of K̄N interaction. The sensitivity of the binding

energy to the NN potential turns out to be within about 1 MeV, while the width ranges from

∼75 to ∼84 MeV for the AY potential and turns out to be within about 1.5 MeV for the HW

K̄N interaction for the HH calculations [153]. The sensitivity to details of the NN interac-

tion turns out to be slightly more pronounced but still weak for the more strongly bound

K−pp cluster for AY case, but marginal for the weakly bound HW case within the varia-

tional calculations [74]. Interestingly enough that the variational calculations [74] show the

qualitative difference between strong and soft short-range repulsive core becomes apparent

when examining the NN density distribution within the K̄NN cluster as is demonstrated in

Table 1. The binding energy B and width Γ for the K−pp system calculated in the

framework of the variational method [74] for different interactions. NN potentials:

AV18 [84] and M [87]. K̄N interactions: AY [23] and HW [69]

AV18+AY M+AY AV18+HW M+HW

B, MeV 49.0 50.4 16.9 17.0

Γ, MeV 60.1 64.7 47.0 49.4
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Table 2. The binding energy B and width Γ for the K−pp system calculated in the

framework of the method of HH in the momentum representation [153] for different

interactions. NN potentials: MT [85] and T [86]. K̄N interactions: AY [23] and HW

[69]

MT+AY T+AY MT+HW T+AY

B, MeV 46.5 46.3 20.5 20.6

Γ, MeV 84.3 74.5 48.1 49.5

Fig. 2.

Figure 2. NN density for AV18 potential [84] (solid line) and Minnesota potential [87]

(solid line with diamond). A chiral-based K̄N interaction with parametrization [71] is used.

Figure is reprinted from Ref. [74]

We let us discuss the results when employ the Faddeev technique in configuration

space [153]. The results for the binding energy of the K−pp system for the orbital mo-

mentum configurations of (pp)K− and (K−p)p rearrangements are presented in Table 3.

The calculations are performed using the AV14 NN potential for the AY and HW K̄N inter-

actions. When the spin state of the two protons is restricted to S = 0, the orbital momentum

of the pp pair is l = 0,2,4. As can be seen from Table 3, the orbital contributions with

(l,λ) that are equal (2,2) and (4,4) are small enough, and the s−wave consideration is very

reasonable. The numerical convergence for the binding energy calculations is fast with

increasing model space. For the AV14 potential in Ref. [153] also calculated the binding

energy using the averaged potential approach as well as the cluster approach. The results

with the averaged potential are 33.7 MeV and 12.5 MeV for the AY and HW K̄N interac-

tions, respectively.

The summary of the results for the binding energy of the K−pp system in the framework

of the method of DFE for considered NN and K̄N interactions are presented in Table 4.

The analysis of the calculations presented in Table 4 shows that the AY potential as the

K̄N interaction input fall into the 46 - 47 MeV range for the binding energy of the K−pp

cluster, while the chiral HW K̄N potential gives about 20.4 - 21.6 MeV for the binding
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Table 3. Orbital momentum configurations of (pp)K− and (K−p)p rearrangements

and the binding energy of the K−pp system calculated with the HW and AY K̄N po-

tentials. The NN interaction is given by the AV14 potential [83]. l is the orbital mo-

mentum of the pair of particles, and λ is the orbital momentum associated with the

relative motion of the third particle with respect of the center of mass of the pair

(pp)K− (K−p)p HW AY

(l, λ) (0,0) (0,0) 21.15 46.97

(l, λ) (0,0) (2,2) (0,0) 21.54 47.33

(l, λ) (0,0) (2,2) (4,4) (0,0) 21.56 47.34

Table 4. The binding energy B for the K−pp system calculated in the framework of the

DFE method for different NN and K̄N interactions. NN potentials: AV14 [83], MT [85]

and T [86]. K̄N interactions: AY [23] and HW [69]. a is the two-body scattering length

and
〈
r2
〉1/2

is the root-mean-squared distance in the K−p system. EK−p is the two-body

energy of K−p

K̄N a, fm
〈
r2
〉1/2

, fm EK−p, MeV NN B, MeV

AY 1.88 1.35 30.26 AV14 47.3

MT 46.0

T 46.3

HW 2.68 1.94 11.16 AV14 21.6

MT 20.4

T 20.6

energy. Now one can address the theoretical discrepancies in the binding energy for the

K−pp system related to the different NN and K̄N interactions. The comparison of the

results of calculations presented in Tables 1, 2 and 4 for the binding energy for the K−pp

system obtained by different methods are in reasonable agreement. The ground state energy

is not sensitive to the NN interaction. However, it shows very strong dependence on the

kaon-nucleon potential. The energy of the ground state, as well as the width calculated

for the energy-independent AY potential are more than twice bigger than for the energy-

dependent chiral HW interaction. Therefore, the highest binding energies are those that

are obtained based on the phenomenological AY potential. Discrepancies obtained for the

binding energy using the same potentials but different methods, - the method of HH in

momentum representation and the method of Faddeev equations in configuration space,- are

mostly related to a problem of an equivalent representation of the potentials in momentum

and configuration spaces. Let us continue the comparison with variational calculations.

In Ref. [65], the variational calculations were carried out by constructing a wave function

for the three-body system with correlation functions for each of the constituent pairs on

the basis of multiple scattering theory. The binding energy and the width for the K−pp



252 Roman Ya. Kezerashvili

Table 5. Summary of the theoretical studies for the K−pp cluster

Method B(K−pp) Width, Γ K̄N References

MeV MeV

Variational 48 61 AY [23], [22], [65]

Methods 20±3 40-70 Chiral model [98], [74]

40-80 40-85 Separable [99]

20-35 20-65 Chiral model [104,105]

124 12 AY [94]

Methods of 47-70 90-100 Separable En. Indep. [79], [80], [81]

Faddeev ∼32 ∼50-65 Separable En. Dep. [81]

equations 45-95 45-80 Separable En. Indep. [108], [109], [110]

9-16 34-40 Separable En. Dep. [110]

30-40 50-80 [122–124,133]

∼52 Separable En. Indep. [82]

46.3-47.3 AY [153]

20.6-21.6 HW [153]

Methods of HH ∼16 ∼41 Chiral model [151]

15-17 36-43 Chiral model [152]

40-48 75-96 AY [152]

46.3-46.5 74.5-84.3 AY [153]

20.5-206 48.1-49.5 HW [153]

cluster was calculated by employing the AY potential as the K̄N interaction and the bare

Tamagaki G3RS potential [86] as the NN interaction. Thus, the authors of [65] used the

same s-wave interactions, and this allows us to compare results [153] for the T potential

with the previous one. The binding energy found with the DFE and HH methods are in

good agreement with the one obtained with the variational method. This is a good sign

that the binding energy does not depend significantly on the method of calculation. The

prediction in Ref. [99] for the binding energies of Itot = 1/2, INN = 1 states given by the

s-wave interactions and described by multiple scattering in the single K̄N channel falls into

the 40 - 80 MeV range with the parametrization for the Argonne AV18 potential [84]. These

results are consistent with calculations [153] using the AV14 potential [83] and the results

from [65]. The differences within this range are mostly due to a different K̄N input and

possibly slightly due to the NN input.

Different variational approaches used in Refs. [65] and [74] are of comparable quality

in their high degree of consistency. Dotė, Hyodo and Weise [74] employed several ver-

sions of energy-dependent effective K̄N interactions derived from chiral SU(3) dynamics

together with the Argonne 18 NN potential [84]. They found that the antikaonic dibaryon

K−pp is not deeply bound and obtained 20±3 MeV for the binding energy. The calcula-

tions [153] in the framework of the DFE and HH methods when we employ the effective

energy-dependent chiral-theory based HW potential for K̄N interaction and different NN

interactions, as inputs, also predict a shallowly bound K−pp cluster. This is consistent with

results from [69], [74] and recent calculations [105].
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Now let us compare results obtained using variational methods, the method of Faddeev

equations in the momentum and configuration representation and the method of hyper-

spherical functions in the momentum and configuration space. The summary of the results

for the binding energy and the width with different theoretical approaches and models,

obtained for different kinds of K̄N interactions, are presented in Table 5. The range of

results [153] related to the different NN interactions used in the calculations. The calcu-

lations with Faddeev equations in Alt-Grassberger-Sandhas form [112] for the three-body

system with coupled K̄NN and πΣN channels were performed in Refs. [79,80] for the study

of the K̄NN system with separable two-body potentials using phenomenological model of

K̄N interaction yield large bindings. To take the K̄N − πΣ coupling into account the for-

malism of Faddeev equations was extended and in Refs. [79, 80] authors obtained 55–70

MeV, and 95–110 MeV for the binding energy and the width, respectively. With a sim-

ilar approach, Ikeda and Sato [108] calculated B ∼80 MeV and Γ ∼73 MeV. Latter, two

of the authors of [108] repeated their calculation in [109, 110] using two models with the

energy-independent and energy-dependent potentials for the s−wave
_

KN interaction, and

their calculations yield smaller values for the binding energy 44-58 MeV and width 34-40

MeV [110]. In Ref. [81], the Faddeev calculations for the K̄NN quasibound state with the

two phenomenological and the energy-dependent chirally motivated models of the K̄N in-

teraction were carried out. The binding energy for the K−pp cluster obtained was 32 MeV

with the chirally motivated models and 47 - 54 MeV with the phenomenological K̄N po-

tentials. The width is about 50 - 65 MeV. Therefore, one can conclude that the Faddeev

calculations for the energy-independent models for the K̄N interaction [79, 80, 109, 110]

predict a deeper binding energy than that of the energy-dependent description of the K̄N

interaction [81, 110]. The energy dependence of the chiral K̄N interaction produces quasi-

bound state of the K−pp cluster with less binding energy than the phenomenological K̄N

potential due to a reduction the attraction for the lower energies in the K̄NN quasibound

state region. The same picture is observed in calculations with the effective K̄N interac-

tion derived from chiral SU(3) dynamics. The calculations [153] obtained with the HH and

DFE methods confirm that the effective K̄N interaction derived from chiral SU(3) dynamics

yields a shallowly bound K−pp cluster, while the phenomenological energy-independent

AY potential predicts much deeper binding energy for all considered NN interactions. A

more detailed comparison of results [153] with the Faddeev calculations [79–81,108–110]

is not easy because these calculations use separable potentials to describe the K̄N and NN

interactions.

An alternative study to the variational calculations of or the Faddeev calculations of are

calculations using the fixed center approximation to the Faddeev equations. The FCA to

the Faddeev equations [122–124,133] leads to the binding energy of the K−pp system with

S = 0 30-40 MeV and the width 50-80 MeV that includes the recent improvement of the

method [123, 124] by including the charge exchange mechanisms in the K− rescattering

and absorption which have been ignored in previous works within this approximation. Due

to the absorption of K− by two nucleons, the width of the bound K−pp cluster is increased

by about 30 MeV [124]. Although the FCA to the Faddeev equation makes a static picture

of the two nucleon and does not consider the recoil of the spectator nucleon, this approach

provides reasonable values for the binding energy and width, as seen from Table 5, and

qualitatively corroborates findings done with other methods which are technically much
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more involved.

The study of K−pp with S = 0 was performed using the method of hyperspherical func-

tions in configuration space [151] and in the momentum representation [152]. In Ref. [151],

the binding energies and widths of the three-body K−pp cluster are calculated using the

AV4 [161] NN potential and a subthreshold energy-dependent chiral K̄N interaction de-

rived with a chiral model [69]. The results are in good agreement with previous K−pp

calculations [74,98] with an energy-dependent chiral K̄N interaction as input. Calculations

of the binding energy and the width with the method of HH in the momentum representa-

tion [152] reproduced the results of Ref. [151], and we assume the slight difference raised

from the difference between using AV4 and AV18 potentials and perhaps is related to the

conversion of the hyperspherical expansion. However, most importantly, results [153] and

those of the previous HH calculations [151, 152] are in good agreement and support the

conclusion that the key role in binding the K−pp system is played by the K̄N interaction

and the K̄N potential obtained based on chiral SU(3) dynamics leads to binding energies of

relatively low values. Also, these calculations show that the binding energies are small and

the widths are more than twice that of the binding energies. Therefore, all model calcula-

tions with the K̄N interaction derived based on the chiral unitary approach predict a shallow

binding state with very large width for the K−pp cluster. This is a precautionary indication

that it may be difficult to experimentally observe the K−pp cluster.

7.1.
_

KNNN Clusters

The first variational calculations predicted deeply bound states for
_

KNNN cluster were

made more than decade ago. Faddeev-Yakubovsky calculations [82] were made for the

four-particle K−ppn kaonic clusters, where the quasibound state was treated as bound state

by employing real s−wave two-body separable potential models for the
_

K−nucleon interac-

tions as well as for the NN interaction. Fully four-body nonrelativistic realistic calculations

of K̄NNN quasibound state within the method of HH in configuration space, using realistic

NN potentials and subthreshold energy-dependent chiral
_

KN interactions, were presented

in Ref. [151].

In the framework of a phenomenological quantum field theoretic model for the strange

tribaryon cluster S0 using constructed wave function of the kaonic nuclear K−pnn cluster

with the parameters that are fixed in terms of the experimental data on the width and mass

of the (1405) hyperon in Ref. [162] obtained the binding energy and the width 197 MeV

and 16 MeV, respectively. For calculations of scattering amplitudes of the constituents

of the kaonic nuclear K−pnn cluster in [162] is applied the chiral Lagrangian with chiral

SU(3)×SU(3) symmetry. The width of the kaonic nuclear K−pnn cluster (S0(3115)) is

defined by the sum of the partial widths of all decay modes: K−pnn → Σ−pn, K−pnn →
Σ−d, K−pnn → Σ0nn, K−pnn → Λ0nn. It was found that the decay mode K−pnn → Σ−pn

is dominant, whereas the decay modes K−pnn→Σ0nn, and K−pnn→ Λ0nn are suppressed.

In Ref. [35] in the summary of predicted values of physical properties for kaonic clusters

is reported the binding energy and the width the K−pnn cluster as 191 MeV and 13 MeV,

respectively. Variational calculations [99] for the lowest binding energies for K̄NNN kaonic

system with the total isospin I = 0 based on a phenomenological K̄N input fall into the 90-

150 MeV range.



Table 6. The binding energy B and width Γ for the
_

KNNN system calculated in the framework of the method of HH in the momentum

representation for different interactions with results from Refs. [26], [82] and [151]. The parity π includes the eigen parity of antikaon.

Jπ T AV18+AY M+AY AV18+HW M+HW [151] [82] [26] [162]

K−ppn 1
2

−
0 B, MeV 92.1 97.9 28.6 28.9 29.3 69 110.3

Γ, MeV 83.4 84.1 30.3 30.8 32.9 21.2

K−pnn 1
2

−
1 B, MeV 64.6 66.7 17.2 18.7 18.5 197

Γ, MeV 74.2 80.4 27.1 31.4 31.0 16

K−ppp 3
2

+
1 B, MeV 101.9 107.6 25.8 28.1 96.7

Γ, MeV 87.9 89.8 28.1 31.2 12.5
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Giving that below are presented the results of calculations [163] for the
_

KNNN qua-

sibound states in the framework of method of HH in momentum representation using

AV18 [84] and M [87] NN potentials and AY and HW K̄N interactions as inputs. To find

the binding energies with above mentioned set of potentials, a system of coupled integral

equations for the hyperradial functions uλ
µ(κ) is solved. In the calculations is considered

the value µmax = 10 for the global orbital momentum that gets a reasonable convergence for

the binding energy. In Table 6 are presented results for K̄NNN cluster that one can compare

with those obtained via different methods. The results of calculations [163] for the energy

and the width show dependence on the NN potentials and on the K̄N interactions. How-

ever, this dependence is dramatically different: for the same K̄N interaction and different

NN potentials the ground state energy and the width change by about 3−15%, while for

the same NN potential and different K̄N interaction the energy changes by a factor of more

than 3 and the width changes by more than twice.

For the comparison let’s mention that the authors of Ref. [151] obtained 29.3 MeV and

32.9 MeV, and 18.5 MeV and 31.0 MeV for the binding energy and the width of the K−ppn

and K−pnn clusters, respectively, while calculation within the Faddeev-Yakubovsky equa-

tions [82] with separable potential models for the
_

K−nucleon and the nucleon-nucleon

interactions leads to very deep ground state energy −69 MeV for K−ppn system. The

comparison of results [163] for the K−ppn and K−pnn clusters obtained for AV18 NN in-

teraction and HW K̄N interaction with calculations [151] within the variational HH method

for the AV14 NN interaction and shallow chiral K̄N interaction shows a reasonable agree-

ment. The predictions [26] for the binding energy and the width for the kaonic clusters stud-

ied based on a framework of antisymmetrized molecular dynamics and employing adopted

AY [23] potential as a bare K̄N interaction and the type of T [86] potential as a bare NN

interaction and result for variational calculations within a phenomenological quantum field

theoretic model for the strange tribaryon K−pnn cluster are presented in the last two col-

umn of Table 6. As is seen from Table 6 there is a reasonable agreement for the widths for

the K−ppn and K−pnn clusters among the studies [151] and [163] in case of HW poten-

tial. However, the widths of the K−ppn and K−ppp systems are largely different among

study [163] and an earlier study [26] in the case of AY potential. The binding energy for

the K−pnn predicted in Ref. [162] are almost three times larger than one for the AY input

and by order of magnitude larger when the HW K̄N interaction is considered as the input.

To understand these discrepancies and compare [163] results with Ref. [26], was per-

formed the calculations for the K̄N interaction V I=0_

KN
(r) = −(593 + iw0)exp[−(r/0.66)2]

and used for the imaginary part of the potential the different values of w0 = 20, 40, 83

MeV, respectively [23, 26]. The results are the following: K−ppp, (B,Γ)=(101.9, 19.8)

MeV, (101.9, 38.7) MeV, (101.9, 87.9) MeV; K−ppn, (B,Γ)=(92.1, 18.7) MeV, (92.1, 37.4)

MeV, (92.1, 83.4) MeV; K−pnn, (B,Γ)=(64.6, 16.3) MeV, (64.6, 32.6) MeV, (64.6, 74.2)

MeV, that are in agreement with the corresponding calculations from Refs. [23, 26] that

lead to narrow widths only for small values of w0. If the binding energy is large and lies

below the threshold of the main decay channel πΣ, as a result we have the width of the

quasi-stable discrete bound state less than the binding energy and complex part of the
_

KN

potential should be small. The value w0 ∼ 20 MeV can reproduce the results of the width

from Refs. [22–24, 26, 30]. In our approach we can reproduce the narrow width reported

in Ref. [26] only for the small value of the the imaginary part of the AY potential. In-
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Table 7. Nucleon energy in K−ppp and K−ppn clusters. Expectation values of the

kinetic energy 〈T 〉 and of the
〈 _

KN
〉

interaction per nucleon calculated in the frame-

work of the method of HH in the momentum representation for the AY and AV18

interactions

〈T 〉 Mev/N
〈 _

KN

〉
MeV/N

K−ppp Proton 78.1 -195.2

Neutron 49.3 -29.1

K−ppn Proton 72.4 -160

Neutron 55 -38.2

terestingly enough, calculations [163] for the AY interaction indicate that for the system

K̄NNN the cluster K−ppp is more deeply bound than the K−ppn, that contradicts to the

results [26]. In a shell-model picture, one of three protons in the K−ppp should be raised

up to 0p orbit due to Pauli principle, while all nucleons in K−ppn occupy the 0s orbit. So,

the naïve expectation is that the K−ppn is lower than the K−ppp energetically. From the

other side the larger number of the strongly attractive K−p pairs in the (3
2

+
,1) state than

in (1
2

−
,0) state may cause a lowering of the T = 1 state, even below the T = 0, although

the third proton in the T = 1 state should be flipped up to the orbital (0p3/2). The final

picture depends on the strength of
_

KN interaction. The attractive AY interaction is much

stronger than the effective HW interaction. The strength of K̄N interaction plays an impor-

tant role that may lead to the nuclear compression. Following Ref. [164] one can calculate

a nucleon density distribution ρN(r) averaged over angular dependence multiplied by r2,

where r is the distance of the nucleon from the center of mass for K−ppp, or K−ppn clus-

ters, shown in Fig. 3. For K−ppp cluster one can observe a significant spatial shrinkage

when the AY K̄N interaction is used. Since the K̄N potential is much more attractive in

the I = 0 channel than in the I = 1 channel, different distribution of protons and neutrons

is expected in kaonic clusters. Such results have already been reported in the early study

within a new framework of the antisymmetrized molecular dynamics method in Refs. [30]

and [26]. Probably in a
_

K−nuclear system is preferable a structure where the proton dis-

tribution differs from the neutron distribution, such a structure dynamically produced in

the hyperspherical function treatment. Particularly, the composition of the K−ppp wave

function within the HH formalism is the following: [K−pp(T = 1/2,J = 0)+ p]
3/2+,1

, –

93%, [K−p(T = 0,J = 1/2)+ pp]
3/2+,1

, – 6.4%, [K− +(ppp)(T = 3/2,J = 3/2)]
3/2+,1

, –

0.6%. The calculations [163] show that the dominant contribution into the total wave func-

tion of the K−ppp system is the [K−pp(T = 1/2,J = 0)+ p]
3/2+,1

configuration. While the

K−p interaction is much stronger than the K−n, the protons preferably allocate near the K−

and their kinetic energy increase. However, the total energy decreases due to the strongly

attractive AY
_

KN interaction. As a result the binding energy of the K−ppp becomes larger

than that for the K−ppn.

In Table 7 are presented the kinetic energy per nucleon for a proton and a neutron in
_

KNNN, as well as the expectation value of the
_

KN interaction. To estimate the expectation

values of the kinetic energy and of the
_

KN potential energy per nucleon the particle numbers
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Figure 3. Nucleon density distributions for K−ppp and K−ppn clusters.
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Figure 4. Dependence of the two-nucleon density distributions in K−ppp and K−ppn clus-

ters on the internucleon distance.

are counted following Ref. [26] using Clebsch-Gordan coefficients. The particular numbers

of protons and neutrons are 2.67 and 0.33, respectively, for K−ppp, and both are equal 1.5

for K−ppn. Analysis of Table 7 and all above notes gives a possible explanation why the

K−ppp cluster is more deeply bound than the K−ppn when the strongly attractive AY po-

tential [65] is used, while when the input is the HW potential we have an opposite picture.

To reveal the characteristic structure of K−ppp and enhancing the difference between the

K−ppp and K−ppn clusters one can calculate density distributions of the NN and
_

KN pairs

as functions of the respective nucleon-nucleon and antikaon-nucleon distances using Eq.

(32) from Ref. [74]. In Fig. 4 is shown two-nucleon density distribution ρNN(r) multiplied

by r2 in the K−ppp and K−ppn clusters for the AY and HW potentials. The two-nucleon

distribution shows the pronounced maximum at the short-distances 0.63 fm and 1.34 fm

for the K−ppp and K−ppn clusters, respectively, in the case of strong AY interaction. For
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Figure 5. Dependence of the
_

KN density with isospin I = 0 in K−ppp and K−ppn clusters

on
_

KN relative distance.

relatively shallowly bound by the HW potential K−ppn and K−ppp clusters the maximum

is pronounced at 2.02 fm and 2.05 fm, respectively, that reflects relatively weak binding

of the systems. One can also understand a reason for the deeper binding of K−ppp than

K−ppn in case of AY potential by analyzing the K̄N density distribution. Because the K̄N

potential in isospin-zero channel plays a key role in the deep binding of
_

K clusters, we cal-

culate the projected density distributions for K̄N pairs with isospin I = 0 in the K−ppp and

K−ppn clusters. The results of calculations of the normalized projected density ρ _
KN,I=0(r)

are shown in Fig. 5. As is seen in Fig. 5 the K̄N density distribution with isospin I =0

has its maximum at zero distance between the antikaon and each nucleon that reflects the

strong K̄N attraction in the I = 0 channel. The comparison of the K̄N density distribution

shows that one is bigger for the K−ppp cluster compare to that for the K−ppn. From the

projected density distributions for the K̄N pairs with isospin I = 0 configuration calculated

mean-square distances R _
KN

are 1.45 fm and 2.04 fm for the K−ppp and K−ppn clusters,

respectively. The later facts reflect relatively strong binding of the K−ppp system. Thus,

the K−ppp is compacter than the K−ppn cluster.

Based on the results of calculations presented in Table 6, one can conclude that the

pairwise K̄N interaction plays a major role in the formation of the kaonic bound state for

tribaryonic clusters and the effective K̄N interaction based on chiral SU(3) dynamics [69]

leads to a relatively modest binding for the K−ppn, K−pnn and K−ppp clusters. Also we

would like to mention that results [163] confirm the calculations [151].

Conclusion

Within the framework of nonrelativistic three- and four-body calculations using a variety

of variational methods, the methods of Faddeev equations in momentum and configuration

spaces, the method of hyperspherical harmonics in configuration space and the momentum

representation and Faddeev-Yakubovsky equations strange dibaryonic K̄NN and tribaryonic
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K̄NNN clusters are considered. All the aforementioned approaches predict the existence of

a bound state for the K−pp system. The predicted values for the binding energy and the

width are in considerable disagreement: 9–95 MeV and 20–110MeV, respectively. We ex-

amine how the binding energy and width of the K−pp cluster depends on different choices

of the K̄N and NN interactions. Analysis of the results for the binding energy and the width

shows that, on the background of the K̄N potential, different NN interactions weakly ef-

fect to the bound state energy and width. The serious theoretical discrepancies concerning

K−pp binding and width essentially come from different starting ansatzes for the K̄N inter-

action. The results of calculations within the different methods show that the binding energy

of the K−pp system depends entirely on the ansatz for the K̄N interaction and substantially

changes when one uses the AY and HW K̄N interaction. For all types of considered NN

interactions, calculations in the framework of different methods predict deeply bound states

for the AY K̄N interaction and a relatively shallowly bound K−pp cluster for the effective

chiral K̄N interaction. The energy dependence of the chiral K̄N interactions considered in

the form of separable potentials also produces quasibound state of the K−pp cluster with

less binding energy than the separable phenomenological K̄N potentials.

Based on the results of calculations for the strange tribaryonic K̄NNN cluster one also

can conclude that the pairwise K̄N interaction plays a major role in the formation of the

kaonic bound state and the effective chiral K̄N interaction gives relatively modest binding

for the K−ppn, K−pnn and K−ppp clusters.

The experimental search of the quasibound states of K̄ in three- and four-body nuclear

clusters performed though different nuclear processes and via different mechanism of the

reaction. The strange dibaryons with the strangeness S = −1 and baryon number B = 2,

such as K̄NN system, in which a bound state of K−pp is expected, are experimentally not

well revealed yet. Thus, the experimental situation for the K−pp bound state is not con-

clusive at this moment. It is important to obtain new experimental information in different

reactions.

The calculations with the effective chiral K̄N interaction show that the width is always

larger than the binding energy. In some cases the width is more than twice as large as the

binding energy. Only for some four-particle kaonic clusters when the input for the K̄N in-

teraction is the AY potential, the binding energy is larger than the width. As a consequence,

perhaps, we are facing a situation where it is hard to identify the resonances which would

make the experimental observation challenging.
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